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Abstract

This paper gathers together different conditions which are all equivalent to geometric
ergodicity of time-homogeneous Markov chains on general state spaces. A total of 33
different conditions are presented (26 for general chains plus 7 just for reversible chains),
some old and some new, in terms of such notions as convergence bounds, drift conditions,
spectral properties, etc., with different assumptions about the distance metric used, finite-
ness of function moments, initial distribution, uniformity of bounds, and more. Proofs of
the connections between the different conditions are provided, mostly self-contained but

using some results from the literature where appropriate.

1 Introduction

The increasing importance of Markov chain Monte Carlo (MCMC) algorithms (see e.g. [2]
and the many references therein) has focused attention on the rate of convergence of (time-
homogeneous) Markov chains to their stationary distribution. While it is most useful to have
explicit quantitative bounds on the distance to stationarity (see e.g. [26, 12] and the refer-
ences therein), qualitative convergence bounds are often more feasible to obtain. The most
commonly-used qualitative convergence property is geometric ergodicity, i.e. exponentially fast
convergence to stationarity, which has been widely studied (e.g. [28, 17, 22]).

In addition to fast convergence, geometric ergodicity also guarantees a Markov chain Central
Limit Theorem (CLT), i.e. the convergence of scaled sums of functional values to a fixed normal
distribution, for all functionals with finite 2 + § moments [8, Theorem 18.5.3] (see also [7]), or
even just 2°¢ moments assuming reversibility [21]. Such CLTs are helpful for understanding
the errors which arise from Monte Carlo estimation (see e.g. [28, 24, 11]). However, geometric
ergodicity and CLTs do not hold for all Markov chains nor all MCMC algorithms (see e.g. [20]
and [22, Theorem 22]).



For certain types of MCMC algorithms, geometric ergodicity is fairly well understood. For
example, it is known that an Independence Sampler is geometrically ergodic if and only if
its proposal density is bounded below by a constant multiple of the target density [15], and
that the popular Random-Walk Metropolis algorithm is geometrically ergodic essentially if and
only if its target distribution has exponentially light tails [16, 24]. However, for many other

complicated Markov chains and MCMC algorithms, geometric ergodicity is not clear.

One promising way of establishing geometric ergodicity is to show that some other prop-
erties of Markov chains imply it, or are even equivalent to it. This has been shown, by
(28, 17, 21, 25] and others, for properties such as drift conditions, spectral bounds, and more.
However, such relationships are scattered throughout the literature, are not always stated in
full generality, and are often presented as just one-way implications. In the current work,
we present a total of 33 different conditions which are equivalent to geometric ergodicity for
Markov chains on general state spaces (26 for general chains plus 7 just for reversible chains;
some previously known and some new). We then provide proofs of all of the equivalences

(mostly self-contained, though using known results where needed); see Figure 1.
To illustrate the flavour of the various equivalences, consider the following:

e The usual definitions of geometric ergodicity state that the Markov chain’s distance to
stationarity after n iterations is bounded by a constant times p" for some p < 1. But
what “distance” should be used: total variation, or V-norm, or L?(m)? And, how does the
“constant” depend on the starting state Xq = x?7 Must those constants have finite expected

value with respect to 77 What about finite j*" moments?

e If the initial state Xy is itself chosen from a non-degenerate initial distribution probability
measure ji, then will the convergence to stationarity still be geometric, at least if u is, say,
in LP(m)?

e Geometric ergodicity is well-known to be implied by drift conditions of the form PV (x) <
AV (z) + blg(x) for some function V : X — [1,00] and A < 1 and b < oo and small set
S. But are such drift conditions actually equivalent to geometric ergodicity? And, can the

drift function V' be taken to have finite stationary mean? finite j*" moment?

e Geometric ergodicity is also related to the Markov operator P having a spectral gap. But
as an operator on what space: L{f? for what function V? having which finite moments?
And should the “gap” be identified by removing the eigenvalue 1 directly, or by subtracting

off II, or by restricting to the zero-mean space Ly7,?

e Geometric ergodicity is implied by the Markov operator norm being less than 1. But for

which operator: P, or P™ for some m € N7 Regarded as an operator on L{7 or Ly7,? For



what choice of V7 Having which finite moments?

e If the Markov chain is assumed to be reversible, so that the operator P is self-adjoint on

L?(7), then in most of the above conditions can the operator norm be taken to be L*(m)?

We shall see that the answer to these questions is, essentially, “all of the above”. That is,
we shall state many different conditions, which cover essentially all of the above possibilities,
and shall prove that they are all equivalent. In our desire to be thorough, we might have
gone a bit overboard listing so many different conditions, including some which are just minor
variations of each other. However, we believe that additional equivalent conditions can only
help: the equivalences with weaker assumptions are easier to establish, while the equivalences
with stronger assumptions are most useful for drawing conclusions or analysing further. We
know from bitter experience that it can be very frustrating to discover a statement about
geometric ergodicity which is almost, but not quite, exactly what is needed to finish a particular
proof, and this has led us to adopt a “the more the merrier” attitude. The reader can, of course,

choose to ignore all conditions which are not germaine to their work.

Basic definitions necessary to understand the conditions, such as total variance distance,
L$ norms, LP(m) spaces, reversibility, etc., are presented in Section 2. Then, in Section 3, all of
the equivalent conditions are introduced (Theorem 1). Sections 4 through 8 are then devoted
to proving all of the equivalences; see Figure 1 for a visual guide showing which implications
are proved by which of our results. Our proofs are largely self-contained, but we do use known
results in the literature (especially [17]) where needed. Finally, we close in Section 9 with some

future directions and open problems (Q9.1 through Q9.8).

