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Exercise 4.5.10. Let X;,X5,--- be iid. with mean p and variance o2, and let N be an
integer-valued random variable with mean m and variance v, with IV independent of all the Xj.
Let S =X1 +-- 4+ Xy =Y oy X;ly>;. Compute Var(S) in terms of p, 0%, m, and v.

Solution.
Solution (1):

We compute the components of Var(S) = E(S?) — E(S)? as follows:
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Hence, by (*) and (xx) it follows that:
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i=1 i=1 i#j
= (®+4°)Y E(lyz) —p® Y E(lyz)® +2.4%>  Cov(lnsi, 1ns;)
i=1 i=1 i#]
oo o0
= 0®Y E(lyz) + 42 Y (E(lni) — E(1nzi)®) + 247> Cov(ln>i, 1n>;)
i=1 i=1 i#j

= o2 ZE(lNZi) + ,LLZ ZVCLT(lNEi) + 2.;1,2. Z CO’U(lNZi, lsz)

i=1 i=1 i#£j
= O'QE(N) + ;LQ.(V(ZT(Z 1N2i) — 2. Z COU(lNZi, 1N2j)) + 2.#2. Z CO’U(lNZi, 1N2j)
i=1 i#] i#]
= 0?E(N)+ u*.Var(N)

= o’m+ u2.y.

Solution(2):

A simple version of theorem 13.3.1 (p.157) is the following equation:
Var(Y) = EVar(Y|X)) + Var(E(Y|X)). ()

Now, for Y = S and X = N in (x) we have the following arguments:
First, by E(S|N =n) = E(}."_, Xi) = n.u, we have E(S|N) = N.u. Consequently:

Var(E(S|N)) = Var(Np) = p>.Var(N) = p*.v. (1

Second, by Var(S|N =n) = Var(}[_, X;) = n.o®, we have Var(S|N) = N.o?. Hence,
E(Var(S|N)) = E(N.o?) = o*.m. (tt1)

Accordingly, by (1), (T 1), and (t 1 1), it follows that:
Var(S) = o?m + p*.v.



