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Abstract

Markov chains are an essential tool in computational statistics because they form the ba-
sis for efficient exact and approximate inference methods, especially in Bayesian statistics.
This dissertation offers insight into the viability of approximate inference methods based on
both approximations to the transition kernels of a Markov chain for exact methods, and on
Markov chains derived from unadjusted stochastic gradient methods. This dissertation also
demonstrates how to tune computational methods based upon Markov chains in order to
optimize efficiency and accuracy for approximate and exact inference. Results are obtained
via two key theoretical methods: (1) an analysis of the perturbation sensitivity of Markov
chains using operator theory, and (2) through scaling limits of Markov chains that facilitate
a comparison to idealized continuous-time processes. The primary contributions of this dis-
sertation are: (i) a perturbation analysis of reversible geometrically ergodic Markov chains,
which characterizes the stability of the stationary distribution and rate of convergence un-
der changes in the transition dynamics; (ii) results on the geometry of probability densities,
generalized distributional integration-by-parts, and their consequences; (iii) a joint char-
acterization of the optimal proposal scaling and shaping for the random-walk Metropolis
algorithm; and (iv) a complete characterization of the statistical asymptotics of stochastic
gradient algorithms as methods for approximate inference, with recommendations on how

to tune them for accuracy and efficiency.
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Introduction

Markov chains are an essential tool in computational statistics because they form the
basis for efficient exact and approximate inference methods, especially in Bayesian statistics.
This dissertation offers insight into the viability of approximate inference methods based on
both approximations to the transition kernels of a Markov chain for exact methods, and on
Markov chains derived from unadjusted stochastic gradient methods. This dissertation also
demonstrates how to tune computational methods based upon Markov chains in order to
optimize efficiency and accuracy for approximate and exact inference. Results are obtained
via two key theoretical methods: (1) an analysis of the perturbation sensitivity of Markov
chains using operator theory, and (2) through scaling limits of Markov chains that facilitate
a comparison to idealized continuous-time processes. The primary contributions of this dis-
sertation are: (i) a perturbation analysis of reversible geometrically ergodic Markov chains,
which characterizes the stability of the stationary distribution and rate of convergence un-
der changes in the transition dynamics; (ii) results on the geometry of probability densities,
generalized distributional integration-by-parts, and their consequences; (iii) a joint char-
acterization of the optimal proposal scaling and shaping for the random-walk Metropolis
algorithm; and (iv) a complete characterization of the statistical asymptotics of stochastic
gradient algorithms as methods for approximate inference, with recommendations on how
to tune them for accuracy and efficiency.

Chapter 1 establishes a number of results on the stability of reversible geometrically
ergodic Markov chains under perturbations of the transition kernel and applications of
these results to approximate Markov chain Monte Carlo methods. The tools used to prove

our results are based on the operator-theoretic properties of reversible Markov chains. The



results provide a theoretical justification to the intuition that small changes in the transition
kernel should not affect the performance of MCMC methods too dramatically. Furthermore,
we find that the Markov chains that mix faster are also more robust to perturbations.
The results also include quantitative bounds on the mean-squared error for Monte Carlo
estimates derived from perturbed or approximate Markov chains, and results that allow one
to measure the approximation error due to perturbation under several different important
metrics on the space of probability distributions. The results are applied to analyze several
common approximations used in Bayesian inference.

Chapter 3 establishes a scaling limit for the random-walk Metropolis (RWM) algorithm
that includes dependence between coordinates in order to characterize both the optimal
RWM proposal scaling and the optimal RWM proposal covariance structure. This is done
via a scaling limit for a block-independent target distribution, with in-block dependence,
and between-block independence. We provide a variational characterization of the optimal
proposal shaping matrix, and a formula for the optimal scaling. The optimal scaling, for
any fixed shaping matrix, leads to an acceptance rate of ~ 0.234 as in the seminal work of
Roberts et al. [94]. We show that when the blocks are rotation-scalings of independent and
identical components, that the optimal shaping problem can be solved explicitly, yielding
the same recommendation as in Roberts and Rosenthal [97], to tune RWM so that the
covariance of the proposals is proportional to the covariance of the target distribution. More
generally, we show that their recommendation optimizes the instantaneous autocorrelation
of linear functions in the the scaling limit, while a simple formula for true optimal solution is
intractable. These results are informative to practitioners regarding how to tune the RWM
algorithm to optimize sampling efficiency.

As a mathematical requirement to derive the results in Chapter 3, we developed several
independently interesting results on the geometry of probability density functions and on
their corresponding integration-by-parts formulae. As these results are of independent in-
terest, they have been split off as their own chapter of this dissertation, Chapter 2. These
results characterize regularity in the geometry of probability density functions that have
bounded gradients on (almost) every level set, provide a general distributional integration

by parts formula: Ef(X)Vlegn(X) = —EVf(X) for X ~ 7 that applies to as broad of



a collection of densities m and test functions f as is possible, and is proven using geomet-
ric measure theory. We use the formula to derive several properties of densities such that
V log 7 is Lipschitz continuous, including the remarkable fact that if Vlogn is L-Lipschitz
and X ~ 7 then Vlog m(X) is sub-Gaussian with dimension-free sub-Gaussian constant, L.
These results are of broader interest because these integration by parts formulae are widely
useful, and the random variable V log 7(X') appears in the analysis of many algorithms used
in computational statistics.

Chapter 4 establishes a scaling limit for stochastic gradient algorithms, and applies the
scaling limit to understand how the tunings of these methods affect their utility for ap-
proximate Bayesian inference. We show how to tune these methods to match the statistical
asymptotics of the posterior distribution, of the MLE, or other targets that adjust the poste-
rior for model-misspecification such as the bagged posterior. Our scaling limit provides not
only a limiting stationary distribution, but a full characterization of the paths of the process,
making it stronger than existing results, and allowing us to provide a number of additional
insights to auxiliary quantities such as mixing times and iterate averages. The theoretical
results obtained via our scaling limit theory are supported by empirical results based on
both real and simulated data. The results are useful to practitioners as they demonstrate
how stochastic gradient methods can be implemented to achieve or interpreted in terms of
various sampling desiderata, including very rapid approximate inference with tunable levels

of adjustment for model misspecification.



Chapter 1

Perturbations of Geometrically

Ergodic Reversible Markov Chains

1.1 Introduction

The use of Markov Chain Monte Carlo (MCMC) arises from the need to sample from
probabilistic models when simple Monte Carlo is not possible. The procedure is to simulate
a positive recurrent Markov process where the stationary distribution is the measure one
intends to sample, so that the dynamics of the process converge to the distribution required.
Temporally correlated samples may then be used to approximate various expectations; see
e.g. Brooks et al. [18] and the many references therein. Examples of common applications
may be found in hierarchical models, spatio-temporal models, random networks, finance,
bioinformatics, etc.

Often, however, the transition dynamics of the Markov Chain required to run this process
exactly are too computationally expensive due to prohibitively large datasets, intractable
likelihoods, etc. In such cases it is tempting to instead approximate the transition dynam-
ics of the Markov process in question, either deterministically as in the low-rank Gaussian
approximation of Johndrow et al. [52], or stochastically as in the noisy Metropolis—Hastings
procedure of Alquier et al. [2]. It is important then to understand whether these approx-

imations will yield stable and reliable results. This chapter aims to provide quantitative



CHAPTER 1. 6

tools for the analysis of these algorithms. Since the use of approximation for the transition
dynamics may be interpreted as a perturbation of the transition kernel of the exact MCMC
algorithm, we focus on bounds on the convergence of perturbations of Markov chains.

The primary purpose of this chapter is to extend existing quantitative bounds on the
errors of approximate Markov chains from the uniformly ergodic case in [52] to the geomet-
rically ergodic case (a weaker condition, for which multiple equivalent definitions may be
found in Roberts and Rosenthal [96]). Our work will extend the theoretical results of [52]
in the case that the exact chain is reversible, replacing the total variation metric with Lo

distances, and relaxing the uniform contraction condition to Ls()-geometric ergodicity.

1.1.1 Geometric Ergodicity

When analyzing the performance of exact MCMC algorithms, it is natural to decompose
the error in approximation of expectations into a component for the transient phase error
of the process and one for the Monte-Carlo approximation error. The former may be
interpreted as the bias due to not having started the process in the stationary distribution.
A Markov chain is geometrically ergodic if, from a suitable initial distribution v, the marginal
distribution of the n' iterate of the chain converges to the stationary distribution, with
an error that decays as C'(v)p" for some p € (0,1) and some constant depending on the
initial distribution C(v), in some suitable metric on the space of probability measures.
The geometric ergodicity condition essentially dictates that the transient phase error of
the n'® sample decays exponentially quickly in n. The chain is uniformly (geometrically)
ergodic if C can be chosen independently of the initial distribution. Geometric ergodicity
is a desirable property as it ensures that cumulative transient phase error asymptotically
does not dominate the Monte-Carlo error, while still being less restrictive than the uniform
ergodicity condition, which often fails when the state space is not finite or compact (for
example, an AR(1) process is geometrically ergodic but not uniformly ergodic).

When using approximate MCMC methods, one desires that the approximation preserves
geometric ergodicity, so that convergence to stationarity is still fast and the transient phase
error goes to zero quickly. This is an important issue, especially since Medina—Aguayo et al.

[74] have shown that intuitive approximations such as Monte-Carlo within Metropolis may
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lead to transient approximating chains.

1.1.2 Outline of the Chapter

The outline of this chapter is as follows. Section 1.2 reviews related work. Then Sec-
tion 1.3 contains our main theoretical results and their proofs. Theorem 1.1 therein provides
bounds on the distance between stationary distributions, and gives a sufficient condition for
the perturbed chain to be geometrically ergodic in Lo(), where 7 is the stationary distribu-
tion of the unperturbed chain. Theorem 1.2 and Theorem 1.3 give sufficient conditions for
the perturbed chain to be geometrically ergodic according to several other variants of the
definition of geometric ergodicity (for different metrics and families of initial distributions),
and provide quantitative rates when possible. The remainder of Section 1.3 establishes
bounds on autocorrelations, and mean-squared-error for Monte Carlo estimates of expected
values computed with the perturbed chain.

Finally, Section 1.4 considers noisy and/or approximate Metropolis—Hastings algorithms.
It provides sufficient conditions that one can check in order for our results from Section 1.3
to be applied. We use this to study Metropolis—Hastings with deterministic approximations
to the target density, as well as the Monte Carlo within Metropolis algorithm, as in Medina—
Aguayo et al. [73], and provide some examples of how these types of approximations might

arise in practice.

1.2 Related Work

This section presents a brief review of related work, discussing convergence of perturbed
Markov chains in the uniformly ergodic and geometrically ergodic cases with varying metrics
and additional assumptions. The results in the literature have a wide range of assumptions
required and a wide range of scopes for their various results. The results for uniformly
ergodic chains have a simpler aesthetic, in line with what intuition for finite state space
chains might inspire, as they do not require drift and minorization conditions to state. Our
results cover the geometrically ergodic and reversible case, and use properties of reversibility

to match the simpler aesthetic found in the literature for the uniformly ergodic case.
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Close to the present work, Johndrow et al. [52] derive perturbation bounds to assess the
robustness of approximate MCMC algorithms. The assumptions upon which their results
rely are: the original chain is uniformly contractive in the total variation norm (this im-
plies uniform ergodicity); and the perturbation is sufficiently small (in the operator norm
induced by the total variation norm). The main results of their work are: the perturbed
kernel is uniformly contractive in the total variation norm; the perturbed stationary distri-
bution is close to the original stationary distribution in total variation; explicit bounds on
the total variation distance between finite time approximate sampling distributions and the
original stationary distribution; explicit bounds on total variation difference between the
original stationary distribution and the mixture of finite time approximate sampling dis-
tributions; and explicit bounds on the MSE for integral approximation using approximate
kernel and the true kernel. The results derived by [52] are applied within the same work to
a wide variety of approximate MCMC problems including low rank approximation to Gaus-
sian processes and sub-sampling approximations. In other work, Johndrow and Mattingly
[50], use intuitive coupling arguments to establish similar results under the same uniform
contractivity assumption.

Further results on perturbations for uniformly ergodic chains may be found in Mitro-
phanov [77]. This work is motivated in part by numerical rounding errors. Various appli-
cations of these results may be found in Alquier et al. [2]. The only assumption of [77] is
that the original chain is uniformly ergodic. The work is unique in that it makes no as-
sumption regarding the proximity of the original and perturbed kernel, though the level of
approximation error does still scale linearly with the total variation distance of the original
and perturbed kernels. The main results are: explicit bounds on the total variation dis-
tance between finite time sampling distributions; and explicit bounds on the total variation
distance between stationary distributions.

The work of Roberts et al. [99] (see also Breyer et al. [17]) is also motivated by numerical
rounding errors. The perturbed kernel is assumed to be derived from the original kernel by a
round-off function, which e.g. maps the input to nearest multiple of 273!, In such cases, the
new state space is at most countable while the old state space may have been uncountable

and so the resulting chains have mutually singular marginal distributions at all finite times
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and mutually singular stationary distributions (if they have stationary distributions at all).
The results of [99] require the analysis of Lyapunov drift conditions and drift functions
(which we will avoid by working in an appropriate Lo space). The key assumptions in [99]
are: the original kernel is geometrically ergodic, and V is a Lyapunov drift function for
the original kernel; the original and perturbed transition kernels are close in the V-norm;
the perturbed kernel is defined via a round-off function with round-off error uniformly
sufficiently small; and log V' is uniformly continuous. The main results of the work include
that: if the perturbed kernel is sufficiently close in the V-norm then geometric ergodicity
is preserved; if the drift function, V', can be chosen so that log V' is uniformly continuous
and if the round-off errors can be made arbitrarily small then the kernels can be made
arbitrarily close in the V-norm; explicit bounds on the total variation distance between
the approximate finite-time sampling distribution and the true stationary distribution; and
sufficient conditions for the approximating stationary distribution to be arbitrarily close
in total variation to the true stationary distribution. They also prove results that do not
require closeness in the V-norm, or even absolute continuity of the perturbed transitions;
in such cases they show that a suitable drift condition on the original chain together with a
uniformly small round-off error yields perturbed chains which are geometrically ergodic, and
that the stationary measure varies continuously under such perturbations in the topology
of weak convergence.

Pillai and Smith [89] provide bounds in terms of the Wasserstein topology (cf. Gibbs
[36]). Their main focus is on approximate MCMC algorithms, especially approximation
due to sub-sampling from a large dataset (e.g., when computing the posterior density).
Their underlying assumptions are: the original and perturbed kernels satisfy a series of
drift-like conditions with shared parameters; the original kernel has finite eccentricity for
all states (where eccentricity of a state is defined as the expected distance between the
state and a sample from the stationary distribution); the Ricci curvature of the original
kernel has a non-trivial uniform lower bound on a positive measure subset of the state
space; and the transition kernels are close in the Wasserstein metric, uniformly on the
mentioned subset. Their main results under these assumptions are: explicit bounds on

the Wasserstein distance between the approximate sampling distribution and the original
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stationary distribution; explicit bounds on the total variation distance of the original and
perturbed stationary distributions and bounds on the mixing times of each chain; explicit
bounds on the bias and L error of Monte Carlo approximations; decomposition of the error
from approximate MCMC estimation into components from burn-in, asymptotic bias, and
variance; and rigorous discussion of the trade-off between the above error components.

Rudolf and Schweizer [104] also use the Wasserstein topology. They focus on approx-
imate MCMC algorithms, with applications to auto-regressive processes and stochastic
Langevin algorithms for Gibbs random fields. Their results use the following assumptions:
the original kernel is Wasserstein ergodic; a Lyapunov drift condition for perturbed kernel is
given, with drift function V; V has finite expectation under the initial distribution; and the
perturbation operator is uniformly bounded in a V-normalized Wasserstein norm. Their
main results are: explicit bounds on the Wasserstein distance and weighted total variation
distance between the original and perturbed finite time sampling distributions; and explicit
bounds on the Wasserstein distance between stationary distributions.