2 Definitions and Background

Throughout this paper, ® = {X,,}22 is a discrete-time, time-homogeneous Markov chain
on a general state space X equipped with a o-algebra F. And, P is the corresponding Markov
kernel, so that P(z,A) = P[X,, € A|X,,-1 = z] for all z € X and A € F and n € N. The

kernel P acts to the left on (possibly signed) measures, and to the right on functions, by:

WPIA) = [P A s, (PH@) = [ 1) Plady),
The higher-order transitions are then defined inductively by:

P (z,A) = /P(a:,dy)P”l(y,A), reX, Ae F, neN.
X

We shall assume throughout P has a stationary distribution, i.e. a probability distribution
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mon (X, F) which is preserved by P in the sense that 7P = m. We define Il := 1y ® 7 by
H(z,A) = (ly@m)(x,A) = 7w(A), reX, Ac F,

so that
()(A) = (u(lx@7))(A) = p(X)7(A).

If 1 is a probability measure, then (uII)(A) = 7(A), and p(P™ — II) = pP™ — 7. Also, by
stationarity of 7, we have (P — II)” = P™ — II for each n € N.

We shall assume that our Markov chain is ¢-irreducible, i.e. there exists a non-zero o-finite
measure ¢ on (X,F) such that for all z € X and A C X with ¢(A) > 0, there is n € N
with P™"(z, A) > 0. We shall also assume that it is aperiodic, i.e. there do not exist d > 2
and disjoint X7, ..., Xy C X of positive m measure, such that P(z, X;11) = 1 for all x € X;
(t=1,...,d —1) and P(z,X;) = 1 for all z € X;. It is well-known (e.g. [17, 22]) that
these conditions guarantee that P"(z, A) — 7(A) as n — oo (see also Q9.1 and Q9.4 below).
Geometric ergodicity then corresponds to the property, which may or may not hold, that this

convergence occurs exponentially quickly.

We shall also assume that the state space (X, F) is countably generated, i.e. that there
exists Ay, Ag, ... € F such that F = 0(Ay, As,...), i.e. F is the smallest o-algebra containing
all of the A;. This technical property ensures the existence of small sets [4, 9, 19] and the

measurability of certain functions [21, Appendix] (see also Q9.3 below).

A subset S € F is called smallif w(S) > 0 and there is m > 0 and a non-zero measure v on
(X, F) such that P"(z, A) > v(A) forall z € S and A € F, i.e. if all of the m-step transition
probabilities from within S all have some “overlap”. This property is very useful for coupling

constructions and for ensuring convergence to stationarity (see e.g. [17, 22]).

The total variation distance between two probability measures p; and po is defined by:

[t = [ sane

(see e.g. [22, Proposmon 3( )]). Given a positive function V' : X — R, we define [17, p. 390]

I~ palley = sup Ja(4) — pafA)] = 5 sp
AeF IFI<1

the V-norm |f|y = sup ) . We let L{P be the vector space of all functions f : X — R such
that |f|y < oo, and let Lvo ={f e Ly :7w(f) =0}. Then, we define the V-norm of a Markov

kernel P as

1Pl e = S [Pflvi P, = S [P flv
\4 V,0

[flv=1 flv=1



For a (possibly signed) measure u, we define ||u| Lo() for 1 < p < oo by

() +
Iy = / 1d—

(If p=1 and p < 7, then the two definitions coincide.) We let LP(7) be the collection of all
signed measures 1 on (X, F) with [|u| 1., < oo, and define the LP(7r)-norm of a transition
kernel P acting on the set LP(m) by:

it p<m

otherwise.

||P||LP(7r) = sup ||NP(')||Lp(7r)

HMHLP(W):l

(Note in particular that the LP(7) are collections of signed measures, while L{® and L, are

collections of functions.)

The transition kernel P is reversible with respect to m if w(dz) P(z,dy) = =(dy) P(y,dx)
for all x,y € X. This is equivalent to P being a self-adjoint operator on the Hilbert space

o [,
B dm dm
In particular, (p, ) = [, % 1dr = p(X). We also let 7+ := { € L*(rr) : u(X) = 0} be the set

of signed measures in L?(7) which are “perpendicular” to 7, i.e. for which (u,7) = u(X) = 0.

L3(7), with inner product given by

Our conditions (zzvii) through (zzziii) are only proven to be equivalent for reversible chains
(though see Q9.5 below).

Finally, given an operator P on a Banach space (i.e. a complete normed vector space) V,
e.g. V = L% or L*(m), the spectrum of P, denoted by S(P) or Sy(P), is the set of all complex
numbers A such that A/ — P is not invertible (see e.g. [27, p. 253]). And, the spectral radius of

P is the number r(P) = ry(P) = sup |A|.
)\ES\;(P)

3 Main Result: Statement of Equivalences

We now provide a list of 26 conditions which are always equivalent to geometric ergodicity of
Markov chains, and an additional 7 (for 33 total) which are also equivalent for reversible chains.
Some of the conditions are very similar to each other, but are included to allow for maximum
flexibility when establishing or using geometric ergodicity in both theoretical investigations
and applications. For ease of comprehension, similar conditions are grouped together under

common subheadings.



Theorem 1. Let P be the transition kernel of a ¢-irreducible, aperiodic Markov chain ® =

{ X, } with stationary probability distribution m on a countably generated measurable state space

(X, F). Then the following are equivalent (and all correspond to being “geometrically ergodic”):

Geometric Convergence in TV:

i)

iii)

® is geometrically ergodic starting from mw-a.e. x € X with constant geometric rate. This
means there is fired p < 1 such that for m-a.e. x € X there is C, < oo with

1P (z,) = 7( )|y < Cop” for all n € N.

There exists A € F with w(A) > 0 such that ® is geometrically ergodic starting from
each x € A. This means for each x € A, there are p, < 1 and C, < oo with

|P"(z,) —7()lpy < Cupl for all n € N.

There exists p € (1,00) such that ® is geometrically ergodic starting from all probability
measures in LP(mw). This means there is some p € (1,00) such that for each probability

measure i € LP(m) there are constants p, < 1 and C,, < oo with

[P () = 7()lpy < Cupl, for all n € N.

For all p € (1,00), ® is geometrically ergodic starting from all probability measures in
LP(7) with geometric rate depending only on p. This means for each p € (1,00), there is

pp < 1 such that for each probability measure p € LP(m) there is C,,,, < oo with

[uP" () = 7( Moy < Cpppy for all n € N.

There exists a small set S € F such that ® is geometrically ergodic starting from the
stationary distribution restricted to S. This means there are constants ps < 1 and
Cys < oo with

s P"(:) = 7()|lpy < Csp for all n € N,

where g is the probability measure defined by wg(A) = 7(SNA) / n(S) for A€ F.



Geometric Return Time:

vi) There exists a small set S € F and constant k > 1 such that

sup E,[k™] < o0
x€S

where Tg s the first return time to S, and E, is expected value conditional on Xy = .

V-Function Drift Condition:

vii) There exists a m-a.e.-finite measurable function V : X — [1,00], a small set S € F, and

constants X <1 and b < oo with

PV(z) < AV(x)+blg(x) for all z € X.

viti) For all j € N, there exists a m-a.e.-finite measurable function V : X — [1,00], a small
set S € F, and constants A < 1 and b < oo with 7(V?) < oo and

PV(z) < AV(z)+bls(x) for all z € X.

V-Uniform Convergence:

iz) There ezists a m-a.e.-finite measurable function V : X — [1,00] such that ® is V-
uniformly ergodic. This means there is p < 1 and C' < oo such that

sup |P"f(z) —n(f)| < CV(z)p" for all x € X and n € N.
lflsv

z) For all j € N, there exists a m-a.e.-finite measurable function V : X — [1, 00| with
(V7)) < 0o, such that ® is V-uniformly ergodic. This means there is p < 1 and C' < oo
such that

sup |P"f(z) —n(f)| < CV(x)p" for all z € X and n € N.
IfI<V

zi) There exists a m-a.e.-finite measurable function V : X — [1,00|, and constants p < 1

and C' < 00, such that for each probability measure p on X with pu(V) < oo,

sup |uP"(f) —=(f)] < Cu(V)p" for all n € N.
lflsv



zii) For all j € N, there exists a m-a.e.-finite measurable function V : X — [1,00]| with
(V7)) < oo, and constants p < 1 and C' < oo, such that for each probability measure p
on X with u(V) < oo,

sup |uP"(f) —=(f)] < Cu(V)p*  forallneN.
[fI<V

Spectral Gap:

ziti) There exists j € N and a T-a.e.-finite measurable function V: X — [1,00] with m(V7) <
00, such that P has a spectral gap as an operator on L3P, meaning 1 is an eigenvalue of

P with multiplicity 1, and there is p < 1 such that

SpE(P)\{1} € {zcC:|z[ <p}.

ziv) For all j € N, there exists a m-a.e.-finite measurable function V: X — [1,00] with
(V7)) < oo, such that P has a spectral gap as an operator on L3, meaning 1 is an

eigenvalue of P with multiplicity 1, and there is p < 1 such that

Spp(P)\{1} € {zeC:|z[ <p}.

Spectral Radius:

zv) There exists j € N and a w-a.e.-finite measurable function V : X — [1, 00| with 7(V7) <

0o, such that P — 11 has spectral radius less than one as an operator on LiF, i.e.

’I“L‘O/O(P — H) < 1.

zvi) For all j € N, there exists a m-a.e.-finite measurable function V. : X — [1,00] with

(V) < 0o, such that P —1I has spectral radius less than one as an operator on L5?, i.e.

T’L‘O/O(P — H) < 1.

zvii) There exists 7 € N and a m-a.e.-finite measurable function V : X — [1,00] with ©(V7) <

00, such that P has spectral radius less than one as an operator on Ly, i.e.

TL?,fO(P) < 1.



zvigi) For all j € N, there exists a m-a.e.-finite measurable function V : X — [1, 00| with

7(V7) < 0o, such that P has spectral radius less than one as an operator on Ly, e

TL%?O(P) < 1.

L Operator Norm:

ziz) There exists j,m € N and a m-a.e.-finite measurable function V : X — [1,00] with
(V7)) < oo, such that

[P =1 oo < 1.

xzz) For all j € N, there exists m € N and a w-a.e.-finite measurable function V : X — [1, 0]
such that w(V7) < oo and

[P -0 < 1.

zzi) There exists j,m € N and a m-a.e.-finite measurable function V : X — [1,00] with
(V) < oo, such that

m
1P, < 1.

zzii) For all j € N, there exists m € N and a m-a.e.-finite measurable function V : X — [1, 00|
with w(V7) < oo, such that

m
| P HLg,ﬁ0 <1l

zxiii) There exists j € N and a m-a.e.-finite measurable function V : X — [1, 00| with 7(V7) <
00, and constants p < 1 and C' < oo, such that

||P"—H||L§,/<> < Cp" for all n € N.

zziw) For all j € N, there exists a m-a.e.-finite measurable function V : X — [1,00] with

m(V) < o0, and constants p < 1 and C < oo, such that

HP”—HHLOVo < Cp" for all n € N.

zxv) There exists j € N and a 7-a.e.-finite measurable function V : X — [1, 00] with w(V7) <

00, and constants p < 1 and C < oo, such that

HP”HL‘O/O’0 < Cp" for all n € N.
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zzvi) For all j € N, there exists a m-a.e.-finite measurable function V : X — [1,00] with
7(V7) < 0o, and constants p < 1 and C < oo, such that

HPnHL?/‘,’o < Cp" for all n € N.

Conditions Assuming Reversibility:

Furthermore, if ® is reversible, then the following are also equivalent to the above:

zzvii) ® is L?(m)-geometrically ergodic starting from any probability measure p in L*(w) with
uniform convergence rate. This means there is p < 1 such that for each probability

measure i € L*(m), there is a constant C), < 0o such that

1P (-) = (M oy < Cup” for all n € N.

zzviii) There exists p < 1 such that for each probability measure p € L*(7),

1P () = 7( W2y < N —=7llom " foralln eN.

zziz) P has a spectral gap as an operator on L*(w), meaning that 1 is an eigenvalue of P with

multiplicity 1, and there is p < 1 with
Sm(P)\{1} € {z€C:z[ < p}.
zzz) P — 11 has spectral radius less than one as an operator on L?(r), i.e.