Ferré et al. [35] build upon Keller and Liverani [56] to provide perturbation results for
V-geometrically ergodic Markov chains using a simultaneous drift condition. They show
that any perturbation to the transition kernel which shares its drift condition has a sta-
tionary distribution, is also V-geometrically ergodic, and that the perturbed stationary
distributions is close to the original one. The assumption of a shared drift condition may
be difficult to verify or not hold in some cases of interest related to approximate or noisy
Markov chain Monte Carlo. Hervé and Ledoux [41] considers finite rank approximations
to a transition kernel. That work gives sufficient conditions for approximations to inherit
V-geometric ergodicity and provides a quantitative relationship between the rates of conver-
gence and bounds the total variation distance between stationary measures. It also provides
sufficient conditions for V-geometric ergodicity of a family of finite-rank approximations to
a transition kernel to guarantee geometric ergodicity of the kernel, and provides a quan-
titative rates of convergence. In both of these results, as in [35], the results depend on a
simultaneous drift condition for the approximations and the original kernel.

Each of the above works demonstrate bounds on various measures of error from using

approximate finite-time sampling distributions and approximate ergodic distributions to
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calculate expectations of functions. On the other hand, the assumptions underlying the
results vary dramatically. The results for uniformly ergodic chains are based on simpler
and more intuitive assumptions than those for geometrically ergodic chains. Our work
extends these results to geometrically ergodic chains and perturbations while preserving
essentially the same level of simplicity in the assumptions. In particular we avoid the need
to identify a Lyapunov drift condition, and our assumptions are expressed directly in terms

of transition kernels, rather than a relationship between drift conditions which they satisfy.

1.3 Perturbation Bounds

This section extends the main results from Johndrow et al. [52] to the Lo(w)-geom-
etrically ergodic case for, assuming the perturbation P — P, has bounded Ly(7) operator

nora.

1.3.1 Definitions and Notation

Let 7 be a probability measure on a measurable space (X,¥). We make considerable

use of the following norms on signed measures and their corresponding Banach spaces.

| A]|py = sup [A(A)] M(X) = {bounded signed measures on (X, %)}
AeX
D2 1/2

Wi = ([ (5) 45) o) = {o s ol < 0}

s o) = ||'HL2 ) [L20(m) Lao(m) = {v € Ly(m) : v(X) = 0}

1Mz / dr Li(m) = {v <7+ |l ) < 00}

Il = esssu —)\(X) Lo )—{V<< (3> 0) (‘dl/’<b ae)}
Loo(m) = XNWp dn colT) = ™ e T-a.e.

Note that La () is a complete subspace of La(m). Let

Mir={AeM:[VA€X MA) > 0] and [A(X) = 1]}

be the set of probability measures on (X,3). Note that for any probability measure, ,

Loo(m) C Lo(m) C Li(w) C M(X), though in general they are not complete subspaces of
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each other when their corresponding norms are not equivalent. For a norm, [|-|| on a vector

space, we also write ||-|| the corresponding operator norm on the space of bounded linear

operators from V' to itself, B(V).

Definition 1.1 (Geometric Ergodicity). Let P be the kernel of a positive recurrent Markov

chain with invariant measure w. Let X\ be any measure with m < X, and suppose that

PTV,

(i)

(i)

p1, p2 € (0,1). Then:

P ism-a.e.-TV geometrically ergodic with factor prvy if there exists Cpy: X —

R such that for w-almost every x € X and for all n € N:

102 P" = 7|l py < Crv(x)p'7y -

The optimal rate for w-a.e.-TV geometric ergodicity is the infimum over factors for

which the above definition holds;

pry=1inf{p >0 s.t. IC : X — R4 with n({z : C(z) < o0}) =1 and
(1.1)
VneN,m-a.e. x € X |[[0,P" — 7| py < Cz)p"} .
P is Ly(N\)-geometrically ergodic with factor py if P : La(\) — La(A\) and there
exists Cy : La(A) N My 1 — Ry such that for every v € La(A) N M4 1 and for all

n € N:

[vP" —7THL2(A) < Ca(v)ps -

The optimal rate for La(\)-geometric ergodicity is the infimum over factors for which

the above definition holds;

ps=inf{p >0 st IC: Lo(N) N My — Ry with

Vn €N, e LA NMyy  [vP" =70 < CW)p"} -

Remark 1.1. If P is w-reversible and aperiodic then P is Lo(w)-geometrically ergodic if and

only if it is m-a.e. TV geometrically ergodic, as per Roberts and Rosenthal [96]. In this case

the optimal rate of Lo(m)-geometric ergodicity, ps, is equal to the spectral radius OfP|L2)0(7r)7
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In this case, the spectrum of P is a subset of [—p5, p5] U{1}, and P is La(m)-geometrically
ergodic with factor p3 and C(p) = || = 7|1, (x). For more details see Proposition 1.2, and

[96]. q

We abbreviate geometric ergodicity and geometrically ergodic as “GE” for brevity going

forward.

1.3.2 Assumptions

We assume throughout that P is the transition kernel for a Markov chain on a countably
generated state space X with o-algebra ¥, which is reversible with respect to a stationary
probability measure, 7, and is w-irreducible and aperiodic. We call the Markov chain
induced by P the “original” chain. The 7w-reversibility of P makes it natural to work in
Lo(m) since, in this case, P is a self-adjoint linear operator on a Hilbert space. This allows
us access to the rich, elegant, and mature spectral theory of such operators. See for example
[102, Chapter 12] and [28, Chapter 22]. We further assume that P is Lo(7)-geometrically
ergodic with factor 0 < (1 — ) < 1. Equivalent definitions of La(m)-geometrically ergodic
are given in Proposition 1.2. This assumption is weaker than the Doeblin condition used
by [52], which implies uniform ergodicity.

Next, we assume that P, is a second, “perturbed” transition kernel, such that

[P = Pell pym) < €

for some fixed € > 0, and that Pe|r,(r) € B(L2(7)), i.e. that the perturbed transition kernel
maps Lo(m) measures to Lo(m) measures. The norm condition quantifies the intuition
that the perturbation is “small”. We assume that P. is m-irreducible and aperiodic. We
demonstrate (in Theorem 1.1) that under these assumptions P, has a unique stationary
distribution, denoted by ., with m¢ € Lo(7).

Note that when p € Ly(m) we have || — |y = 3 [l — 71, (x)- On the other hand,
[|lv applies to all bounded measures, while [|-[|, .y applies only to the subspace of Ly ()
measures. Note also that if m ~ 7. (the two measures are mutually absolutely continuous),

then L;(m) and Ly (7¢) are equal as spaces and their norms are always equal, so in this case
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we need not distinguish between them.

To summarize, we assume that

Assumption 1.1 (Assumptions of Section 1.3.2).

e P is a Markov kernel that is o P.is a Markov kernel that is
— mw-reversible for a prob. meas. T, — irreducible and aperiodic,
— irreducible and aperiodic — P.: Lo(m) — Lo(m), and
— Lo(7)-GE with factor (1 — «), — 1P =P, <e

The assumption that P : La(m) — Lo(7) and that [P, < oo may seem difficult to
verify. However, the following proposition shows us that it is satisfied for P. constructed
based on the Metropolis—Hastings algorithm with suitable jump kernels. As long as the
jump kernel, J, has [[J]|,y < oo then it will be satisfied. Therefore, this assumption
is not excessively restrictive for MCMC applications. The jump kernel, J, describes the
conditional distribution of a new point in the chain proposed from z given that the proposal
is accepted, and is related to the proposal kernel, @, by a(z)J(z, A) = [, a(z,y)Q(z, dy)
where a(z,y) is the Metropolis-Hastings acceptance ratio and a(z) = [y a(z,y)Q(z, dy) is

the implied local jump-intensity.

Proposition 1.1. If P.(z,) = (1 — a(x))d; + a(x)J(x,) with o : X — [0, 1] measurable,

and J : La(m) = La(m) and |||}, < 00, then

1Pellgymy < 14 1 o - (1.2)

Proof of Proposition 1.1. Consider the operator A on La(m) given by the formula [ A](C) =
Jo a(z)v(dz) for all measurable sets C. Its adjoint, A’, is given by the formula [A’f](z) =
a(x)f(z) for all z € X and f € L5(w). Since a : X — [0,1], then A" : Li(7w) — Lb(w) with
|]A’HL/2(7T) < 1. Thus A: Ly(m) = La(m) with [|A]/,, ) < 1. The same also holds for I — A.
Now, Pe = A+ (I = A)J, so | Pelp,imy 1+ ([ gy - O

Verifying that |[P — Pe||p,(, is finite, and sufficiently small will be the main analytic

burden faced when trying to apply our results to more general settings. The development
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of further tools to determine whether [P — Pe| ., ) is finite and to bound it quantitatively

would be an interesting line of future research.

1.3.3 Convergence Rates and Closeness of Stationary Distributions

Theorem 1.1 (Geometric ergodicity of the perturbed chain and closeness of the station-
ary distributions in original norm, Lo(w)). Under the assumptions of Section 1.5.2, if in
addition € < a, then m € La(m),

0 < 17— el ) < s

~Va?—e

P. is Lo()-geometrically ergodic with factor 1 — (o — €), and for any initial probability
measure fi € La(m)
€
[nPe — 7T||L2(7r) <(A-(a—€)"[lp— 7T€”L2(7r) + \/ﬁ )

The proof of this result is the content of Section 1.5.1. We follow the derivation in [52]
with minimal structural modification, though the technicalities must be handled differently
and additional theoretical machinery is required. We use the fact that the existence of a
spectral gap for the restriction of P to Lgg(7) yields an inequality of the same form as

uniform contractivity condition, but in the Lo(7)-norm as opposed to the total variation

norm (cf. Theorem 2.1 of Roberts and Rosenthal [96]).

Remark 1.2. Bounds on the differences between measures in La(m)-norm can be converted
into bounds on the total variation distance since, by Cauchy-Schwarz, for any measure A
and any signed measure v € La(X) we have ||V, = %HVHLI(/\) < %HVHL,Z(A)- Thus, for

example, under the assumptions of Theorem 1.1,

€

1
n n
lpPe = mllpy < 5 |1 = (a =€) ||M_W€|’L2(ﬂ)+\/ﬁ

Similarly, under the assumptions of Theorem 1.1, we find that P. is (La(), ||| pv)-GE with

factor 1 — (ov — €) (see Definition 1.2 below). N
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In some situations, such as the computation of mean-squared errors in Theorem 1.5,
it may be inconvenient or impossible to use to use the Ls(7m) norm when studying some
aspects of P.. The next theorem will allow us to “switch” to other norms which may be
more natural for a given task. First, however, we need to introduce one more notion of

geometric ergodicity.

Definition 1.2 ((V, |||-||)-Geometric Ergodicity). Let P be the kernel of a positive recurrent
Markov chain with invariant measure w. Let V' be a vector space of signed measures on
(X, %) containing 7, and let ||-|| be a norm on V' (for which V- may not be complete).

P is (V,||-|l) -geometrically ergodic with factor p if there exists C : VAMy 1 — Ry

such that for every v € VN My 1 and for all n € N:
[[vP" = x| < C(v)p"™ .

The optimal rate for (V,|||-||)-geometric ergodicity is the infimum over factors for which the

above definition holds;

pr=if{p>0:3C:VNMi; >Ry st. VneNveVnMi; |[[vP"—x||<C)p"} .

We will be interested in this definition for the cases that V' = Lo (7) and |||-|| is either

2oy O -l 2y -

Remark 1.3 (Relationships between (Loo(A), [l (x))-GE, a.e.-TV-GE, and Ly(A)-GE).
Clearly if P is Ly(\)-GE with factor pa then it is also (Loc(A), [||| 1, (1)) -GE with factor ps.
Conversely Roberts and Tweedie [100] show that if P is (Loo(T), |||l 1, (r))-GE with factor pa
then it is also a.e.-TV-GE with some factor pry € (0,1). However the factor for a.e.-TV-
GE may in fact be worse than the factor of (Loo(T), ||| 1,(x))-GE or (Loo(T), |||l 1, (x))-GE-
Bazendale [9] gives a detailed exposition on the barriers to the comparison of factors for
geometric ergodicity given by different equivalent definitions.

In Section 1.5.5 we give an example where the optimal rates for Lo(mw)-GE and for

(Loo(7), |||y (ry ) -GE are distinct when P is not reversible. If P is m-reversible then the

factors for Ly(m)-GE, (Loo(m), ||l 1y (x))-GE, and (Loo(T), |[[|, (ry)-GE must be the same.
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This result combines a comment and Theorem 3 of [100], both stated but not proved. The
formal statement of that result and its proof may be found in Section 1.5.6.

Finally, note that by definition La(m)-GE is equivalent to (La(m), |||l 1, (x)) with the same
coefficient functions and factors, and that a.e.-TV-GE is equivalent to (D, ||-|| p1,)-GE where
we can take D = span ({n} U{d, : x € X\ N,r € R}) for some mw-null set N. The null set,
N, can be taken to be the same for all factors p by taking the union over the null sets for

factors p € Q (since a countable union of null sets is still null). N

Lemma 1.1 (Characterization of optimal rates for (V, ||-||)-GE chains). If P is (V,|||-|)-GE

with stationary measure w then the optimal rate for (V,||-||)-GE is equal to

sup  limsup [|uP" — /" .

pneEVNMy 1 n—00

The proof of this result is found in Section 1.5.6.

1/n

Remark 1.4. The quantity limsup,,_, . |[|uP™ — «|| /" is the local spectral radius of P —1I

at p with respect to |||-|||, where II is the rank-1 kernel defined by I1(xz, A) = w(A) for all

ze X and A€ X. N

Lemma 1.2 (Ly(7)-GE, (Loo(m), ||l 1, (x))-GE, and (Lo (7), |||, (r))-GE are equivalent for
m-reversible chains, with equal optimal rates.). Let p € [0,1). The following are equivalent

for a w-reversible Markov Chain P:

(i) P is (Loo(T), ||l 1, ())-ge0metrically ergodic with optimal rate p,
(it) P is (Loo(m), ||| 1, (x))-ge0metrically ergodic with optimal rate p,
(iii) P is Lo(m)-geometrically ergodic with optimal rate p,

(iv) The spectral radius of Plp, () is equal to p.

Remark 1.5. Since either of (iii) or (iv) are equivalent to all the conditions listed in Roberts
and Rosenthal [96, Theorem 2.1], indeed all of the items listed above are equivalent to all
the items listed in their result. We only included (iii) and (iv) here for brevity, and since

they are the ones most relevant to the present work. Moreover, all of these conditions are



CHAPTER 1. 18

implied by any of the equivalent conditions for m-a.e.-TV-GE in Roberts and Rosenthal [906,

Proposition 2.1] (though with possibly different optimal rates for each condition therein). <

The proof of this result is found in Section 1.5.6.

Theorem 1.1 controls the convergence of the perturbed chain P, in terms of the “original”
norm (from Lo(m)). We also demonstrate that P, is geometrically ergodic in the Lo(7)
norm, as this would also allow us to use the equivalences in [96]. The following two results
allow us to transfer the geometric ergodicity of P. in Lo(7) to other notions of geometric
ergodicity. Theorem 1.3 handles the case that the perturbed kernel is reversible, while

Theorem 1.2 handles both that the perturbed kernel is reversible or non-reversible.

Theorem 1.2 (Geometric ergodicity of the perturbed chain in the other norms; Lq(7e),

Lo(m), total variation). Under the assumptions of Section 1.3.2, if € < «, then:
(i) Pe is a.e.-TV-geometrically ergodic with some factor ppy € (0,1), and

(i1) Pe is (Loo(m), [l (ny)-GE with factor py = (1—(a—e)) and Cy(1) = | — well

and

(7ii) If m € Loo(me) then Pe is Lo(me)-GE with factor po = (1 — (a — €)) and with

2
Co() = [Iml12 (o I = 7l ey -

The proof of this result is found in Section 1.5.2.

Example 1.1. For example, consider perturbations of a Gaussian AR(1) process. Let

Z: B N(0,02) and let W; “ . Take

XX = (1 — )Xy + Zia
(1.4)
XiplXi =1 —a) X + Wi

Then the original chain, {Xi},cy is not uniformly ergodic, but it is geometrically ergodic.