TL2(7T)(P—H) < 1.

zzzi) P — 11 has operator norm less than one as an operator on L*(x), i.e.
1P =2y < L

zxzii) P has operator norm less than one as an operator on w*, i.e.

||P||7TJ‘ < L

zxziii) Pl.o has spectral radius less than one as an operator on T+, i.e.

TWL(P) < 1.
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Remark. As mentioned, some of these equivalences are already known. The fact that (v)
implies (i) was shown in [29] on countable state spaces, and then by [18, Theorem 1] on general
state spaces. The equivalence of (v), (vi), and (vii), together with the fact that they imply
(i), was presented in [17, Theorem 15.0.1]. The equivalence of (vii), (iz), (ziz), and (zzv)
was presented in [17, Theorem 16.0.1]. The equivalence of the group (i), (v), (iz), (z), (zz),
and (xzii) was presented in [21, Proposition 1], and the equivalence (assuming reversibility)
of the group (zzvii), (zzviii), and (zzzii) was presented in [21, Theorem 2], together with the
fact that the first group implies the second. The reverse implication, that the second group
implies the first, was then shown in [25]. Discussions related to the spectral gap conditions
(zi17) and (ziv) and (xziz) appear in [13]. The equivalence of (ziii) and (vii) is shown in
[14, Proposition 1.1], and the equivalence of (zzz) and (7) for reversible chains is shown in
[14, Proposition 1.2]. Our Theorem 1 is an attempt to combine and bring together all of these
various results, plus others too. (Since initiating this work, we also learned of the recent review
[1], which presents certain equivalences for reversible chains in terms of mixing conditions and

maximal correlations, which complement some of our conditions (zzvii) through (zzziii).)

Most of the remainder of this paper is devoted to proving Theorem 1. The proof is divided
up into different sections below, in terms of which types of conditions are being considered:
Section 4 provides some preliminary lemmas, Section 5 relates to various “Geometric” condi-
tions, Section 6 relates to various conditions involving V' functions and Ljf bounds, Section 7
relates to various spectral conditions, and Section 8 relates to various conditions for reversible
chains. To help the reader (and ourselves) keep track, Figure 1 provides a diagram showing
which of our results prove implications between which of the equivalent conditions. Our proofs
are mostly self-contained, though we use known results from the literature (especially [17])

where appropriate. Section 9 then presents some future directions and open problems.

4 Preliminary Lemmas

We begin with some preliminary lemmas, which are used freely in the sequel, and can be
referred to as needed.

Lemma 4.1. Let P be the transition kernel of a ¢-irreducible, aperiodic Markov chain with
stationary distribution ™ on a countably generated state space X. Then for any measurable
subset A C X such that w(A) > 0, there exists a small set S, such that S C A.

Proof. This result goes back to [4, 9, 19], and uses that F is countably generated; see e.g.
Theorems 5.2.1 and 5.2.2 in [17]. ]
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Figure 1: Diagram illustrating which of this paper’s results (yellow edge labels) provide proofs
of implications between which of the different equivalent conditions (nodes). (All arrows touch-

ing a green rectangle assume that the chain is reversible.)
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Lemma 4.2. Let P be the transition kernel of a ¢-irreducible, aperiodic Markov chain with

stationary distribution ™ on a countably generated state space X. Then, the function F, : X —
0, 00) defined by F,(x) = ||P"(z, ) — 7(-)|lpy s measurable.

Proof. This follows from [21, Appendix|, which proves that for any bounded signed measure
v(-, A) on a countably generated space such that the function = — v(x, A) is measurable for

each fixed A € F, the function z — sup v(x, A) is also measurable. ]
AeF

Lemma 4.3. For probability measures py and pio, |1 — p2|lpy = % |1 — ”2||L1(7r)~

Proof. Recall that |1 — pollpy = sup [pi(A) — pa(A)|. Let v = pg + po so that pu; < v,
AeF

and let f; = %’%. Then i1(A) — p2(A) = [,[fi(z) — fo(2x)] v(dx). This is maximised when

A=A :={x: fi(z) > f2(x)}, and its negative takes the same maximum when A = AY.

Hence,
I = islley = m(Ay) — pa(A}) = [;[ﬁ<x>—f>m»h4dx>

But then

i = pall iy = (11— p2) ™ (&) + (1 — p2) ™ (X)

:[Jﬁ@ A ()] v(dx)
=2A}mw—ﬁ@wmm

= 2|1 — p2flpy- u

Lemma 4.4. For any signed measure p < 7, we have ||pl[ 1) < |4l g2 (though one or both
of those quantities might be infinite).

Proof. Recall the deﬁmtlon (i, ) X Zﬁ g” d7r Hence, if || is the measure with =& = |22

then (||, fx‘ 1)dr =pu = ||pel|22(m)- Also

du du
el 2y = \/ | dm \/ = [l 20
Il (42
T2 d7T

So, by the Cauchy-Schwarz mequahty,

and

el = Cebm) < Wtz 17l = lallzm (D = llelem. O
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Lemma 4.5. For all1 <p < s < 0o, we have L*(m) C LP(m).

Proof. Let 1 <p < s < oo, and let € L(m) so |[p[| s,y < 00. Then,

P du
p
H ||L () ¥ X dr

so u € LP(m). O

dp

dm

S
Lo(m) < 99

)dﬂ' = 1+ ||lp

We next present some lemmas which mention spectra of operators.

Lemma 4.6. Suppose an operator P on a Banach space V can be decomposed as a direct
sum P = P & P, where V = Vi X Vs, and each P; is an operator on V;, meaning that
P(hy, hy) = (Pihy, Pyhy) for all hy € Vi and hy € Vy. Then Sy(P) = Sy, (P1) U Sy, (P), i.e.
the spectrum of P is the union of the spectra of the sub-operators Py and Ps.

Proof. Since P = P; @& P,, therefore P has the block decomposition

P
p- (10
0 P

with respect to V = V; x Vo. If A € Sy, (P1) U Sy, (P), then there are inverse operators A;
on V; such that (A\l; — P)A; = A;(A\; — P;)) = I; for i = 1,2, whence (A — P)(A;, As) =
(A1, A)( M — P) =1 &1, =1, s0 XA & Sy(P). Conversely, if A\ € Sy(P), then A\I — P has

some inverse operator, so in block form we have

My—P 0 A BY (A B\[(xi-P 0 g, _(ho
0 A,-PR)\C D] \C D 0 AMe-PR) —  \0 L)
It follows that ()\Il — Pl)A = A(/\Il — Pl) = Il and ()\IQ — P2>D = D()\IQ — P2> = IQ, so that

A E Sy, (P)USy,(B). ]

Lemma 4.7. Let P be the transition kernel of a ¢-irreducible Markov chain with stationary
distribution 7(-), and let V : X — [1,00] be a m-a.e.-finite measurable function. Then, the
following hold:

1) |flv <1 if and only if |f(z)| < V(x) for allx € X.
2) If P is a bounded operator on L7, then Sy (P)\ {1} C Siex (P).

3) If there is j € N with 7(V7) < oo, then w(V) < oo.
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4) If there are A <1 and b < oo and a small set S € F with PV (x) < AV (x) +blg(x) for
all z € X, then (V) < oo.

Proof. 1) If | f|ly <1, then for each z € X,

|/ ()|
< <1
V(f) = |f‘V = 4
from which we conclude that |f| < V. Conversely, if |f| < V, then for each z € X,
/()] |/ (@)]
< 1, and thus =sup —+ < 1.
Viw) = v =2t v

2) Any f € Ly can be written as f = fy + ¢ where fy € L{; and ¢ = 7w(f). Then
Pf = Pfy+ c. It follows that P has the direct sum representation P = Py & Ir, where
Ir is the identity operator on R. Hence, by Lemma 4.6, Sy (P) = Spez (P) U Sr(lr) =
Srgs, (P)U {1} So, Spee(P) \ {1} € Spez (P), as claimed.

3) This follows since we always have V(z) < V7(z) + 1. [In fact, since V' > 1, the “+1” is

not actually necessary.]

4) The implication “(iii) = (i)” of [17, Theorem 14.0.1] with the choice f(z) = (1—\) V(z)
shows that 7(f) < oo, i.e. (1 — \)m(V) < oo, hence w(V) < oo. [In fact, once we know
that 7(V) < oo, then since PV < AV + b, it follows that 7(PV) < w(AV + b), i.e.
(V) < A7m(V) +b, and hence 7(V) < b /(1 — \).] O

Lemma 4.8. Let P be the transition kernel of a ¢-irreducible Markov chain on a state space
X, and let V be either a vector space of signed measures on X which includes w, or a vector
space of functions X — R which includes the constant functions. Then P as an operator on V

has eigenvalue 1 with multiplicity 1.

Proof. 1t follows that 1 is an eigenvalue since 7P = 7w and also Pc = ¢ for constant functions
c. To show multiplicity 1, suppose first that there is a signed measure 7', linearly independent
from 7, such that also 7'P = 7n’. Then there is some linear combination u = an + br’ such

that both p* and = are non-zero measures.

O
Finally, we present some lemmas which are specific to reversible chains.
Lemma 4.9. If P is a transition kernel of a reversible Markov chain, then for alln > 1,
n(dx) P"(z,dy) = w(dy) P"(y,dx). (1)
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Proof. For n =1, (1) holds by reversibility. Furthermore, if (1) holds for n, then for n + 1,

7(dx) P (z, dy) = W(dl’)/

zeX

P(z,dy)P"(z,dz) = / P(z,dy)n(dx)P"(z,dz)

2€X
(Induction hypothesis) = / . P(z,dy)m(dz)P"(z,dx)
z€
(Reversibility) = / ) P"(z,dx)m(dy)P(y,dz)
z€
= m(dy) P""(y, dx),
so (1) holds for n 4 1. Hence, by induction, (1) holds for all n > 1. O

Lemma 4.10. If P is a transition kernel of a reversible Markov chain with stationary distri-
bution 7, then for each p € L*(w) and each n € N,
d(puPm d
(WP") _ pndn

dm dr’

Proof. For all A € F and n € N,

pP(4) = [ P plan) =

(Fubini’s Theorem) =

/
/
(Lemma 49) — /y
/
/

Since this is true for all A € F, the result follows. n

Lemma 4.11. Let P be the transition kernel of a reversible Markov chain with stationary

distribution , such that P is a bounded operator on L*(w). Then, the following holds:

1) The operator P — 11 is self-adjoint.

2) For each j € L*(m), the signed measure u — pu(X)w is orthogonal to .
%) For cach p € L(x), [}~ (X)) = )2y — ()"

4) Sram(P)\{1} € Spo(P).
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Proof. 1) For pu,v € L*(w), we have (u(P — 1I),v) = (uP,v) — (ull,v). Now, since P
is reversible, it is self-adjoint on L*(7), so (uP,v) = (vP,u). Also, we compute that
(uIl,v) = (u(X)m, v) = p(X) v(X) = (V1L ). Hence, (u(P —1I),v) = (v(P —1I), ), so
P — 11 is self-adjoint.

2) Let p € L*(m), then,

(= p(X)m,m) = (p,m) — W(X)(m, m) = (u, 7) — (o, W7 || g2y = (1, 7) = (1, ™) =

2

3) Let u € L*(m). Then,
d
o m(dy)

2
I = Ol = [ |5

-/ [(j—ﬁ(.y)f —2(X) P ) 4 um?] n(dy)

= lull3o ) = 20(X)* + ()
= [l 2y — 1(X)?

(y) — (&) (1)

4) Any signed measure p € L?(7) can be decomposed as j = pg + ¢, where ¢ = (u, ) =
w(X), and (uo, 7) = po(X) =0, so g € 7. Then uP = poP +c. It follows that P has
the direct sum representation P = P|.. @ Ir with respect to L?(7) = 7+ x R. Hence, by
Lemma 4.6, Sp2(x)(P) = ;1 (P) U {1}, s0 Sp2(n)(P) \ {1} C S;1(P), as claimed.