Hence, the results of [2, 52] do not apply. The stationary measure of the exact chain is

T = N(0, a(giia)), it is reversible, and the rate of geometric ergodicity is (1 — «). Note
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that the perturbed chain, which we will call a p-AR(1) process, may not be reversible and
whether it is geometrically ergodic generally depends on the distribution p.

Now, letting ¢, be the N'(0,02) density, for any p with d“ ell—el+¢,,

1P Rl = [ [ (M) ol A0y oy

< [T et ((;)‘“) )dy)2w<y>dy n(2)ds .

= € |Pll 1y

262

Therefore, when € < o we can extend the geometric ergodicity of the Gaussian AR process
to the p — AR(1) process using Theorem 1.2. We can also bound the discrepancy of the
stationary measure of the perturbed chain from that N (0, oa(giia)) using Theorem 1.1. The
subsequent results, Corollary 1.1 and Theorem 1.4 of this section may also be applied to this
example to bound the discrepancy between the marginal distributions of the p-AR(1) from

a N(0, a— a)) at any time, as well as the approzimation error of the time-averaged law of

the u-AR(1) from N(0 o= a)) . q

Theorem 1.3 (Ly(mc)-Geometric ergodicity of the perturbed chain, reversible case). Under
the assumptions of Section 1.53.2, if € < a, and P is w.-reversible, then P, is Lo(me)-GE

with factor ps = (1 — a+ €) and coefficient function C(v) = V| 1, (x,)-
The proof of this result is found in Section 1.5.2.

Corollary 1.1 (Closeness of stationary distributions in Lo(7¢)). Suppose that € < o, and

that || P — Pell, (x) < ¢ Then

(i) if Pe is me reversible, and if ¢ < a — € then

¥
||7T—7T€HL2(7rE) < (01—6)2

_<p27

and for any p € La(m)

|nP — 7THL2(7re) S(I—(a—e)"|ln— 7T€||L2(7r€) + (a-— 6)2 — 2 ’
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(7i) if m € Loo(me) and ¢ < 1, then

o+ 1712 ) o= (1= (@ =€)

o 6

-9

17 = ell £y () <
and for any p € Loo(Te)

n n 1/2
1P = 7l mny < (1= (= ) 12 oy I = 7l

1/2
LT 1Tl Ll re) Tz (1 — (=€)
1—¢ ’
The proof of this result is found in Section 1.5.2. We turn our attention to bounds
on the error of estimation measures of the form + Z ,qu, and estimates of the form
h Zk_:o f(X%). Firstly, when computing Monte Carlo estimates, the bias is controlled by a

1

time-averaged marginal distribution of the form ; };—:10 pPF. This leads us to the following

result.

Theorem 1.4 (Convergence of Time-Averaged Marginal Distributions). Under the assump-

tions of Section 1.3.2, suppose € < o and we € Lo(m). Then for any probability distribution

€ La(m),

13 P _1-(—(a=9) €

W—ZI;JM e T P e /L||L2(7r)+\/ﬁ

= Lo(m)
If additionally, ||[P — Pe||},(r.) < ¢ then
(i) if Pe is we-reversible, and ¢ < o — € then
T Il i o) Y P
Ty € - — € La(me)

t k=0 La(me) t(Oé 6) ’ (04 - 6)2 - 902

(7i) if 1 € Loo(me) and ¢ < 1, and if p € Loo(me) then

== (=) _p
< e I e e = bl

+<P+||7T|1/2 ) 7= (1= (@ =€)
L=

1 t—1
™= E Z/’LPek
k=0

La(me)




CHAPTER 1. 21

The proof of this result is found in Section 1.5.3.1. Relative to the uniform closeness of
kernels (in total variation) required [52], our assumption that the approximating kernel is
close in the operator norm induced by Lo(7) is non-comparable. This is because our bound
is in terms of the Lo distance which always upper-bounds the total variation distance (up
to a constant factor of 1/2), but our assumption also does not require spatial uniformity
which [52]’s does. Thus, this chapter’s assumptions are not weaker nor stronger than those
in [52]. Comparing the above results to the corresponding L; result of [52], we see that the
transient phase bias part of our Ls bounds differ from their L, transient phase bias bound
only by a factor which is constant in time, but varies with the initial distribution (as is to

be expected when moving from uniform ergodicity to geometric ergodicity).

1.3.4 Mean Squared Error Bounds for Monte Carlo Estimates

Suppose that (Xf), o {0y 1s a realization of the Markov chain with transition kernel P
and initial distribution p. The mean squared error of a Monte Carlo estimate of 7 f made

using (X,i)kgt is given by

MSE (1, f) = E

2

1 =1 ) :

(w(f) 3 f(Xk)> ] (16)
k=0

Theorem 1.5 (Mean Squared Error of Monte Carlo Estimates from the Perturbed Chain).

Under the assumptions of Section 1.3.2, if ¢ < o, X§ ~ p, Pe is me-reversible, and pa =

(1= (ax—€)) then for f € L)(me)

(i) if f € Ly(r) as well, then

2f_7r5f2’7r 27/2 H— Te ﬂ- f_7ref2/7'r
s oy < M =Tl e | 2= el 1 = el
(1= p2)t (1—p2)%t
2

2 € € 1
+ Hf - 7Tef||L’2(7r) <Oé2 — 2 + 2\/mt(04 — 6) ”7re - /‘LHLQ(F))
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and
4 f - Wef”%é(we) 292 || — 7r€||L2(7r5) (- 7Tef||%g4(7r€)
(1— po)t (1 —p2)?t
2 ¢
+ 2 = mef Ly PRl
and

(i) if | P — P€||L2(7r5) < < (1—p2), then

2712 || = 7l ey 1 = 73 sy
(1= p2)?t?

MSE; (u, f) <

9 1+ ——L—
, ¢ N
+|If - 7Tef||L’2(7r5) ((1 — 02)2 — 2 + 2 t(l — ) ||me — :LL||L2(7T6)

and

292 || = 7ell py ey I — e f N1
MSEE < 2(me) Lj(me)
t (“7 f) = (1 _ P2)2t2

2 2S02 4
+|f = WefHL’2(7r€) <(1 — p2)2 — 2 + 11— p2) | me — MHLQ(ne)

The proof of this result is found in Section 1.5.3.3. Perturbation bounds based upon drift
and minorization conditions could provide similar MSE bounds for functions in La(7,) with
SUP,cy % < oo (where V is the function appearing in the drift condition), as in the work
of Johndrow and Mattingly [51]. While that may be a larger class of functions than L ()
(depending on what V happens to be), the class L)j(m,) is quite rich making this bound still
useful. Moreover, the class of functions to which our MSE bounds apply, and the value of
the bound itself, depend only on intrinsic features of the Markov chains under consideration.
In contrast bounds based on drift and minorization conditions include extrinsic features—

introduced by the user for analytic purposes (such as the drift function, V')—of which many

choices might exist; each leading to different function classes and different bounds.

)
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1.4 Applications to Markov Chain Monte Carlo

In this section we apply our theoretical results to some specific variants of Markov Chain
Monte Carlo (MCMC) algorithms to obtain guarantees for noisy and/or approximate vari-
ants of MCMC algorithms. MCMC is used to generate (correlated) samples approximately
from a target distribution for which the (unnormalized) density can be evaluated. The
key insight is to construct a (typically reversible) Markov chain for which the stationary
distribution is the target distribution. This is possible since the reversibility condition is
readily verified locally (without integration).

The most commonly used family of MCMC methods is the Metropolis—Hastings algo-
rithm (MH). The chain is initialized from some distribution Xy ~ pg. At each step a
proposal is drawn from some transition kernel, Y; ~ Q(X;_1,-). Suppose that the ker-

nel Q(z,-) has density ¢(-|x). The proposal is accepted with probability a(Y;|X;—1) =

min (1, ﬂ?)((li)f)(;((;/t_&iﬁ))' If the proposal is accepted then X; = Y}, and if it is rejected (not
accepted) then X; = X;_1. The combination of proposal and accept/reject steps yields a
mw-reversible Markov kernel, and reversibility guarantees that the stationary distribution is
the target distribution. The user has freedom in selecting the proposal kernel, ), and some
choice lead to better performance than others. The accept/reject step requires evaluating
the target density, 7, twice on each step.

A large body of research exists guaranteeing that specific MCMC algorithms will be
geometrically ergodic (see for example [42, 67, 95], and many more.). These typically verify
geometric ergodicity for a collection of target distributions, 7, and for a small family of
proposal kernels, Q.

If the target likelihood involves some integral which is computed numerically or by simple
Monte Carlo then the numerical and/or stochastic approximation introduces a perturbation
to the idealized MCMC scheme. This occurs even in standard and widely used statistical
models such as generalized linear mixed effect models (GLMMs), since the random effects
are nuisance variables which need to be integrated away, either using Laplace or Gaussian
quadrature schemes, or by simple Monte Carlo, in order to evaluate the likelihood. Since

the Metropolis—Hastings algorithm requires evaluation of the density, these each introduce
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a perturbation in the acceptance ratio, and hence in the actual transition kernel of the MH
scheme. We now consider the extent to which our results from Section 3 can be applied to

prove geometric ergodicity for certain approximate MCMC algorithms.

1.4.1 Noisy and Approximate MCMC

The noisy (or approximate) Metropolis—Hastings algorithm (nMH), as found in Alquier
et al. [2] (see also Medina—Aguayo et al. [74]) was briefly described above. The algorithm is
defined exactly the same way as the Metropolis—Hastings algorithm, except that the accep-
tance ratio, a(Yy| X¢—1), is replaced by a (possibly stochastic) approximation a(Y;|X;—1, Z¢).
Here Z; denotes some random element providing an additional source of randomness, so
that a(Y:|X¢—1, Z¢) is not o (Y, X;—1)-measurable when the approximation a(Y;|X;—1, Z¢) is
stochastic. In the case of a deterministic approximation, Z; can be ignored or treated as
a constant. The approximation can typically be though of as replacing the target density
in the acceptance ratio with some approximation. This includes most approximate MCMC
algorithms which preserve the state space and the Markov property, such as replacing m
with a deterministic approximation or and independent stochastic approximation at each
step (as in Monte Carlo within Metropolis). It does not include algorithms which retain the
Markov property only an augmented state space, such as the Pseudo-Marginal approach of
Andrieu and Roberts [4].

For our analysis of these algorithms, P will represent the transition kernel for the MH
algorithm while P will represent the kernel for the corresponding nMH chain. The key step
in applying our results from Section 1.3 will be to show the Lo(7) closeness of the nMH
transition kernel to the MH transition kernel. Again, |||, ) is the norm on Ly(7) and the
corresponding operator norm. We will assume that m and {Q(x,)}.cx are all absolutely
continuous with respect to the Lebesgue measure and have densities m and {q(-|z)},c
respectively. All arguments used would still apply if there were an arbitrary dominating
measure in place of the Lebesgue measure. Let Fy, be the regular conditional distribution

for Z given X = x and Y = y, and let f,, be its Lebesgue density. Define the following
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perturbation function for the nMH algorithm as

rle) =, B (alyle) ~alyle. 2)) = [ (alyie) ~alylr, ) fyale)iz

Theorem 1.6 (Geometric ergodicity and closeness of stationary distributions noisy or
approximate Metropolis—Hastings). Let P be the transition kernel for a Metropolis—Hastings
algorithm with proposal distribution Q, target distribution w, and acceptance ratio a(-|-).
Let P be the transition kernel for a corresponding noisy Metropolis—Hastings algorithm with
approzimate/noisy acceptance ratio a(-|-,-). Let r(:|-) be the corresponding perturbation
function.

I [1Qlly ) < 00 and sup,,, |r(ylz)| < R then

|P=P,,., < RO+ IQILw) - (1.7)

Furthermore, if P is reversible and Lo(m)-geometrically ergodic with geometric contraction
factor (1 —«a), and € = R(1 + ||Q|| 1, () < a, then P has a stationary distribution, 7 and
the assumptions outlined in Section 1.3.2 hold with P, = P and Te = T.

Therefore, Theorems 1.1 to 1.5 and Corollary 1.1 can all be applied. In particular, P is
La(m)-geometrically ergodic with factor 1—(a—R(1+Q| 1, (x))), it is a.e.-TV geometrically

ergodic, and
_ _ RO+(Qlm)

T < ;
| HLz(ﬂ’) \/042 — R2(1+ ”Q||L2(7r))2

(1.8)

and, if P is reversible then it is Ly(%) geometrically ergodic with factor (1 — (o — R(1 +
1@l (x)))-

The above theorem provides an alternative to the analogous result of Corollary 2.3 from
[2], relaxing the uniform ergodicity assumption. In particular, it requires that @ € B(La())
and that R(1+ [|@Q| 1, () < a. The first of these requirements is not dramatically limiting
since the user has control over the choice of ). The second of these requirements is also
not dramatically limiting as control over R may be interpreted as limiting the amount of

noise in the nMH algorithm and such control is required regardless in order to ensure the
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accuracy of approximation in both the geometrically ergodic and uniformly ergodic cases.

1.4.2 Application to Fixed Deterministic Approximations

Suppose we run a fixed Metropolis—Hastings algorithm, but replace the target density
with one which is close everywhere. Perhaps this alternative density is easier to compute
(e.g. replacing an integral with a Laplace approximation as in Kass et al. [55], or replacing a
full sample with a coreset for sub-sampled Bayesian Inference as in Campbell and Broderick
[23]). By construction we would know that the approximate target distribution is close to
the ideal target distribution. The question still remains whether geometric ergodicity is
preserved. We resolve this question in the case that the approximation has constant relative

error.

Corollary 1.2. Suppose we can approzimate the unnormalized target density, Cw, by 7,

with a 6-bounded relative error;

Cr(x)
7(x)

sup
rzeX

log

<0 . (1.9)

If the Metropolis—Hastings algorithm with proposal kernel Q is Lo(m)-geometrically er-

godic with factor (1 — «), and if 0 < W”LU),
2 s

transition kernel, P, is Lo(7)-geometrically ergodic and

then the corresponding approximate

2601+ [Qll ()

17—l ) < ; (1.10)
7 a2 = 482(1+ QI ) )2
Proof. Since the function x — 1 A exp(x) is 1-Lipschitz, we have:
r(yle)] = la(ylz) — a(y|a)]
< Jlog m(ylalzly) ir(y)q(x\y)
m(x)q(ylz) (z)q(ylz) (1.11)
— llog Crn(y) log Cr(x) '
™(y) m(x)
<26

So, P will be Ly(m)-geometrically ergodic as long as P was geometrically ergodic with some
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factor 0 < (1 —a) < 1 and
e

L+ 1Rl Ly(m)

0< (1.12)

Moreover, in this case, P is reversible. Thus, we can use Theorem 1.3 to obtain Lo(7)-

geometric ergodicity of P, with factor 1 — a + 26(1 + 1@ 1y () O

In this scenario, we can also use Theorem 1.5 to get quantitative bounds for the mean-
squared error of any Monte Carlo estimates made using 15, or any of our other results in

Theorems 1.1 to 1.4 and Corollary 1.1 as needed.

Example 1.2 (Independence Sampler). The previous result also immediately gives that
if % is bounded above by C < exp(1/4) and below by ¢ > exp(—1/4) then the indepen-
dence sampler for m with proposals from 7 is geometrically ergodic with factor at most
4max(log C,—log(c)). This is, however, sub-optimal when compared to Smith and Tierney

~

[110] which only requires a finite upper bound on g—; to establish uniform ergodicity. N

Example 1.3 (Laplace Approximation for GLMMs). Generalized linear mized models
(GLMMs) (see Breslow and Clayton [16],McCulloch and Neuhaus [72], etc.) are widely
used in the modelling of non-normal response variables under repeated or correlated mea-
surements. They are the natural common extension of generalized linear models and linear
mixed effects models. They handle dependence between observations by introducing Gaussian
latent variables. These random effects are nuisance variables for the purpose of inference.
In order to perform Bayesian inference for GLMMs, one requires samples from the marginal
posterior distribution of the parameters given the data. The marginal posterior, here, is the
posterior for the parameters given the observations, in contrast to the joint posterior of the
random effects and the parameters given the data.

This can be approached in two ways. One option is to obtain samples for the random
effects and parameters jointly given the data, and discard the random effects to get marginal
posterior samples for the parameters. The second option is to approzimate the likelihood
by integrating (numerically) over the random effects, and using the resulting approximate
likelthood in the calculations involving the unnormalized posterior for the parameters.