O

Lemma 4.12. Let P be a transition kernel from a reversible Markov chain with stationary
distribution w. Then,
1P =1l oy = [IPll7e-

Proof. Any p € L?(w) can be written as pu = po + cm, where ¢ = u(X) and pg € 7+ so

po(X) = 0. Then poll = po(X) 7 =0, so
w(P—11) = (uo+cem)(P—1I) = poP+cm—0—cm = poP.
Also HM”L'Z(W) = ||M0HL2(W) +c? > ||N0||L2(7r)- Hence,

IP =Tl = sup 1P = Dllp2em 110 P | 2(x)
L2(m) —

o<lulzm<oe  Mllamy  o<llullyapn <oo M0l p2gr + €2

This supremum is achieved when ¢ = 0, i.e. when p = pg € 7+, so that

Pllr2(x
HP_H”LQ(TK‘) = sup |10 P 2(r) = ||P]l... O
0<luoll 2y <00 H/JJOHLQ(N)
;LQGTrJ-
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5 Proofs for Geometric Conditions

We now begin proving the actual equivalences of the various conditions in Theorem 1,
as per the plan illustrated in Figure 1. We begin with some results related to some of the

“geometric” conditions.

Proposition 5.1. (iv) = (ii).

Proof. Immediate upon e.g. choosing p = 2 and setting C,, = Cy, and p, = py for each
probability measure pu € L?(r). O
Proposition 5.2. (i) = (v).

Proof. By Lemma 4.1, there exists a small set S C X. Since by assumption P is geometrically

ergodic starting from all probability measures in LP(w) it suffices to show that mg € LP(m).

Now for any measurable A C X we have,

_m(SnA) 1 -
A= TE T R) /154

which implies ¢ = 1g/7(S). Thus

J

Proposition 5.3. (v) = (i).

drs
dm

pd / L lod 1 <
™= ™=
(S ST T w5

Proof. This is the result of [18, Theorem 1], which generalizes the countable state space result
of [29]. O

Proposition 5.4. (i) = (i)
Proof. Immediate upon choosing A = X', and p, = p for all z € X. m
Proposition 5.5. (i) = (v).

Proof. Let A € F with 7(A) > 0 and ||P"(x,-) — 7(-)|lpy < Cyp? for allz € A and n € N.
For each n € N define F,, : A — [0,00) by F,(z) = ||P"(z,) — 7(-)||py. Since each F, is
measurable (Lemma 4.2) so are the functions p, C': A — [0, o] defined by

plx) = limsup [F,(x)"],  C(z) = sup [Fy(z)/r(2)"].

n—o0
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Since p and C' are measurable, so are the nested subsets

1
On the other hand, (7) implies that p(z) < 1 and C(x) < oo for each x € A, so |J, Br = A.
Continuity of measures then implies that limy_,., 7(By) = 7(A) > 0, so there is K € N with
m(Bgk) > 0. By Lemma 4.1, there exists a small set S C Bg. It follows that for z € S and
n €N,
12" (@, ) = 7()llpy = Falz) < Clz)p(x)" < K(1- )"

and therefore

I7sP"() = 7()llry = suplnsP"(D) = w(D)
= sw|—es [ [P"(a. D) = =(D)}r(do)

()

< supsup |P"(z, D) — 7(D)|
D zeS

= sup [|P"(z,-) = 7() [ py
zeSs

1

< K(1—=)"

— ( K) )
which shows (v) with Cs = K and pg =1 — %. O
Proposition 5.6. (v) = (vi).
Proof. This is the content of the “(i) = (i7)” implication of [17, Theorem 15.0.1]. O

6 Proofs for V-function and Ly’ Conditions

Proposition 6.1. (zziv) = (zwiii).

Proof. Immediate (just choose j = 1). O
Proposition 6.2. (z) = (zziv).

Proof. Let f € Ly such that |f|y = 1. Then, |f| <V, and, if (z) holds, for each z € & and
each n € N,

[P f(x) = 1(f) ()] = [P"f(z) = =(f)] < sup [P (2,) = m ()] < CV(2)p",
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which implies

[P f () — 11(f)(2)] [P f(z) — m(f)]
P"—1I = = < Cp"
I Mlv 21615 V(z) 21615 V(x) S
and therefore,
”Pn_H”Lg/o = Sup |<Pn_H)f|V§CPn- L]
feLse
[flv=1

Proposition 6.3. (zziii) < (zzv), and (2ziv) & (vzvi).

Proof. (=) Let n € N. Given that Lg%, C L{?, ||P”HL<‘>/<,O <||P™— HHLgo < Cp"
(<) If f € LY such that |f|y = 1, we have
(P" =1 flv = [(P" = 1x @ P"m) flv
=|P"f = (P'm) flv
= P"(f == (f)lv
<|P"(f =7(f)lv
(f ==(f) € LTo) < I1P"ll g, [f =7 (F)lv
< NPl g5, (f v + |7 (f)lv)
<Cp(1+=n(V))
S C/ n,
where C' = C(1 +7(V)) < 0. O
Proposition 6.4. (zziii) = (zzi), and (zziv) = (zwii).

Proof. Let f € L. If (xxiii) holds,

[P flv = [P"f = m(f)lv = [(P" = 1D flv,
and given this,

|P" s, = sup [P"flv = sup [(P" ~T)fly < sup |[(P™ —ID)fly = [|P" — ||, < L.
0 feL, feLsg, feLy
|flv=1 |flv=1 flv=1

Thus, (zzi) holds. O
Proposition 6.5. (zzi) = (wiz), and (zzii)) = (2z).
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Proof. Let f such that |f|y <1 and let k € N. Let s = ||PmHL% < 1. Then,

(P =) fly = [P"™ (f = 7(F)lv
= HpmkHLgﬁO’f_W(f)lV

= [Pl 1 ~ (Pl

< S — ()l
< (Sl + I7(N)lv)
< 1+ (V).

From Lemma 4.7, we must have m(V') < co. Hence, there exists n € N such that s"(14+7(V)) <
1. Thus, taking m* = mn, we have that, for each |f|y <1,

(P —T0) fly <1

and therefore, }Pm* — HHLOO < 1. O
Vv
Proposition 6.6. (vii) = (viii).