In the second case, when the prior for the parameters is compactly supported, if one had
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established a result saying that a particular MH procedure for the exact posterior distribution
of the parameters would be geometrically ergodic, then one could directly transfer this result
to the approximate posterior computed using a Laplace approximation, at least for large
enough samples. This is valid since the Laplace approximation has constant relative error
on compact sets, and the relative error decreases with sample size (see Tierney and Kadane
[116]). Hence, for a large enough sample size Eq. (1.12) will be satisfied regardless of what

the proposal kernel Q was (as long as ||Q|| 1,y was finite). <

Example 1.4 (Uniform Coresets). In Bayesian inference with large samples, an approach to
reducing the computational burden of evaluating the likelihood in the unnormalized posterior
for MCMC' accept/reject steps is to select a representative subsample of the data and to
up-weight the contributions of each of the selected samples in a way to best approximate
the original likelihood. These up-weighted subsamples are called coresets. They naturally
give rise to approximate MCMC methods in which the true posterior is replaced by an
approximation based upon a coreset. Several methods for coreset construction exist, however
relatively little work has been done to assess their impact upon approrimate MCMC methods.
We will consider the uniform coreset construction of Huggins et al. [44] (as so named in
[23]).

Campbell and Broderick [23, Theorem 3.2] provides the guarantee that, with probability
(1 —9), the unnormalized approzimate posterior C# based on a uniform coreset of size M

will satisfy

1 C#(x) o <3 _
su lo < —-D + 2log (1 5) 1.13
SR 2@ [ ente)| = var \aP TR /0) o
where 0 = YN 0, N is the number of observations, o, = SUp,cxy % , Li(z) is the

log-likelihood of parameter = at the ith observation, £(x) = N, Li(x) is the log-likelihood

of the dataset

= max sup , (1.14)

ijefl,..Nyzex [L(z)]

and D is the approximate dimension of {£;};_, (/23, Definition 3.1])
If in addition to assuming that {Ui}f-\;l are all finite as in [23, Section 3/, one were

to assume that |L(x)| is bounded as a function of x, then the uniform coreset result would
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imply the conditions of our Corollary 1.2, namely that

Cr(x) o ||L] 3 B )
sup o 5| < T (DD 47y 2108 (175)). (1.15)

with high probability. Consequently, for any proposal kernel Q : Lao(w) — Lo(m) we should

be able to choose M sufficiently large so that with high probability

oLl (31, ./ a 16
Nevi <2D+77 210g(1/6)) < 30+ HQHLQ(W))' (1.16)

Hence the approximating Markov chain will by geometrically ergodic with high probability.

<

1.4.3 Application to Monte Carlo Within Metropolis

Following Medina—Aguayo et al. [73], we can get bounds for the simple Monte Carlo

within Metropolis algorithm (MCwM). This is the special case of nMH where we approxi-
- w(y) _ EN@Z) o (w)) S T(y.Z:)

mate the likelihood ratio by (ﬂ(x)) = Z?£N+1 e.2)

w(z) — Ell(z,2)
sample taken each time the likelihood is evaluated. In the notation of the previous section,

using a new independent

q(zly) Y M(y, 2)
q(yle P Tz, 2)

a(ylz,z) =1A (1.17)

Let N
1
Wi(z) = o ;H(x,Zi)
ix(2)? = E[Wi(x) ) (1.18)
s(x) = ! StdDev(II(z, Z1))

V()
[73, Lemma 14] tells us that if there is a k € N such that ix(x) < oo for all x € X’ then for
N>k

r(yl)] < a<y|x>jﬁik<y> (5(2) + 5(1)
(1.19)

< 1N¢k<y> (s(x) + 5(1))

Corollary 1.3. Let P be the Metropolis—Hastings transition kernel for the target density
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and proposal kernel (). Let Py be the corresponding MCwM transition kernel when () is
approximated by % Z£i1 (-, Z;).

Assume that s and iy, as defined above are uniformly bounded for some k € N. Suppose

Al 2 8112 HIQU L )2
2
(0%

further that Ny = max (k:, ), and N > |No| + 1.

Then Py is reversible and Lo(m)-geometrically ergodic with factor 1 — a +

has a stationary distribution, 7Tn(z) o m(z) —— with

N E[(Ef\’zln(:c,zi)) 1}

No

0 (1.20)
Na2 — N()

[N IS
Proof. Suppose that N > | Ny| + 1. From Theorem 1.1, we know that the perturbed chain,

Py is Lo (m)-geometrically ergodic with factor 1 —a+ \/J\}W’ has a stationary distribution,
0

7 with
No

_ (1.21)
Na?2 — Ny

I = ANl Ly <
Moreover, by inspection, Py is reversibility with respect to

- m(z)

NE {( {V_ln(:c,zi))_l} |

Thus, we can use Theorem 1.3 to obtain Lo(7y)-geometric ergodicity of Py, with factor

1
1—a+\/m. O

Remark 1.6. A simple scenario under which these iy and s are uniformly bounded is when

the joint density of x and Z is bounded above an below by a multiple of the marginal of x,

so that

€ le, O] (1.22)

for all (z,z) € X x Z. This condition is essentially tight if we wish to take k =1 and the
base measure to be the Lebesque measure restricted to U C RY;: in this case the condition

ik (2)|| . < oo implies that

dz=E ) ——— 1.23
/UH(x,z) PR e T, 2 < (123)
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for all x. That is, the reciprocal of the conditional density of Z given X = x has a finite

integral for each x. <

Remark 1.7. More generally, [73, Lemma 23] tells us that if E[Wy,(z)™P] < oo for some
ko € N and p > 0 then for k > ko EW, ix(z)? < E[Wy,(z)7P]. Therefore, in order to
uniformly bound iy (z), it is sufficient to bound E[Wy, (z)~P] uniformly in x for some ko €
N, p > 0. This is much less restrictive than trying to bound ii(z). In the case that
p < 1,ky = 1 this is much less restrictive then p = 2, ky = 1; it is equivalent to requiring that

tempered versions of conditional distribution r;(é’)') can be normalized by uniformly bounded

normalizing constants. This would be true, if for example (Z|X = z) ~ N(u(z),0?(x))

with o?(x) uniformly bounded in x. More generally, using 0 < p < 1, instead of p = 2

whenever the conditional law of Z has uniform exp-poly tails, Hﬂ(ég) < exp(—C|z — p(2)]Y),

with a > 0, the p-version of the condition would hold.

We could also use Theorem 1.5 to get quantitative bounds for the mean-squared error
of any Monte Carlo estimates made using ]3N, or any of our other results in Theorems 1.1
to 1.4 and Corollary 1.1 as needed.

In [73], they also consider a case where the the assumption that s and iy are uniformly
bounded is dropped, and instead, the perturbed kernel is restricted to a bounded region.

We do not address this case here.

1.5 Proofs

1.5.1 Proof of Theorem 1.1

The following lemma is contained in the remark after Theorem 2.1 of [96]; we prove it

here as well since the proof is so simple.

Lemma 1.3 (Remark in [96]). For any probability measure u € Lo(7),

2 2
=77y = el — 1
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(4 1)’ W_/((gg) _ij;+1)d
( ) 7r—2/d,u+/d7T—H:UHL2

Proof.

2
0< =7,

/
/

We will make use of the following simplified version of Theorem 2.1 from [96] as well:

Proposition 1.2 (Equivalent definitions of Lo(7) geometric ergodicity from [96]). For a
reversible Markov chain with kernel P and stationary distribution ™ on state space X, the

following are equivalent (and p is equal in both cases):

(i) P is Lo(m)-geometrically ergodic with optimal rate p and coefficient function C(u) =

e =7l
(it) P has Lo o(7)-spectral radius and norm both equal to p;

VPl 1, (=
sup 72() =p= T(P|L2’0(7T)) )
veLao(@\0} [1VllLy(m)

Where
7(PlLyo(x)) = sup {|p| :peC and (P’LQA’o(TK') - pILQp(TK‘)) is not invertz’ble} (1.24)

Note that while when the kernel is reversible we may take C'(u) = ||u— 7| Lo(x) I
the bound corresponding Lo (7)-GE with optimal rate p, this is not true for non-reversible

chains. By applying the above theorem in our context we have:

Lemma 1.4. Under the assumptions of Section 1.5.2,
1P = w2 PM| ey < (L= )" |1 — 12l
for any probability distributions vi,vs € Lo(m). In particular, taking vo =,

1 P =7l iy < (1= @)™ 11 = 7y my = (1= @)™/ [l ) — 1
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and applying Cauchy-Schwarz yields

[ P =7l oy S 1P =7l gy < (L= )" [r = 7| 1y

We begin with a first result giving sufficient conditions under which the stationary

distribution 7, of the perturbed chain is in Lo (7):

Lemma 1.5. Under the assumptions of Section 1.3.2, if in addition € < «, then P, has a

unique stationary distribution, me € La(m), and ||me — 7|1, x) < 55-

Proof. Since P, is m-irreducible and aperiodic, it has at most one stationary distribution,
Te, with me < 7 (see for example [28, Corollary 9.2.16]).
Suppose for now that 7P has an La(7) limit, m¢; Then, using the triangle inequality,

and the contraction property (|||l = 1), and Cauchy-Schwarz

|mePe — 7T6HT\/ < | mePe — 71'PenHTV + || P — 7Te||TV

<| I P2 = wellry

Te = 7ijfrthT\/

n—1 n
e By I = el

we find that m. must be stationary for P..
It remains to verify that {mP"},en is an La(m)-Cauchy sequence, and thus from com-
pleteness it must have an Lo()-limit. To this end, define Q. = (P. — P). Let 2¥ = {0, 1}*

for all £ € N. We will expand (P + Q)" and use the following facts:
(A) VR € B(Ly(m)) [rP"R = TR)]
(B) Qe La(m) — Loo(m)

<((1-
Lo =1 2)

(C) Plryoer) € B(L2,(m)) and HP|L2,0(W)H
Since the operators P and Q. do not (necessarily) commute, when we expand (P + Q)"
we must have one distinct term per binary sequence of length n. We can then group terms

by the number of leading Ps, and use (A) to cancel the leading terms.

Let m,n € N be arbitrary with m < n.
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7P — 7P| 1y ()

=[P+ Q)" = (P + Q)" | L)

(s fme) - (5 fme)

be2n j=1 be2m j=1

Lo(m)

i n—1 k
— (P’n + Z Pn_k_lQe Z H Pb]-Qi—bj)
L k=0

be2k j=1

m—1 k
k=0

be2k j=1 Lo(m)
n—1 k 1—b. m—1 k 1—b,;
={m+ D 7Qc > [[P"Qc " | - |7+ D 7mQc > [[P¥Qc ™
k=0 be2k j=1 k=0 be2k j=1 Lo(m)

n—1 k
=|r > X [[F e

k=m be2k j=1

< enz_:l > ﬁ(l—a)bjel_bj

k=m be2kF j=1

n—1
=¢ Z(l—a—l—e)k
k=m

La(m)

€
<

T o —e€

1-—a+em

Since this upper bound on [|[7P! — 7P|, decreases to 0 monotonically with m =
min(m,n) then the sequence must be Ls(m)-Cauchy.

Now, to bound the norm of 7, we take m = 0 and we get that for all n € N:

€

1w =7y = ——

From the continuity of norm, it must be the case that |[7e — |,y < 55 O

Lemma 1.6. Under the assumptions of Section 1.53.2, if in addition ¢ < « then

«

1< I7ell gy my < Jo—a
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and

€
0<|Im =7y < T

Proof. The two lower bounds are immediate from Lemma 1.3 and the positivity of norms:

2 2
O S HTr - 7.(-6”[/2(7'() = ||7TE||L2(7T) - 1

To derive the first upper bound, we apply Lemma 1.3, our assumptions about the operators

P and P,, and triangle inequality, to ||m — m¢||2:

\/ ||7Te||%,2(7r) —-1= ||7T - 7Te||L2(7l') - ||7TP — TP + 7 P — 7T€PE||L2(7T)

< |lmP — 776P||L2(7r) + ||weP — 7T€P€||L2(7r)
< (=) I = 7ell ) + € el 1, ()

= (1= a)y/lImell 7y — 1+ €llmell Ly

Collecting the square roots and squaring both sides yields

2 2
o? (Irelfym = 1) < € Imell7 )

which implies that

a2

2
17ell 7y () < 2

Finally, the second upper bound is derived from the first one, again using Lemma 1.3:

2 2
17 =Tl Lymy) = 1Tellzym =1 5—m - 1=

O]

We next observe that our assumptions imply that for small enough perturbations, the

perturbed chain P, is geometrically ergodic in the Lo(7) norm.

Lemma 1.7. Under the assumptions of Section 1.3.2, if € < «, then we have that P. is

Lo(m)-geometrically ergodic, with factor <1 — (a — €).
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Proof. Suppose that v € Lo o(m). Then

1V Pell Ly ) < IW(Pe = Pl ymy + ¥ P 1y

< elvllym + A=) Wil

=1 —a+e)llvlpm -

Thus, for any probability measure pu € Lo(7), since 7 € Lo(m) we have

I Fe = mell ey = (1 = 7 Pl 1y )

<@ =(a=e)" I =7ell pymy -
]

Combining Lemmas 1.5 to 1.7 together with the triangle inequality immediately yields
Theorem 1.1.

1.5.2 Proofs of Theorem 1.2, Theorem 1.3 and Corollary 1.1

Definition 1.3. Following [96], a subset S C X is called hyper-small for the m-irreducible
Markov kernel P with stationary measure 7 if 7(S) > 0 and there exists dg > 0 and k € N

such that 22 (y) > §g1g(2)1s(y) or equivalently P¥(z, A) > §gm(A) for all z € S and

A C S measurable.
Lemma 4 of Jain and Jamison [48] states that on a countably generated state space (as

we have assumed herein), every set of positive m-measure contains a hyper-small subset.

Lemma 1.8 (Existence of Hyper-Small Subsets from [48]). Suppose that (X,X) is countably
generated. Suppose that X is a a ¢-irreducible Markov chain on X with kernel P for some
o-finite measure ¢ on X. Then any set K C X with ¢(K) > 0 contains a set Sk such that

(for some ng € N)
inf w(y) =6>0
(wy)eSk xSk A
In the case that a stationary distribution, 7, for P exists, without loss of generality we
can take ¢ = 7. In this case, it is immediate that any set (Sk,nx) satisfying Lemma 1.8

also satisfies Definition 1.3.
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Also of importance to us is the following variant of Proposition 2.1 of [96], which provides

a characterization of geometric ergodicity in terms of convergence to a hyper-small set.