Proof. First of all, we must have m(V') < oo by Lemma 4.7. Then, given j € N, let V=V
so (V7)) = 7(V) < oo. It follows from Jensen’s inequality and concavity that

~

PV < (PV)Y7 < (AW 4b1g)Y7 < AV +b1g,
with A = A7 < 1 and b = b7 < oo, thus showing (vii). O
Proposition 6.7. (ziz) = (zziii), and (zz) = (zziv).

Proof. Let m € N such that s = ||P™ — H||L§>/o < 1. Let a=|P- H||L§,/O, and let n € N. If

n < m, we have that
P — HHL;;O = [|(P - H)"HL‘O/O <ot < O‘ns_l(sl/m)n-
If n > m, then n = mt + ¢, for some t € N and 0 < ¢ < m, and hence

1P" =T = [[(P =™+ < o[[(P =™,

— OélH(Pm . H)tHLoo < OzlSt < OélS_l(Sl/m)n.
1%
So, taking C' = max a"s~! and p = s'/™, we conclude that for each n € N,
P~ < Cp 0
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Proposition 6.8. (zziii) = (iz).
Proof. Since || P™ — HHL%o < Cp", we have for each n € N and |f|y <1 that
(P =1 fly < |P" = | oo flv < Cp"|flv < Cp™.

Hence, for each n € N, |fly <1 and z € X,

[P f(z) —n(f)]  [P"f(x) = H(f)(2)] n
Ve Vi) = Cp"

By Lemma 4.7, |fly <1 & [f| <V, so for each n € N and z € X,

sup [P"f(z) —7(f)] = sup [P"f(x) —7(f)] < CV(x)p". O

[fI<V [flv<1

Proposition 6.9. (iz) = (zi), and (z) = (zii).

Proof. This follows from the triangle inequality. If u(V') < oo and |f| <V, then

s = w0l =| [ P stotan) - 50| = | [ Psmtan) - [ wtouta)
< [ 1P"5(0) = 7))
< /X]SCI?VW”JC(?/) —(f)| nldy)
S/XCV(y) p" p(dy)
=Cp(V)p".
Hence, sup [P = ()| < C (V) for all n € N O

Proposition 6.10. (viii) = (z).

Proof. This is the content of [18, Theorem 1], following [29]; proofs also appear in [17, Theo-
rem 15.0.1(iii)] and [22, Theorem 9]. And since the same function V' is used in both conditions,

its moments are preserved. O

Proposition 6.11. (zi) = (i).

Proof. Let u be a point-mass at x, so that u(A) = 1 if x € A otherwise u(A) = 0. Then
w(V) =V (x), so from (i),

1P"(z,) =7 )llpy = [eP"() =7y = sup [wP"(f) = 7(f)|
fl<v
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< sup [wP(f) —7(f)] < Cu(V)p" = CV(x)p".

IfI<1

Hence, (7) holds with C, = C'V(z). O
Proposition 6.12. (vi) = (vii).

Proof. The existence of a drift function V' satisfying the condition (wii) follows from [17,
Theorem 15.2.4]. O

Proposition 6.13. (zii)) = (iv).

Proof. Let p € (1,00), and let p € LP(mw) be a probability measure. Let j € N be large
enough that 1 + % < p, so that u € L1+%(7T) by Lemma 4.5. Then choose V' in (zii) such that
7(V7T1) < co. Then, using the notation

1/r
£l = ( / |f|fdw)

. H% = 1, we have by Holder’s inequality that
J

for functions f : X — R, since g

) = [vuan = [ v ()

dy _ JH1\1/(G+1)
= HVHJ'-H e 1 = (V') ||/J||L1+§(7r) < Q.
Then,
n 1 n
lpPC) =7y = 5 sup [P (f) = 7(f)]
[f1<1
1
< L sup () - 7()
[fI<V
1
< 5 CuV)p",
1
so (iv) holds with C,,, = 3 Cu(V) < 0. O

7 Proofs for Spectral Conditions

Proposition 7.1. (ziii) < (zvii), and (ziv) < (zviii).
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Proof. (=) Since 1 is an eigenvalue of multiplicity 1, with corresponding eigenvectors the non-
zero constant functions which are not in L, we must have Sp (P) € Sre(P) \ {1}. So, if
(ziti) holds, then Spg (P) € Spee(P) \ {1} € {2z € C: [2] < p} for some p < 1. This implies
that rre (P) < p < 1.

(<) If pi=rpe (P) < 1, then since Speo(P) \ {1} € Spee, (P) by Lemma 4.7, we have
Sip(P)\{1} € Spg,(P) € {z€C:z[ <p}. O
Proposition 7.2. (wwii) < (zzi), and (zviii) < (zxii).

Proof. (=) By the spectral radius formula ([27], Theorem 10.13), p = r(P|zs, ) = 1nf ||P”||1/‘fo.
Hence, for py < 1 such that p < po, there exists m € N such that HPmHL% <pm < 1.

(<) If HP’"HL(‘>/<,0 < 1 for some m € N,
nil/n m11l/m
r(Pleg,) = nf [|P" g, < 1P,

and thus, (zzi) holds. O
Proposition 7.3. (w) < (ziz), and (zvi) < (1z).

Proof. (=) Given that py = r(P —1I) = 1r>1{i || P" — HH;{;, for py < p < 1, there exists m € N
such that ||P™ — || < p™ < 1. Therefore, for some m € N,

(<) If [[P™ — ]|z < 1 for some m € N, given that r(P —1II) = 1I;f1 | P™ — HHi/?;, we have

r(P —10) = inf | P" = TI[| 5 < | P™ =TT /5 <
n>1

8 Proofs for Reversible Conditions
Proposition 8.1. (zzzi) = (xzviii).
Proof. Let p = |[P — I 2,y < 1. Then for each signed measure p € L3(7),

(P =) L2y < plleell 2y
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Let u € L*(m) be a probability measure and let n € N. By Lemma 4.11, pp — pu(X)mr = p— 7

is orthogonal to 7, so (1 — 7)II = 0, and hence
pP" —m = (p—m)P" = (u—m)(P* —1I) = (u—m)(P - 1)".
Therefore,
1P () = 7O oy = M = m) (P = T ()| 2 )

< |lp— 7THL2(7r) P — HHL2(T{')
< Np =7l g2y 0™ 0

Proposition 8.2. (zzviii) = (zzvii).
Proof. 1f (zzviii) holds, for each probability measure u € L?(wr) and n € N,
1P () = 7)oy < Ml = 7l 2™ = Cup”™,
with Cp = [|p = 7| p2 (- O
Proposition 8.3. (zzvii) = (iii).