Proposition 1.3 (Equivalent characterizations of 7-a.e.-TV geometric ergodicity from [96]
and Nummelin and Tweedie [86]). Suppose that (2, %) is countably generated, and that X
s a a ¢-irreducible Markov chain on X with kernel P with stationary distribution w. Then

the following are equivalent:

(i) There exists ppy € (0,1) such that P is m-a.e.-TV geometrically ergodic with factor

TV

(") There exists a hyper-small set S C X, and constants ps < 1, Cs € Ry such that:

< Cgpy Vn € N
TV

|/ -

(ii) There exists a T-a.e. finite, measurable function V : X — [1,00] with 7(V?) < oo,

and py € (0,1), and C > 0 such that:

2|0, P" — 7THTV < |6 P" — 7r”v < CV(z)py

where |||y, = sup| <y ()]

Proof of Theorem 1.2. (i) Let S be a hyper-small set for P, (which exists from Lemma 1.8,

since P, is me-irreducible). Then the measure pg defined by dd%f = ﬂ}(%) Cg;: has (by Holder’s

inequality, and since 7 € La(7)) that

1512y < e,y 7e(S) 2 < o0,
and hence pug € La(m). Then (by Cauchy-Schwarz again):

<

Ls(y)me(dy) 1
S Py, ) — e L isPr = mell oy < llps — me | et
H/ WE(S) € (yv ) T v =5 ||,US € T HL2(7T) ||,US T HL2(ﬂ_)( a + 6)

which, along with Proposition 1.3, establishes that P, is me-a.e.-TV geometrically ergodic

with some factor pryv € (0,1).
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(7i) Suppose that p € Loo(me). Then p € Lo(m) since %ﬁ < lellp o o dre  Since
uPl* — e € Ly(me) C Ly(m) then

1B = Tell gy = IBPE = Tell ) () = 2P — el py - (1.25)
Applying this equality as well as Cauchy-Schwarz we get
0P = el Ly ey = 18P = el ()
<P =7l 1y () (1.26)

<y =7ell iy @ == )"

(iii) If m € Loo(me) and p € Lo(m,) then

N duP? — 7.\ 2
||,LLP€ _7.(-6”%2(7'(‘6) :/<d7TE> dﬂ-e

/(duP”—m) dﬂ'd
= T
dme
dpuP? — m\ 2 1.27
<Nl [ (FE) e

2
= 17l 2 oy 1P = el T, )

Nl g ey 11 = Tl Ty (1 = (= €))"
U

Proof of Theorem 1.53. From Baxter and Rosenthal [10, Lemma 1], since P, has stationary
measure 7, then Pe : La(me) — La(me). Since Pe is (Loo(e), [|*[| 1, (r.))-GE with factor
p1 < (1= (a—¢€)) (as established by Theorem 1.2) and P, is reversible, then it must also

be Lo(7,)-geometrically ergodic with factor p = p; by Lemma 1.2. O

Proof of Corollary 1.1. Note that the assumption that ||P — PEHLQ(ﬂE) < ¢ implies P — P, :
Lg(ﬂ'e) — LQ(T{'E).
(i) Since P, is La(me)-geometrically ergodic with factor (1 — (o — €)) and m-reversible,

we can reverse the roles of P and P, so the result follows by Theorem 1.1.
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(ii) Taking p =

mand n = 1 in Theorem 1.2 (%),

17 Pe = ell 7,y < 17l gy 17 = el Ty (1 = (@ = €))?

Hence,

17 = 7ell Ly )

Hence,

Finally,

E2

Sllprg r— (= (= €)’

<|#mP — 7rPGHLQ(7r + |7 P — 7T€”L2(7re)

1/2 €
S L e 1 )

1/2 €
= o\llm = 7l + 1+ 172y =51 = (0= )
1/2 €

\/ﬁ(l —(a—¢))

Pl = 7ell ey + 1) + Il

o+l S(1—(a—e))

a2e

-9

| — 7Te||L2(7r€) =

1P =7l Ly ey < NBPE = Tell ey + 17 = Tl ) 5

39

(1.30)

The first term is bounded by Theorem 1.2 (777), and the second term is bounded by Eq. (1.30)

1.5.3 Proofs of Theorem 1.4 and Theorem 1.5

1.5.3.1 Time-Averaging of Marginal Distributions

O]

Proof of Theorem 1.4. The first result of Theorem 1.4 follows from the triangle inequality

and Theorem 1.1,

1 t—1
8 o
om0 r
= . .
<7 2 {(1 — (=€) lme = pll py ) + Nrc
<1—(1—(a—e))t €

tla—e) Ime = pllzagm) + a? -2’
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The subsequent results follows from similarly via Theorems 1.2 and 1.3 and Corollary 1.1.

O]

1.5.3.2 Covariance Bounds

We turn our attention to the covariance structure of the original and perturbed chains.
There is an obvious isometric isomorphism between the space of measures La(m) and the

function space

Ly(m) = {f : X = Rsit. /f(x)27r(dac) < oo}

equipped with the norm HfH%/Z(ﬂ) = [ f(z)?m(dz) where a measure p is mapped to its
Radon—Nikodym derivative p — g—ﬁ. For this reason, we need not distinguish between these
spaces, and when dealing with a function f € L,(7) we may occasionally abuse notation
and treat it as its associated measure. Let X; and X denote the original and perturbed

chains run from some initial measure p € Lo(T).
Corollary 1.4. Under the assumptions of Section 1.3.2,

(a) if Xo ~ 7 (the initial distribution is the stationary distribution), then for f,g € Lb(m)
Cov[f(X0), 9(Xs)] < (1= )™ I f = 7fll 1) 19 = 79l ) (1.31)

(b) ife < a, and P. is we-reversible, po = (1—(a—¢)), and X§ ~ 7. , then for f,g € Lb(m.)
CorlF(X).a(XO] < A IF = weflligion o~ mealligimy - (132)

where for a function h : X — R, wh is the constant function equal to [ h(s)m(ds) everywhere.

Proof. The proof of this result follows that of Corollary B.5 in [52]. We only show the proof
for the original chain, however the proof for the perturbed chain is the same, since it is
reversible and La(m¢) geometrically ergodic with the appropriate factor, from Theorem 1.3.

Define the subspace

bom) = {h e Ly(m): [ h(s)m(ds) = 0}



CHAPTER 1. 41

and the operator F' € B(Lj (7)) by

1)) = [ Pla,dy)f(9) = Ef(X0)Xo = 2]

From Lemma 12.6.4 of Liu [65],

sup _corr(f(Xo), 9(Xy)) = sup  (f, Fg) =||F"|| ,
f.g€Lh(m) 1112t ey =1=01l 1 (e 2,0(7)
1.9€Lh ()

Consider the canonical isomorphism between Lo(7) and L5(7). The restriction of this
isomorphism (on the right) to elements of Lj ,(7) yields Lao(7) (on the left) — the signed
measures with total measure 0. The image of F' under the restricted isomorphism is the

adjoint operator of P restricted to Log(m). Since P is m-reversible, it is self-adjoint, in

Lo(m) 5o [|Fll 1, () = 1Pl o)
t
[0,y = 12 ) = [P | < @ =
Therefore
Cov(f(X0), 9(Xe)) < If =7l 19 = 79l 1y ) (1 = @)
Since Cov is symmetric, the shifted and symmetrized result holds for any f,g € L(m):

Cov[f(X), 9(Xs)] < (1= )™ | f =7 fll 1y 19 = 79l (1.33)

O]

We present further bounds for the case that the initial distribution is not the stationary

distribution in Corollary 1.5.

Remark 1.8. Note in Corollary 1.4 that

I = Tl = Wbl — T2 < bl
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Also note that

1Al g iy < W= 7)) gy + (R (1.34)

Corollary 1.5. Under the assumptions of Section 1.3.2,

(a) if Xo ~ p, then for f,g € L)(r)

Cov(f(Xt), 9(Xt+s))
<A =a)’ [If =7 fllpym) llg = 7ll Ly )
+ 2521 — ) | = 7|y oy 1 — Tf sy 19 = 791l L )

— (uP'f —=f) (uP”Sg - ﬂg)
(b) if € < a, and P, is wc-reversible, po = (1—(a—¢)), and X§ ~ p , then for f,g € Lj(m.)

Cov(f(X;), 9(Xi1s))

<psllf - WefHL/Q(ﬂ€) llg — ﬂeg”L’Q(ne)

t+s/2
+ 220502 |l = 7y | = TeF Ly 19 = el

— (uPLf = 7ef) (nPLog —meg)
Proof. This will use the following shorthand notation. Let

fo=f—-nf
9o =9 —Tg
1/2
I = ( [ (hta) - mhyPma))
, 1/4
I = ([ (hta) — why'aa))
Cu = llp = 7ll2
I |l,, can be interpreted as a centred 4-norm. It is certainly bounded above by ||-||4, the

norm on L/ (7). For some results regarding the properties of a Markov transition kernel as

an operator on L;(W) for general p given an Lo-spectral gap (as is implied by Lo-geometric
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ergodicity) please refer to Rudolf [103].

We only show the proof for the original chain. The result for the perturbed chain has
essentially the same proof.

By definition we can express the covariance by the triple integral below. We re-express
this integral as a sum of two integrals involving the chain run from stationarity. This will

allow us to apply Corollary 1.4.

COV(f(Xt)7g(Xt+s))
= [[[ (1) = P $)(9(2) = uP* 5 g)u(da) P, dy) P (y, d2)
= [{J (f@) = nP' P)(g(z) — uP'*2g) Z—::(:c) - 1] (dz) P! (z, dy) P*(y, dz)

+ﬂf — WP ) g(z) — uP" o g)n(do) P, dy) Py, d2)

We will simplify each of these expressions separately, starting with the second term:

JJ(Fw) — uP' £)(a(=) — wP*g)m(dr) P, dy) Py, d)
= f [(£(y) = nP F)(9(2) = wP*g)m(dy) P* (y, d2)
= [[ rWa(Im(dy) P (y. dz)

— (uP'f)(mg) — (x f)(uPg) + (uP" f)(uP"*g)
=[] fow)go(=)m(dy) P* (y, dz) + (mf) ()
— (uP'f)(mg) — (x f)(uP* ' g) + (WP f)(uP"*g)

= (fo, F*qo0) + (uP'f — nf)(uP* g — mg)
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For the first term we find that:

[[Jr@) = nP' £)(9(2) = uP'g) <Z'Z(a:) . 1) m(da) P! (x, dy) P* (y, dz2)

_ ij ()9(2) (dw (z) - 1) 7(dz) P! (x, dy) P*(y, d)

=) ff o) (@)~ 1) mlae) P (a2

~uPHg) [ ) (@) = 1) wlde) P, )

PP ) [ (G 1) wla
= JJ fotwrantz) (L@~ 1) wle) P,y P 2

—uP'f =) [[ 9(2) (Gte) 1) ) P 2)

— (uP*Hg — ) [[ 1) (@)~ 1) m(do)P' (o )

~ e (rg) [ (Gte) 1) ()

= (- LP( e ()

— (P ) (G~ L Ftg) — Py - ng) (L P

= <§i LF'(fo® (F° go))> —2(uP'f = f) (nP' g — mg)

Where fo ® F®gg is defined by

1o ® F*g0l(v) = fo(w) [ 50(=)P*(v.d2)

)

44
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Putting these together,

Cov(f(Xt), 9(Xtrs))
= (fo, F*g0) + (nf — pP'f)(mg — uP**'g)

+ <d“ ~1L,F'(fo® (Fsgo))> —2uP'f —nf) (nP"g —mg)

dm
= (o Fog0) + (S = LF (fo ® (Fg0)) ) — (uP'f =) (wP***g = mg)

dr
< (1= a)*lIflellglls + (1 = @)l = wllall fo ® F*goll2
— (uP'f =7 f) (uP"*g — mg)
< (1= a)*[lfllllglls + (1 = @) ll = 72l follal F*golla
— (uP'f =7 f) (uP"*2g — mg)

< (L= a)[lfllllgl + (1 = ) ll = =ll2ll follallgolla

S
El

L
— (uP'f =7 f) (uP"g — mg)
< (1=l flllglls + 2221 = )+l =z £1.. lg]l...

— (uP'f =7 f) (uP"*g — mg)

The (fo, F¥go) term is bounded using Corollary 1.4 where we have taken the result in its

equivalent form using the (-,-) notation and the forward operator F'. Next, the

(% -1 (e ()

term is bounded following the methodology of the proof of [103], Lemma 3.39 (in order the
inequalities are: Cauchy-Schwarz, ||[F¥go| < ||F*|/||go|l for any norm || - ||, and Proposition

3.17 of [103]). O

The main motivation in establishing the covariance bounds in Corollaries 1.4 and 1.5
is that we will need to sum up covariances in order to establish bounds on the variance
component of mean-squared error for estimation of 7(f) via the dependent sample means
7 3;%) (X;) and } ;;}J (X5) for an arbitrary starting measure. To this end we will be

interested in the following summation result.
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Corollary 1.6. Under the assumptions of Section 1.3.2,

(a) if Xo ~ u, then for f,g € L)(r)

1 t—1 t—1
3 2 2 Cov(f(X)), f(Xa)
m=0n=0
20 f =7 fliyem 272 M=l If =7 fl Ty (1 22 ’
< o(m 2 (7 s _ + me
< v + o th::OuP f-nf

(b) if e < a, and P, is wc-reversible, po = (1—(a—¢)), and X§ ~ p , then for f,g € L (m.)

t—1 t—1

1
2 ZOZ%)COV(f(XE),f(XE))
2 2 _ 2
201 =7l 272 M0 = 7l gy IF = 7Ty (1 tzl P wf)
T (L=po)t (1= p2)2t? t =

Proof. We only show the proof for the original chain. The results for the perturbed chain
have essentially the same proof. The proof is largely an exercise in summation of geometric
series and meticulous bookkeeping. The first inequality is due to Corollary 1.5. The second

inequality makes use of the fact 0 < o < 1. To simplify notation, C,, = ||u — 7T||L2(7r).
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1 t—1 t—1
= ZO OCOV f(Xk))
e SES L5\
= X 2 =)= 3 Y (WP f = f) (P f — )
m=0n=0 m=0n=0
23/20 IIfH2 S ti Jmn)/2
m=0n=0
SRS 25 2
2 Z<1+2 Z b >_<tz(upmf_ﬂf)>
m=0 m=0
3/2 9 t—1 t—m—1
L 2EGIIE S ( 23 8/2)
m=0
9 t—1 1— — (1 =a)t—m 1 =t ’
g g (8
—— m=0
3/ 9 11 t—m
+2C:2”f||ﬂ S (1—a)" <1+2\/1 _1a_\/\{1;a )
m=0 N @
2 i 1 a2 1 1 2

23/20 9 t-1 — — t+m
+H||f||**z<(1_a)m1+\/l «Q 2\/1 « )

t2 -

P 1-VI-a "1-VI-a
9 W N t+1 -1 ?
L (s5e =) ( e

m=0
23/2(; ||f||2 ( 1+m] [ (1—a)t]
V1i—a «

[eviza' | [1-vi—d
1-vVIi-a 1—mD

f Z 1—(1— t 1 " m i
=(2—a)U—2(1—a)ézt2®_ (tmzo(“P fﬂrf))
R <1+m>2
(07

2 (1 _ (1 N a)t/2)2

2
R, PGS, (151,

< N m e

- ot + a?t? t WP f = mf)

m=0
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1.5.3.3 Mean Squared Error Bonds

Theorem 1.7. Under the assumptions of Section 1.3.2, if Xo ~ pu € La(m), then

t—1 2 - 7/2 g -
(W(f)_igf(){k)ﬂgzuf FIB 272 = wlalf = wfI3

at a?t?

Proof. The proof proceeds by partitioning the MSE via the bias-variance decomposition
then bounding variance term and noting that our bond for the variance contains an expres-

sion which exactly cancels the bias term. We compute that

t—1 2
<7r<f> - 1]§f<xk>) ]

t—1 +—1 2
<7T(f) ~ 2 WPM) - () - [qu](f))> ]

=E
k=0 ()

( iMP’“ >2+E

t—1 2
(1 > (F(X5) - [MPk](f))> ]

k=0
1t-1
1 t—1t—

( z:: [P (f ) + 232 > Covl(f(X;), f(X)

j=0k=0
The variance term is bounded using Corollary 1.6:

t—1t—-1

o) Z Z Cov(f , f(X%))

§=0 k=0

20/ = wfI | 2l = wlalf — wfIF (1 >
t

at a?t?

2
uP™f — wf)

m=0

Putting these together yields the desired result. O

Remark 1.9. We note that, as per Remark 1.8, || f — 7 f]| < ||f|l2. Similarly || f — 7 f]j4 <
| flla. Also in the case that f is is m-essentially bounded, ||f|l2 < ||fllco and || flla < || f|loo-
These alternative norms may be substituted into the result as necessary in order to make

the bounds tractable for a given application. N

Remark 1.10. Comparing our above geometrically ergodic results to the L; results of

[52] in the uniformly ergodic case, we see that the Ly and L; bounds we establish above
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differ from the corresponding L; bound of [52] only by a factor, which is constant in time,
but varies with the initial distribution (as is to be expected when moving from uniform
ergodicity to geometric ergodicity). For the Mean-Squared-Error results, the | - ||«-norm in
that work is based on the midrange-centred infinity norm, which as per Remark 1.9 is an

upper bound on what we have. N

Proof of Theorem 1.5. For the first result, we proceed via bias-variance decomposition, as
in the corresponding result for the exact chain. However, now the bias under consideration is
itself decomposed as the square of a sum of two components. The squared sum is expanded

simultaneously with the bias-variance expansion. We compute that

= ([ =] ()* + 2 ([r — =] ()) (We(f) - i[uﬁ](f))

t—1 2 t—1t—1
+<we(f)—1Z[MP’“ ) QZZCOV F(X0)

k=0 7=0k=0

We bound the first component of the bias term using versions of Lemma 1.6

([ =7 ())* = ([r = 7](f = 7ef))?

< |7 — We’\%g(ﬂ) ILf— 7r€f||%’2(7r)
H7r . TFeH%Z(WE) Hf - Wef”%é(ﬂ—e)
62
a2—¢2 Hf - 7Tef”%/ ()
<
(1— p2 T—p2)2—p2 1f - ﬂefH%;(nE) : given ()
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We bound the variance term using Corollary 1.6:

t—1t—-1

t2ZZCOV X6 f(X3)

7=0 k=0

201 f = wefliymy 272 M1 = 7l pymny 1 = 7ef s t-1 ?
< | HLQ( ) | ||L2( ) ”2 : HL4( 9 (1 Z WP f — o f
(1 —p2)t (1 —p2)t t

m=0

The negative term in this expression exactly cancels out the third bias term in the expansion.

Finally, we bound the second bias term using Lemma 1.6 and Theorem 1.4:

t k=0

=2([r — 7 (f — 7 f)) Q Zqu] mf))

t—1
2 ([ — 7 () (We(f) iy [qu]<f>>

2 ||f = 7 fll ) =D e — il oy I = S
< o) Vimpar—z W T el llLhm a1 T MllLg(m I 7 Telllzgm

mf)z;z [ WefH%g(m) W 17e = pll Ly o) 11 = e f Nl g : given (x)

T e 17 = #llpymy I = 7ef I )

\/Q—th(l 02) ||7T€ ILLHLQ(TI'E) Hf - 7TEf||%/2(ﬂ'€) : given (*)

Putting these together yields the first and third results.
For the second and fourth result we use the fact that for any random variable, Z, and

for any a,b € R the following holds:

E[(Z — a)?] = 2E[(Z — b)?] + 2(a — b)® —E[(Z + a — 2b)?]

< 2E[(Z — b)?] 4 2(a — b)*
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E

t—1 2
(W(f) - 1};f(X;§)>

< 2(fr — 7 J(f))? + 2E

(m(f) = f(Xzi)> ]

k=0

t—1 t—1 2
428 (we(f) S BRI - D) - [qu]<f>>> ]
k=0 k=0
t—1 2
:2([7T_7Te](f_7ref))2+2 (Ws(f) Z[:U’Pek](f)>
k=0

2
=
= o[~ wl(f — 7)) 42 (m(f) - Z[quKf))
g t=1t-1
£33 CorF(X5), F(XD))
7=0k=0
Applying Corollary 1.5 to bound the sum of covariances, we find that we are able to exactly

cancel the second term in the final expression above. Using the same bound as before for

the first expression, we get the final result. ]

1.5.4 Proof of Theorem 1.6

Let
1) = By (9le) = [ rlyle)alyla)dy
[VT(dy) = v(y)v(y)dy

v 2)(dy) = | [ riole)aulovie)da] dy
Lemma 1.9. P—P=7-T

Proof. We first give expressions for the elements of measure for transitions of the original
chain. The first formula is the element of measure for transition from an arbitrary, fixed
initial point. It is defined for us by the mechanics of the Metropolis—Hastings algorithm.
The second expression is the element of measure for transition from a sample from an initial

distribution, v. It is derived from the first expression by integrating over the sample from
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P(o.da’) = 8,(de') [1 = [(alylo)a(ule)dy] + a(e'lo)a(o' o)
Pl (') = [ [sutde’) |1~ [aiatulo)dy] + a@e)a(ale)de’ | via)da
—|[1- [ atleatwle)as] via) + [ ale'f0)a(e’ o) @) | do
The second form of the second expression is an application of Fubini’s theorem. The ex-

change of the order of integration for the second term in the expression is immediate. For

the first term, for arbitrary non-negative functions f,

/S/tf(s,t)ét(ds)dt:/t/sf(s,t)ét(ds)dt:/tf(t,t)dt:/gf(s,s)ds

Where the first equality is Fubini’s theorem, the second comes from integrating with respect
to s, and the third comes from a change of dummy variable.

Similarly, the elements of measure for transitions from the approximating kernel are
expressed below. The first expression, as above, is the element of measure for transition
from an arbitrary, fixed initial point. It is defined for us by the mechanics of the noisy
Metropolis—Hastings algorithm. The second expression is again derived by integrating the

first against an initial measure, v.
P(a,da') = 5,(d2') [1 = [[ alyle, 2)a(ylw) £, (=) dzdy]
n / o], 2)q(2'|2) fur () dzda’
[vP](da') = [ (800" [1 = [ alyie, datulo)fy ()
4 / a(2' |z, 2)q(x|) fx/(z)dzdx’)y(x)dx
_ [1 - H alyl2’, 2)qly|z) fy(z)dzdy} v(z')dz'
+ [[[ a@'|z, 2)a(@'|2) fur (2) v (@) dzd] da

The same applications of Fubini’s theorem occur as above.

We may now leverage our notation defined above to simplify the difference of these
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elements of measure.
[V(P - 15)] (d')
= (atsls",2) = atvls") atwls') s, 2 oy | ')
+ [ J) (ole1o) - a6k, 2) )l (o)) ]
(

= { r x'|:n)q(x’|x)u(m)da:} dr' — [/r(y:ﬂ')q(ml")dy] v(z')da'

From this one may conclude that (P —P=z-T ) as operators. ]

Proof of Theorem 1.6. Tt is obvious that if |r(y|z)| < R uniformly in (x,y) € X? then

(Il ey < B) (1.35)
and

(121 ) < RUQN 1)) - (1.36)

By applying the previous lemma, given the assumptions stated,

HP—PHLQ(W) < R+ 1Qllpym) - (1.37)
O

1.5.5  (Loo(7), [l 1, (m))-GE is distinct from L,-GE for non-reversible chains

Let X = NU {0}, and let a be a probability mass function on X. Define transition
probabilities by
a; 1=0
Pij=41 :i>0,j=i—1 (1.38)

0 :otherwise
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Let b; = ;a;. It is easy to verify that if 3772, b; < oo then m; = Y

Jj=1

is the unique
bj
stationary probability mass function for P = [p;;];jcx2.

In the special case where a; = 277! we have m = a. We continue this example working

exclusively with this choice of a. Now,

§;P" = B (1.39)

Thus, for any initial probability mass function, u,
n—1
(WP = > iy + fjn (1.40)

=0

If $4(j) = % < lplly oy < 00 for all j € X then

_ 2
. ) o0 n—1 Mj—&—n
P =7l =D (Do mi+ —1
=0  \i=0 T
00 00 [ T 2
=0 i=n Titn T
=Y <_Z“Zm + ”J+nﬁ+n>
=0 i—n T Tj+n Tj
0 00 2 L
; 1.41
< Zﬂj < &771 i Hj+n 7T]+n> ( )
j=0 i=n T Tjtn Tj
<> 2 (Z el oy 277+ el oy 2")
7=0
2 —j—1/e—
il S22
j=0

= 4pllz. ) (27?2

Hence P is (Loo(7), [|*[| 1, (r))-GE with optimal rate no larger than 1/2.
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For any a < 1/0.5, let v; = (1 — a)(a)?. Then v € Lo(), since

S\ 2
2 —  rit1 [ (1= a)(a)’
7,y = D057 <05+1

=0 : - (1.42)
> . 2(l -«
=2(1-a)®) (20%)' = —5-
Moreover,
00 n—1 2
n Vitn
[y P" — 7T”2L2(7r) = m (Z vi + ; - 1)
j=0 i=0 J
o] o) 2
=Y 0.5/* <— d(T—a)a’+(1- a)aj+”(0.5)_j_1>
7=0 i=n
9 0 o N 2
=a® 3705 (<14 2(1 - a)(20))
=0 (1.43)
= =5 2_(0.5 —4(1 —a)a’ +4(1 — a)*(20%)))

o?n (2 Al - N 4(1 —a)2>

2 1—a 1—2a2
_ (20[— 1)2a2n
1—2a2

Thus the convergence rate starting from this initial measure is .
Since this is true for any o < 1/4/2, this shows that the Lo(7)-GE optimal rate is
no smaller than v/0.5. Hence the (Loo(m), ||, (r))-GE and La(m)-GE optimal rates are

different.
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1.5.6 Proofs of Lemma 1.1 and Lemma 1.2

Proof of Lemma 1.1. Let

pr=inf{p>0:3C:V 5 Ryst.VneNveVnMy; |[vP"—x| <Cw)p"} .

p= sup limsup||pP" — x|/
peEVNMy4 1 n—o0
(1.44)
(p<p*): Let e>0
p= sup limsup|pP" — |/"
peEVNM4 1 n—o0
< sup  limsup||uP" — |/
pEVAMy, n—roo (1.45)

< sup  limsup(Ce(u)(p* +€)")/"
pEVAM 1 M0

=p‘+te.

Since € is arbitrary, p < p*.

(p > p*): For all v € V. N My 1, limsup,,_, [|uP" —7||¥™ < p. Let e > 0. Then
for all p € VN My, [|[uP? —7||¥" > p + ¢ for at most finitely many n € N. Let
Ce(p) = max,,cy (1 v W). Then C¢(11) < 0o since the maximum is over finitely many
distinct elements. Therefore ||uP™ — 7|| < Ce(u)(p + €)™ for all n € N. This implies that

p+ € > p*. Since € is arbitrary, p > p*. O

Proof of Lemma 1.2. [(iii) <= (iv)] is proven in [96, Theorem 2.1]. [(iii) = (ii)] follows
from the inclusion Lo (w) C La(w). [(i) = ()] follows from Cauchy-Schwarz.
Without loss of generality, assume that p is the optimal rate of (Loo(me), ||]] LQ(W))‘

geometric ergodicity;
1/t

Lo(m)

p= sup limsupHVPt’

(1.46)
VELOO,O(T(-) t—o0

From the proof of Roberts and Tweedie [100, Theorem 1], P is mw-almost-everywhere
geometrically ergodic with some unknown optimal rate. From [96, Theorem 2.1], P is

Lo(m)-geometrically ergodic with some unknown optimal rate, ps, which is equivalent to
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the spectral radius of P|p, (x5 p2 = 7(P|L,0(m))-

It remains to be shown that ps < p. We will use the spectral measure decomposition
of P, as in [96]. Suppose, for a contradiction, that ps > p. Let p = MQQ. Let £ be the
spectral measure of P, so that uP? = f_ll N pE(dN). If py > p then either E([—p2, —p)) #0
or £((p, p2])) # 0. Assume (replacing P by P2, p by p?, and py by p3 if necessary) that
E((p,p2]) # 0 and £((—1,0)) = 0. Then there is some non-zero signed measure, v, in the
range of £((p, p2]). Since the spectral projections are orthogonal and {1} N (p, p2] = 0, then
v L m, and hence v(X') = 0. Since Lo o() is dense in Ly o(7), there is a pt € Lo o(m) with
I = vl pymy < VIl Ly () /2- Then, from the polarization identity, (v, p), ) = 3 HVHQLQ(W) >
0, and pu # 0.

Let R = range( 5 ,,) €(dA)). Then span(v) C R, so

. . 3 _
IProjg will 1y (ry = IPTOj, pill Ly (ry 2 3 1] £y (1.47)
Then )
k _ k k
H”P ‘Lg(ﬂ) a <“P > 1P >L2(7r)
_ 2k
o <“’ pnp >L2(7r)
= <u, u/ Azkf(dk)>
(0,92} Lg(ﬂ')
> <u, ul A2k5<dA>> (1.45)
(P,p2] La(7)

> <u, 7 p2k5(dk)>

(ﬁ7p2] L2 (ﬂ—)

ok . 2
= P |proj g 1|7, (m)
9

— 2
> 7%

Hence p > p. This contradicts p2 > p.
() = (i)]:
Let the optimal rates of (Loo(e), [|*[| 1, (r))-GE and (Loo(me), [|[| 1, (r))-GE be (respec-
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tively)
p= sup limsup HMP”HE/?W) , p2= sup limsup HMPHH};/QLW) : (1.49)
pE Lo o(m) 100 L € Lo o(m) 1500 2
We want to show that ps < p.
Let € > 0 be arbitrary. Let v, € Lo o(m) with
lim sup HI/EPnHlL/;(Lﬂ) > pa— €. (1.50)
n—oo
Then, for some ¢(v¢) > 0, for infinitely many n € N
[Py = 02— 26)" (1.51)

Using the fact that HuHLl(ﬂ) = SUp ser/_(x) f, and using the self-adjointness of P in
IF1Lr ()

Lo() (since P is reversible), and using the fact that (a version of) 9 is some bounded
. . dve - . .
function with ’ = L [vell . () then for infinitely many n € N,

v. P = sup v P
2 ‘LM) Tt
> 1 V€P2nd1/€
Wil ar
- <V€P2", 1/6>
HVeHLoo(ﬂ') (l r2)
5
= # (VeP", v P™)
Vell .o ()
1 2
= — |[vP"||
Ivell oo (m) L2(m)
1 2n
> ———(p2 — 2¢)
Vell oo ()

Thus p2 — 2e < p. Since € was arbitrary, we find that pa < p.



Chapter 2

Integration by Parts and the
Geometry of Probability Density

Functions

2.1 Introduction

Integration by parts formulas are indispensable tools in analysis. They are commonly
used to evaluate otherwise unapproachable expressions, and so are one of the first things
students learn in elementary calculus courses. In more advanced analysis, integration by
parts formulas are also used to define weak derivatives (see, for example Maggi [69]) or the
infinitesimal generator associated with a Markov diffusion triple (as in Bakry et al. [7]).
Versions of integration by parts specialized to probability densities are commonly used in
theoretical and applied probability theory. They appear in the study of continuous time
Markov processes (as in [7]), convergence of probability measures (as in Chen et al. [25]),
spin glass (as in Panchenko [87]) and other applications.

The seminal work of Stein [112] characterizes a normal distribution as the unique prob-
ability measure satisfying an integration by parts formula, and uses this characterization to
establish a quantitative central limit theorem. From this seminal work, an entire subfield

of probability was born — commonly referred to as “Stein’s Method”. In its simplest form,
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Stein’s method for normal approximation relies on the following lemma, stated here as in

[25, Lemma 2.1].

Lemma 2.1 (Stein’s Lemma). Let F be the class of absolutely continuous functions with
E "Z)| < 0. Th
, B P (2] < oo Then

(W ~N(0,1)] < [Eff(W)=EWf(W) VfeF|

While in the literature of Stein’s method “Stein’s Lemma” often refers to this bidirec-

tional result, for our purposes it will refer to the one directional result

W~ N(0,1)] = [Ef (W) =EWFfW) YfeF].

It is this one directional result which we will generalize. In particular, in Theorem 2.1, we

show that for a large class of densities on (R™,R"™) and for a large function class, F,

W ~n] = [EVf(W)=—-EVlegn(W)f(W) VfeF|

Related Work

Other generalizations of Stein’s lemma exist in the literature. For example [25, Ch. 13]
and Stein et al. [113, Prop. 1.4] handle densities on R which may be discontinuous at the
boundary of the support, such as the exponential distribution. The present work is not
a direct generalization of that result, since we do not accommodate jump-discontinuities
at the boundary of the support. Another example, Landsman [61], provides a version for
multivariate elliptic distributions. Since not all elliptic distributions have densities, our
result is not a strict generalization of theirs. Our result is a strict generalization of their
result restricted to distributions with weakly differentiable densities m : R® — R.

The result most similar to the present work is Gorham et al. [37, Prop. 3]. Their version
handles continuously differentiable densities on R™; and integrands which are continuously
differentiable and absolutely integrable, with absolutely integrable gradients. Our result

is a strict generalization of theirs, over both the densities and the integrands to which it



CHAPTER 2. 61

applies. The proof of Theorem 2.1 is more similar to that in [25, Lemma 2.1], while the
proof in [37] is similar to Proposition 2.1 since our proof uses an intrinsic foliation of the
density along its own level sets, while the proof of [37, Prop. 3] verifies that the boundary
integral in integration by parts vanishes given the assumptions.