Proof. 1f (zzvii) holds, then by Lemmas 4.3 and 4.4, for each n € N and p € L*(7) we have

1 1 1
lpP () = 7C)lley = S IP"() =7l = 5 I0PC) =70l em = 5 Cup™

This shows (#7) with p =2 and p, = p. O
Proposition 8.4. (iv) = (zzzii).

Proof. Take p = 2in (7). Then it follows from the “(#i7) = (44)” implication of [21, Theorem 2]
(which is proven by contradiction, using reversibility and the spectral measure of P acting on
L?(7)) that there is p < 1 such that

1Pl < pllulle2m
for all probability measures u € L*(mr) with p(X) = 0. Hence, ||P|| . < p < 1. O
Proposition 8.5. (zzzii) < (rzxiii).

Proof. This follows immediately from the fact (e.g. [3, Proposition VIII.1.11(e)]) that, by
reversibility, 7.1 (P) = || P|| ;- O
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Proposition 8.6. (zzzii) = (xzxi).
Proof. From Lemma 4.12 it follows that
1P =Tl oy = [Pl
Hence, if [|P[|,. <1, then ||[P —1II|[ 2, < 1. O
Proposition 8.7. (zzx) < (xvzzi).

Proof. Since P is reversible, P — II is self-adjoint by Lemma 4.11. Therefore, rz2( (P —II) =
[P — M| z2(ry (e.g. [3, Proposition VIIL.1.11(e)]). Hence, ||[P — II||z2¢r < 1 if and only if
rpagm (P —TI) < 1. O

Proposition 8.8. (zziz) < (zxwiii).
Proof. (=) If (zziz) holds, there is p < 1 such that
Suae(P) € {1FU{A € C: ] < o).

Since 1 is an eigenvalue of multiplicity 1, with corresponding eigenvectors the non-zero constant
multiples of 7 which are not in 7+, we must have S,.(P) C Sr2(x)(P) \ {1}. Hence, S, (P) C
{N € C: |\ < p}. Therefore, r(P| 1) < p < 1.

(<) If . (P) < 1, there is p < 1 with S;+(P) C {A € C: |\ < p}. So, by Lemma 4.11,

Suxm(P)\ {1} € 8,1(P) € {A€C: A< p}. =

9 Future Directions and Open Problems

Our Theorem 1 above provides a fairly complete picture of equivalences of geometric er-

godicity. However, it does lead to some additional questions which remain, including:

Q9.1. We have assumed throughout that the chain is ¢-irreducible and aperiodic. Those prop-
erties are certainly required for, and implied by, geometric ergodicity. But do they need
to be assumed explicitly? Many of our equivalent conditions imply them, so that they do
not actually need to be mentioned. But some of our conditions do not, e.g. the drift con-
ditions (wvii) and (viiz). So, which of our equivalences continue to hold without assuming

¢-irreducibility and aperiodicity?
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Q9.2.

Q9.3.

Q9.4.

Q9.5.

Q9.6.

Q9.7.

Q9.8.

Related, does the assumption of ¢-irreducibility directly imply the “multiplicity 1”7 as-
sumption in the spectral gap conditions (zi4) and (ziv) and (zziz), so that it does not
need to be mentioned explicitly? (As a start, combining e.g. Theorems 10.0.1 and 10.1.1
of [17] shows that ¢-irreducibility implies that the stationary probability distribution 7

must be unique; does this uniqueness extend to signed measures and functions too?)

We also assumed that our state space (X, F) is countably generated, which holds for e.g.
the Borel subsets of R and of R?, but not for e.g. the Lebesgue-measurable subsets. It is
a very standard assumption (e.g. [17, p. 66]), used to ensure the existence of small sets
[4, 9, 19] and the measurability of certain functions (e.g. [21, Appendix]). But which of

our equivalences would continue to hold without it?

The property of aperiodicity is not necessary for other important properties such as
Central Limit Theorems which involve averages of functional values like M R(X).
The weaker notion of variance bounding essentially corresponds to geometric ergodicity
without aperiodicity, and still implies CLTs. Many equivalences to variance bounding
have been proven for reversible chains; see [23]. But can equivalences similar to our

Theorem 1 be derived for the variance bounding property without assuming reversibility?

Our later conditions (zzvii) through (xzziii) were only shown to be equivalent for re-
versible chains. But are there explicit counter-examples to show that they are not equiv-
alent in the absence of reversibility? Or are some of them are still equivalent to geometric
ergodicity, even without assuming reversibility? (For a start on this, [14, Theorem 1.3]
proves that without reversibility the implication (zzz) =- (i) still holds, but [14, Theo-

rem 1.4] makes use of [6] to show that the converse might fail.)

Our equivalences are for the fairly strong property of geometric ergodicity. But are there
similar equivalences for the even stronger property of uniform ergodicity, i.e. the property
that || P™(z, ) — 7()|lpy < Cp" from m-a.e. € X where C does not depend on z? (For
a start on this, see [17, Theorem 16.0.2].)

In the other direction, are there similar equivalences for the weaker property of polynomzial
ergodicity, i.e. the property that ||P"(z, ) — 7(:)||y < Cpn™® for some o > 07 (For

some discussion and results related to this property, see e.g. [5, 10].)

And, are there similar equivalences for the even weaker property of simple ergodicity, i.e.
the property that just |[P"(z, ) — 7(:)||;v — 0 as n — oo from m-a.e. x € X, without
specifying any rate? (For a start on this, see e.g. [17, Theorem 13.0.1].)

27



We leave these questions as open problems for future work.
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