As in [37], variants of the integration by parts formula for a distribution 7 arise from the
Fokker-Planck equation of a Langevin diffusion process. However, this only yields second-
order versions of the formula. Taking F to be the domain of the generator of a Langevin

diffusion with stationary measure 7w, the Fokker-Planck equation tell us that

(W ~ 7] = [EAf(W)+EViegn(W)Vf(W)=0 VfeF.

This formula is follows from Corollary 2.1, applied to V f. Corollary 2.1 is not implied by

the Fokker-Planck equation since not all functions are the gradient of a scalar field.

Outline

The present chapter proceeds as follows. Section 2.2 reviews the existing results for
the univariate Gaussian case and their proofs. It serves as a blueprint for the proof of
our main result, and provides intuition for the key steps. Section 2.3 states and proves
our main result. That proof relies on some geometric properties of densities which satisfy
our key assumptions stated in Theorem 2.1. Those geometric properties are established
in Section 2.4. Finally, Section 2.5 applies our result to densities, 7, such that Vlogm is
L-Lipschitz to demonstrate that if X ~ 7 then Cov(Vlog (X)) = ~EV?log 7(X) and that

Vlogm(X) is sub-Gaussian with dimension-free sub-Gaussian constant L.

2.2 The Univariate Gaussian Case

Stein’s Lemma for the univariate Gaussian tells us that if X ~ A (u,0?) then

o’Ef'(X) = E[(X — p) f(X)]
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for “suitable” f. The result can be proved in (at least) two different ways, leading to
different conditions needed to verify that f is “suitable”. First, we use that the formula

resembles integration by parts without the boundary term.

Proposition 2.1. If 7 is a probability density on R with support S, which (as a function)
is absolutely continuous, f: R — R is absolutely continuous, and lim,_,,, f(x)7w(x) =0 for

all 2’ € 95 U {—o00, 00}

E (logn]'(2) f(2)) = - E [f(Z)]

A A

The result is just integration by parts, with the recognition that 7’ = w[log 7]’ and that
the assumptions directly imply the boundary terms of integration by parts vanish. These
results are unsatisfactory in some cases because of the condition that the product f -«
must vanish at the boundary of the support of w. In one dimension this could amount
to evaluating a countable set of limits. The problem is made worse in higher dimensions
where the integration by parts formula gives a limits of surface integrals instead of limits
of function evaluations. The second, and more widely used, variant Stein’s Lemma for the
univariate Gaussian (Proposition 2.2) gives a measure-theoretic constraint which essentially
says that when E[f/(Z)] and E[Z f(Z)] are well-defined the result holds. The proof of this

version will guide us in the multivariate setting.

Proposition 2.2 (Chen et al. [25], Lemma 2.1). If f : R — R is abs. continuous with

1'(Z), Zf(Z) extended integrable, and Z ~ N(0,1), then

E [2f(2)]= E [f'(2)]

Z~ T~

The proof presented here proof is a slight modification of versions seen elsewhere, and

so is not original. For example, a variant of this proof appears in [25].
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Proof. Let ¢(x) = <

/ T )b de = / T i) /O " d

/ —210g(\/ﬂ )

|
) 8
h\“

¥

f(x)dx dr (Key step 1)

Il
o
9

—2log(V2m 1)

5

(f(vV=2108(v2r 1) — f(—v/—2108(v2r r)) dr (Key step 2)

[ [ Z —sign(¢'(x)) f(z)|dr (Key step 3)
z€p~1({r})
zlfﬂ@wmvwwmwx (Key step 4)

e ey
= [ s

Key step 1 is the Fubini-Tonelli theorem. Key step 2 is is the fundamental theorem of
(Lebesgue integral) calculus. Key step 3 uses the fact that boundary of the super level sets
of ¢ were exactly the level sets of ¢. Key step 4 is the co-area formula, [34, Theorem 3.2.12],
which requires only that the function whose level sets define the foliation be Lipschitz — an

assumption which is satisfied by the normal density function.! O

In order to extend this to more general densities, both univariate and multivariate, we
need to understand what properties of the normal density allowed us to use the four key
steps in the proof. Fubini-Tonelli (key step 1) required that f/(Z) is extended integrable.
The fundamental theorem of calculus (key step 2) required only that the super-level sets to
be a countable union of intervals. In the multivariate setting the variant of the fundamental
theorem of calculus which will be relevant is the Gauss-Green theorem, so we will require
that (almost all) of the superlevel sets of ¢ admit a Gauss-Green measure. Key step 3
required one to relate the boundaries of superlevel sets of ¢ to the corresponding level sets.
In the case of the normal distribution this was trivial. In the case of more general densities,
which may have extensive flat regions, we establish some geometric results in Section 2.4
which show that level sets are the boundaries of superlevel sets at almost every level for

the class of distributions we consider. Finally, key step 4 (the co-area formula) required the

'Key step 4 above could have been replaced by a pair of u-substitutions, with v = :I:qzﬁfl(r), which is the
case in most versions of this proof in the literature (e.g. in [25]). In the multivariate version of the result, a
substitution will not be adequate.
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level sets of w to be level sets of Lipschitz function.

2.3 The General Multivariate Case

For this section we adopt the notation of geometric measure theory, where £" denotes
the n-dimensional Lebesgue measure, and H" denotes the n-dimensional Hausdorff measure.

The extended real numbers are denoted by R and endowed with the order topology.

Definition 2.1 (Compositionally Lipschitz function). f : R™ — R is compositionally Lips-
chitz if there exists a strictly increasing and absolutely continuous function p : R — R with

o' positive L -almost everywhere and po f Lipschitz,.

If we wish to emphasize the p used we may say p-compositionally Lipschitz or p-CL,
and when we wish to emphasize the p used and the Lipschitz constant of p o f we may
use the term (p, L)-compositionally Lipschitz or (p, L)-CL. Of course, if p is the identity
function then the function is just Lipschitz. More generally, if p~! is L;-Lipschitz and f is

(p, La)-compositionally Lipschitz then f is also (LjLg)-Lipschitz.

Theorem 2.1 (Distributional Integration by Parts, a.k.a. Stein’s Lemma). Suppose that
7 : R®" — R is a compositionally Lipschitz probability density. Then, for any f : R® —
R which is locally Lipschitz, with V f(z) and f(x)V logw(z) extended integrable functions
(w.r.t. 7(x)L"(dx)) we have:

E [(X)Vlogn(X) =~ E Vf(X)

Remark 2.1 (On the differentiability of f). By Rademacher’s Theorem ([34], Theorem
3.1.6), such f will be differentiable almost everywhere with a measurable gradient, giving
meaning to the subsequent expressions. The assumption that f is locally Lipschitz is equiv-

alent to the assumption that f is Lipschitz on compact sets. N

Remark 2.2 (Some less smooth choices for 7 for which the theorem holds). Our weak
assumptions allow us to handle some non-smoothness in w. Two examples are (i) the

semi-circle law, 7(x) 1j<2v4d — x2, which is not Lipschitz, has compact support, and
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is of significance in random matriz theory, and (ii) unbounded elliptic densities, such as

m(z) o |$|_1/2 A x~2. Neither of these satisfy the conditions of [37, Prop. 3J. <

Corollary 2.1 (Jacobians and divergences of vector valued functions). By applying the
integration by parts formula for real valued functions coordinate-wise, the analogous formula
for Jacobians also holds. If w satisfies the conditions above and f : R™ — R™ is locally

Lipschitz with Jf and f(X)Vlogn(X)" coordinate-wise extended integrable, then

E [f(X)Viegr(X)]=— E [Jf(X)],

X~ X~7|—

where J f denotes the Jacobian of f.
If, additionally, m = n and neither X]E [f(X)V]1ogn(X)] nor XIE [Jf(X)] have both

400 and —oo on the diagonal, then

E [Viegn(X)'f(X)] = - E [div(f)(X)].

X~ X~

Proof of Distributional Integration by Parts. By assumption, there exists an absolutely con-
tinuous function with a.e. positive derivative p : R — R such that 7 is p-CL (see Defini-

tion 2.1). For each € > 0, let A. = 7 1((¢,00]) C K. = 7 !([¢, 00]). By definition,

E Vf(X)= / ()Y f(2) L (dx) //” (dr) V f(z) L™(da).

X~

(Key step 1): Since Vf(X) is assumed to be extended integrable, by Fubini-Tonelli

[ e vre e = [T [ 9r) £ o,

Ay

(Key step 2): Using a version of the Gauss-Green theorem, Lemma 2.2,

Vf(z) £™(dx) L (dr) )A(A,, x) H Y dx) LY (dr),
), o,

where 0*(A,) C 9(A4,) is the reduced boundary of A, (see [69, Chapter 15]); and n(A,, x)

is the unit outward-facing measure-theoretic normal vector to A, at x when A, has locally-
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finite perimeter and @ € 9*(4,); and A(A,,z) is 0 otherwise. Note that £!-almost every
superlevel set of a Lipschitz function has locally finite perimeter [69, Example 13.3]. Since
7 is p-CL, A, has locally finite perimeter for £'-almost every r > 0.

(Key step 3): If r € Er = {s > 0:9(n ((s,00])) # 7 *({s})}, then O(4,) = 7= ({r}).

From Lemma 2.4, £(E,) = 0. Therefore, for £'-almost every r > 0,

2)h(Ay, ) HVH(dz) = 2)n(A,, z) H" 1 (dz),
Lo T ) 1 ) = [ @A) 7 )

where n(A,,z) is the unit outward-facing normal vector to A, at  when r ¢ Er, A, has

locally finite perimeter, and z € 0*(A,), and is 0 otherwise. Therefore

/ /*(A) A( Ay, 2)H (do) L (dr) / / L) f(@)a(Ay, 2)H" ! (dx) L1 (dr).

Changing from m-coordinates to p o m coordinates, s = p(r), so that our level sets are taken
with respect to a Lipschitz function (and hence we can later apply the co-area formula):
[e.9]
/ / F@)R(A,, 2) H*V(dx) £ (dr)
0 Jr=t({r})
p(oo

_ ) F@) o amet
_/”“’) /@Oﬂ)— (o) 7y A @) P (de) L1(ds)

Let Ji[p o 7] denote the 1 x 1 Jacobian of p o 7 [34, Definition 3.2.1]. From [34] we have
the formula Jim(z) = ||[\MiVpon(z)|| = p/(n(z))||Vr(z)||. For r & E,, at every point,
r € 7 Y({r}), where & is differentiable and Vr(z) # 0, from [69, Theorem 15.9], we
have © € 0*A, and n(4,,z) = —%. This captures the intuition that when m is

differentiable at  and Vm(z) # 0 then the negative standardized gradient is the unit

outward facing normal to the level set. Moreover, if V7 (z) = 0 and x € 9*(A,) c 7~ 1({r}),

then n(A,,z) Ji[p o m(z)] = 0. Thus posr()m)fl(A,«,x) Jilpon(z)] = —f(z)Vr(zx) almost

everywhere, and hence is extended integrable (w.r.t m(z)L"(dz)) by assumption.

(Key step 4): Applying the co-area formula [34, Theorem 3.2.12] coordinate-wise, we
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get:

(o) @) a1ty £l ds
/P<0> /<pow>—1<{s}> 7 ((a) A @) W (dw) L (ds)

_ /R S@) H A 2) Bpo ()] £Md)

nplom(z)

== | f(z)Vr(z)L"(dx)
= — E_f(X)Vlog(X)

O]

Lemma 2.2 (Gauss-Green theorem for super level sets of densities.). If 7 is a CL prob.

density on R™, then for L'-a.e. r > 0 and any locally Lipschitz f : R® — R

/ Vf(z) LMde) = /a |, @a(d,2) 1 (do)

r

where A, = 7 ((r,00]), 0* A, is the reduced boundary of A, and f(A,, x) is the unit outward

facing normal vector to A, at point x.

Proof. This is a specialization of the Gauss-Green theorem from geometric measure theory
to the problem at hand. The purpose of this Lemma is essentially to verify that existing
versions of Gauss-Green can be applied to the collection integrals in question. Let P, be the
set of r > 0 such that A, has locally finite perimeter. Since almost every superlevel set of a
Lipschitz function has locally finite perimeter [69, Example 13.3], L(P¢) = 0. We consider
only r € P, from now on. Sets of locally finite perimeter admit Gauss-Green measures [69,
Proposition 12.1 and Remark 12.2] — the Gauss-Green measure for £ C R” is an R"-valued

Radon measure, pug, such that

[ 9@ £7(dx) = [ g(a) pstdz) Vg e CHRM).
FE R™

The Gauss-Green Measure of E C R" admits the representation up = A(E,z)H" |sp
where 0*E is the reduced boundary of E, and n(FE, z) is the (measure-theoretic) outer unit
normal to E [69, Chapter 15 and Corollary 16.1]. The definition of ug only guarantees a
Gauss-Green formula holds for integrands g € C}(R"). This extends to Lipschitz functions

with compact support, as outlined in [69, Exercise 12.12], via convolution with smooth
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bump functions. Recalling that locally Lipschitz functions are Lipschitz on compacts, a
locally Lipschitz integrand, f, must have been Lipschitz on 7=!([r/2,00] D A, which is
compact by Lemma 2.3. The function f could be extended to a globally Lipschitz function
with compact support without changing its value on 7=1([r/2, 0c]). Hence the Gauss-Green

formula extends to locally Lipschitz functions on the domains {4, : r € P }. O

2.4 Geometry of Density Functions

Lemma 2.3 (Compositionally Lipschitz densities have compact superlevel sets). If 7 is a

(p, L)-CL probability density on R™ then the closed superlevel sets of m,

{Ke=7""(e,]) 5.t € >0},

are all compact.

Proof. Since 7 is continuous, K. = 7 !([e, 00]) is closed for all € > 0. Suppose, for contra-
diction, that K. is not compact for some ¢ > 0. For K. to fail to be compact, it must be
unbounded (since we know it is closed). Let R € (0, M}. If K, is unbounded, we
may find {z;},y C Ke such that for i # j, [lz; — 2;{| > 3R. Then Bg(x;) N Br(x;) = 0 for
i # j. Hence

1= /w(m)ﬁ"(dw) > Z/BR(%)W(Q;)m(dx)

JjEN

> -1 om(xj) — Ll —x;||)L" (dz
_jGZN/BR(mp (pon(z;) — Lz — ;) £" (dz)
> L) = L T — T, L™ (dx
_%/BR(%)p (ple) — L |1z — ;1)) £ (d)

> “Lip(e/2))L" (dx

%/gwp (ple/2))L" (dz)

= Vol(Bg(0)) €/2

jeN

This is a contradiction, since the last term is clearly 4oc0 O

Lemma 2.4 (Almost every level set of a CL density is the boundary of a superlevel set).
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L C,
[ _[[en
B, (xr)
{ = ) 7
y A , Bb}(l‘s) \
4 \ s
AL S -

(" (")
Bs, ja(r) Bs, ()

Figure 2.1: Visualization of C,. N Cs = () for r < s in the proof of Lemma 2.4

If mis a (p, L)-CL probability density on R™ then

By ={r>0:0(x"((r,o])) # 7 ({r})}

is countable (and hence has LY (E;) =0).

Proof. Since 7 is continuous, A, = 7 ((r,oc]) is open. Suppose that z € d(A,). Then
r & A so m(x) < r and 7() is a limit point of m(4,) C (r,c0]. Hence 9(A,) C n~1({r}).
Let Gr = {(z,y) ;2 € R" and 0 < y < 7(x)}. Then £FF1(G,) = 1 since 7 is a probability
density. Let d(x,A) = inf,c ||z —y|l. Suppose r € Ep. Then there exists an z, €

7 1({r})\ 9(4,) with §, = d(x,, A,) > 0. Since p o 7 is Lipschitz, the p-transformed cone

Co = {(2,y) st. @ € By o) and p~ (p(r) = 6. L/2) <y < p~ (p(r) — o — 2| L)}

has C, C G, and C, is open, and hence £¥*1(C,) > 0. We show below that for s, € E,
with s < r we have CsNC,. = (). This is visualized in Fig. 2.1. Once established, this implies
> ek, LY, < £FY(G,) = 1, which further implies that £, is at most countable.
Suppose now that s,r € E; with s < r. Then ||z, — zs|| > 65 + (p(r) — p(s))/L; since
the line segment from x, to x5 must pass trough A, at some point x% € dA, C 7 ({s}),
and the portion of the segment from x, to x} is at least d5 in length, while the remaining
portion from 0Ag to x, is bounded using the Lipschitz property of pom, since p(r) — p(s) =

p(r(xr)) — p(r(23)) < Ll — 2.
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Suppose, now, that there exists a pair (x,y) € C, N Cs. Then

p(r) — ||z — x| L > p(y) > p(s) — 6sL/2 ,
which implies that

0 < p(r) — p(s) — Ll — 2| + L6,/2
< Lllzy — x|l = Lo — xpf| — Lds/2
< L[|y — 2l + [z — @s]l) — L ||z — || — Lds/2
< L ||z — xs|| — Lds/2

<0,

which is a contradiction. O

2.5 Properties of Grad-Log-Lipschitz Densities

A probability density, 7, with V log 7 Lipschitz will be referred to as a grad-log-Lipschitz

density.

Lemma 2.5 (Grad-Log-Lipschitz Densities are Tangentially Minorized by Gaussians). If
7 is a probability density on R™, and V logw is L-Lipschitz, then for any x,zo € R™.

2
/2L

)€HV10gw(xo) V log m(z0)

m(x) > m(xo T —xg— i

2L
)

exp(-
Viogm(x L
> m(xo) exp(—H:L' — 1z — gL(O)H22)'

Proof. Since V logm is L-Lipschitz,

log () — log m(z0) — (& — w0)'Vlogm(z0) > —L |l — xol* /2

The result follows by completing the square and exponentiating. O

Lemma 2.6 (Grad-Log-Lipschitz Densities are Bounded Above). If 7 is a probability den-
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sity on R™, and Vlogm is L-Lipschitz then:

I, \"/2 5 I, \"/2
< (L IV log m(@)|I>/2L < ()
o2 () o (&

Proof. Using Lemma 2.5

1= [ #y)e"(dy)

I Y ST e

= (@)l VT2 [ xp(— 2 £ ) ")

= (2 /L) 2V Iogm@)I” /2L (1),
]

Lemma 2.7 (Grad-Log-Lipschitz Densities are Lipschitz). If m is a probability density on
2
R™, and Vlogn is L-Lipschitz then m is \/Le™/? (%)n/ -Lipschitz.

Proof. Applying Lemma 2.6, for any z € R"

2

L n
|Viogn(z)| < <2>25up (se‘u> .

T/ s>0

2z 2
L _ IV logn(a)]
L

V(e = nla) [V log m(o)] < (57 ) "%

Now, % (3 e_SQ/QL) = (6_32/2L(1 - 32/L)) so the maximum of s e~*"/2L over s > 0 occurs

at s = v/L (since the derivative is positive to left and negative to the right of this value)
2

and the maximum value is v/Le~'/2. Hence ||V (z)| < v/Le /2 (%)n/ . O

Corollary 2.2. Suppose that 7 is a grad-log-Lipschitz probability density on R™. Then,
for any f : R™ — R which is locally Lipschitz, with Vf(X) and f(x)Vlogn(x) extended

integrable (w.r.t. w(x)dx) we have:

E [(X)Vlogn(X) = - E Vf(X)

Similar formulas for the Jacobian and divergence also hold.

Proof. This is just the combination Theorem 2.1 and Lemma 2.7. 0
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Lemma 2.8. Suppose that w is a grad-log-Lipschitz probability density on R™.

E [Vlogn(X)] =0, and )Ygg[Vlogﬁ(X)] = —XE [VZlog m(X)].

~T ~T

Proof. Since Vlogw(X)'Vlogw(X) is non-negative, then it is extended integrable. Since
[div(V log m))(X) = Tr(VZlog n(X)) € [-nL,nL]
is bounded, Tr(V?logm(X)) is also integrable. Hence Corollary 2.2 gives us that

E [Viogn(X)'Viegn(X)] = — E [Tr(V?logm)] < nL.

X~ X~

Now, we have that

E||Viegnm(X)| < \/E[Vlogﬂ(X)’Vlogﬂ(X)] <+VnL,

so that Vlogm(X) is integrable. Hence Corollary 2.2 gives us that EVlogm = —EV1 = 0.

Next,

ViognVlog || . = 1/Tr(Vlog 7V log 7'V log 7V log 7/
F

= \/Tr(V log 'V 1og 7V log 'V 1og 7) = Vlog 7'V log .

Hence, Vlog (X)V log7(X)’ is integrable. Moreover, V2 log7(X) is bounded, and hence

is also integrable. Therefore the Jacobian version Corollary 2.2 gives us that
E [Viogn(X)Vlegn(X)]=— E [VZlogn].
X~ X~

O]

Theorem 2.2 (If 7 is a Grad-Log-Lipschitz Density then [V log 7]y is Sub-Gaussian). Let

m be a probability density on R™ such that Vlogm is L-Lipschitz. If X ~ 7 then Vlogm(X)
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is sub-Gaussian with prory-variance L:

U(t) = E_exp((t, Viogm(X))) < exp(L I£11* /2)

~TT

Proof. We first prove the result with a sub-optimal, dimension dependent, sub-Gaussian
constant. We then refine the result to the form stated in the theorem.

Since Vlogn is L-Lipschitz, then we must have that |[VZlogm(z)|| < L (and hence
|Alogm(z)| < nL as well) for all z € R™. Let p, denote the nth moment of ||V logm(X)]|.

As in the proof of Lemma 2.8,

E | IViogn(X)|’] = E [Vlegn(X)Viegn(X)] = — E [Alogn(X)] <nL

~TC

For r > 2,

Hor = XIEW [HVlogw(X)H?r} = E [(Vlogw(X)/Vlogw(X)) ||v10g7r(X)||2r72] .

X~

Note that

(Vlog m(X)'Vilogm(X)) ||V logm(X)|* 2

is non-negative, so it must be extended integrable.
We need to check that div (V logm(X) ||V log 7T(X)||2(T_1)> is integrable as well in order

to apply Corollary 2.2. Note that

div (Vlog 7(X) |V log w(X)[|**~1))
= Viogm(X) 2(r — 1) ||V log m(X)||*"2 V2 log 7(X)V log 7(X)

+ (Alog 7(X)) ||V log w(X) |21

Thus

]div (Viogm(X) Hwogw(X)H?(H))] < L2(r— 1) +n) |Viogm(X)|[2"Y .

Now, if pg,—o is finite then div(Vlogm(X)||V log 7T(X)H2(r_1)) is absolutely integrable.
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Hence, using (the divergence version of) Corollary 2.2,

por = - E [Viogm(X) 2(r = 1) [Vieg w(X)[** > V2 log n(X)V log 7(X))

~ E_[(Alog (X)) ||V logr(X) 2"V

~TT

<LE(r-1)+n) E {HV IOgW(X)H2(r71)}

= L(2(r — 1) +n)papr—1)

< (n+2)Lrpge_1)

By induction, we find that pg, < r![(n+2)L]". Hence, from [15, Theorem 2.1], we get that
||V log w(X)|| is sub-Gaussian with proxy variance 4(n+2)L. Thus we know that V log 7 (X)
must be a sub-Gaussian vector, with proxy variance no larger than 4(n + 2)L.

Now that we know that V log (X)) is sub-Gaussian, we know that its moment generating
function is entire. This allows us us to refine our analysis to get a dimension-free sub-
Gaussian constant. Fix ¢ € R™. The moment generating function of Vlogm(X) is finite
everywhere and is given by:

0(t) = E [exp((t, Viogn(X)))

~T

Then,

Vib(t) = Vi E_[exp((t, Viogm(X)))

~TT

= E [Veexp((t, Viegn(X)))] = E_[Viegn(X)exp({t, Viogn(X)))]

~T

By Cauchy-Schwartz,

EIVIegm(X)|[exp((t, Viegm(X)))]

< /& [IViogn(X)|F] B fexp((2t, Viog(xX))] < oc.

hence Vlogm(X)exp({t, Vlogm(X))) is absolutely integrable. Moreover,

(V2 1og m(X)t) exp((t, Viogm(X)))| < LI|t] exp((t, Viog(X))),
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so (V2log m(X)t) exp((t, Vlogm(X))) must also be absolutely integrable. Therefore, using

(the Jacobian version of) Corollary 2.2,

XIEF [Vlogm(X)exp((t, Vlogm(X)))] = —X@ﬂ {(V2 log (X)t) exp((t, V log 7r(X)>)}
€ Ly(t) By

where By is the ball of radius ||¢|| centred at the origin. This gives us a differential inequality

which is easily solved:

Vilog(t) € LB, = logu(t) < LIt|* /2 = 4(t) < exp(L|[t|* /2)

O

Remark 2.3. Consequently all the moments of V log w exist. Moreover, since ||V2 log || <

L, all the moments of V?logm must exist as well. This means that the assumptions in
N

Roberts et al. [94], Neal and Roberts [81], Bédard [11], etc. that E (%) < oo (or similar

11 4 !
moment conditions) and E (=) < oo are redundant once = is assumed to be Lipshitz. <
s i p



Chapter 3

Optimal Shaping and Scaling of
the Random Walk Metropolis

Algorithm

3.1 Introduction

Markov Chain Monte Carlo (MCMC) algorithms are a common tool for estimating
expectations with respect to a arbitrary probability measures (the “target”). These methods
operate by defining a Markov Chain whose stationary distribution is the target, and whose
dynamics are easily computable. Running this Markov chain forwards in time yields a
dependent sequence of samples which can be used to estimate expectations. Performance
of such algorithms are typically measured based on how quickly empirical expectations will
converge to their target values. Among the simplest of such algorithms is Random-Walk
Metropolis (RWM), which proposes IID increments (from a “proposal distribution”) which
are either accepted or rejected with probabilities tuned so that the stationary measure
matches the target distribution. Proposals which land in areas with low target density are
likely to be rejected, while those that land in areas with higher density are likely to be
accepted.

The choice of proposal distribution is they key tuning parameter in the design and appli-
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cation of RWM algorithms and has a decisive impact on the performance of the algorithm,
especially in a high dimensional setting. A typical choice is to use a mean-zero Gaussian
proposal, yet among this class one is still required to select the variance-covariance matrix
of the proposal. Proposing steps which are too large in any particular direction will lead to
poor performance due to frequent rejection, as the proposed point will typically have low
target density. Proposing steps which are too small in any particular direction will lead
to poor performance, since it will take many steps to move a meaningful distance in any
direction. A step size and orientation which is “just right" (not too big, and also not too
small, in each direction) is required for good performance. This leads us to consider the
optimal shaping and scaling for Gaussian proposals for the RWM algorithm.

The seminal paper of [94] introduced techniques for analyzing the optimal scaling prob-
lem in the limit, as the dimension of the target tends to infinity, for independent and
identically distributed targets (IID targets). The key insight was that, under appropriate
rescaling, the random paths of any single component converge in law to the random path
of a diffusion process weakly in the Skorohod topology, and that the speed of the limit-
ing diffusion can be optimized using elementary techniques. Since that work, there has
been a reasonable amount of attention placed on extending their results to other MCMC

algorithms, as well as to more general targets.

3.1.1 Contributions

In this work we derive the scaling limit of RWM with block-independent targets with
possibly complex dependence structures within blocks, and anisotropic proposals. We show
that the random path of a full dependent block converges in law to the path of a multivariate
anisotropic diffusion. We also show that the entire random path in RY converges in law to
an infinite product of block-independent multivariate anisotropic diffusions.

Using this scaling limit, we aim address both the optimal scaling and the shaping of
the proposal under convergence of the joint process. We find that the optimal scaling for
a fixed proposal covariance shaping is the same as given by Roberts et al. [94], to tune the
acceptance rate to be approximately 0.234. Thus, this recommendation is independent of

whether the anisotropy of proposal covariance aligns in any particular was with the shape
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of the target distribution. We also provide a variational characterization of the optimal
shaping matrix. The optimal proposal anisotropy matrix (called the shaping matrix in the
sequel) is given by

E [VF(X) A Vf(X)]

arg max inf Xom , .
R0 sep) B [Viga(X) A Viegn(X)] (3.1)
ar [f(X)]=1 ¥

where 7 is the target distribution, D(G) is the domain of the infinitesimal generator of the
limiting diffusion process of a single block, and A > 0 means that A ranges over symmetric
strictly positive definite matrices. We show that when the blocks are rotation-scalings of
independent and identical components, that this can be solved yielding the recommendation
from Roberts and Rosenthal [97], to tune RWM so that the covariance of the proposals is
proportional to the covariance of the target distribution. More generally, we show that this
recommendation optimizes the instantaneous autocorrelation of linear functions in the the
scaling limit. Finally, we provide conditions under which high-dimensional dependence in
the target distribution will cause RWM performance under optimal shaping and scaling to
deteriorate relative to an IID target. This supports the intuition that RWM performance

is worse under complex dependence structures.

3.1.2 Outline of this chapter

A summary of prior work is given in Section 3.1.3. Section 3.1.4 sets up the weak con-
vergence and optimal scaling/shaping problems, and also provides notation and definitions
used through out this chapter. That subsection also provides a list of consequences of the
assumption on the target distribution used to prove weak convergence (that, when 7 is the
target density, V log 7 is Lipschitz), many of which were demonstrated in Chapter 2.

Section 3.2 includes the main contributions of this work. In particular, Section 3.2.1
states the weak convergence results for the finite dimensional and the infinite dimensional
processes. Section 3.2.2 provides the optimal scaling of the RWM proposals for a fixed
shaping. Section 3.2.3 formulates the optimal shaping problem in terms of the spectral

gap of the generator, and provides a variational characterization of the optimal shaping
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matrix. Section 3.2.4 presents the optimal shaping problem in terms of the spectral gap of
the generator for certain special target distributions for which it is analytically tractable.
Section 3.2.5 presents the optimal shaping in terms of short term autocorrelations for more
general target distributions, and demonstrates that this alternative objective upper bounds
the spectral gap, providing “speed limits” on the performance of RWM algorithms. Lastly
among the key results, Section 3.2.6 provides a discursive analysis of the implications of the
derived speed limits upon the performance decay of RWM in scenarios of high-dimensional

dependence, relative to the independent target case.

3.1.3 Prior work

The seminal paper using scaling limits to address the optimal scaling problem in MCMC
is that of Roberts et al. [94]. They consider IID targets of the form 7% as d — oo, where T is
a density on R! with D log 7 Lipschitz continuous' They provide a scaling limit for the RWM
algorithm with spherical Gaussian proposals, which establishes weak convergence of the first
component’s path process to that of a univariate Langevin diffusion, and derives an optimal
scaling criteria of accepting =~ 23.4%. The paper has additional regularity assumptions of
smoothness (that the density is twice continuously differentiable) and moment conditions
(that X]IEW(D log m(X))® < co and X]IEW(DTZ)”)4 < 00).

The subsequent work of Roberts and Rosenthal [98], derives similar optimal scaling
results for the Metropolis Adjusted Langevin Algorithm (MALA). They also consider IID
targets of the form 7®? as d — oo as well, where 7 is a density on R! with D log 7 Lipschitz
continuous. That work proves weak convergence of the first component’s path process to
that of a univariate Langevin diffusion, and derives an optimal scaling criteria of accepting
~ 57.4% of proposals when using MALA. They require additional regularity assumptions of
smoothness (that the density is eight times continuously differentiable), a growth assump-
tion (that the first eight derivatives of log 7w are all bounded by a polynomial) and moment
conditions (that all polynomial moments of 7 are finite; Yk € N(Ex.(X*) < 00).

The survey paper of Roberts and Rosenthal [97], provides further context to the op-

timal scaling problem and presents both theoretical and empirical results. In addition to

1D denotes the first derivative operator.
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summarizing previous work, the paper provides an examination of how the optimal scaling
in finite dimensions approaches the infinite dimensional limits derived via diffusion limits.
Lastly, and a large inspiration for this work, they consider extensions to independent prod-
ucts which differ only by heterogeneity of scale. This provides the first optimal shaping
result we are aware of. They note that “this result does not appear in any of the MCMC
scaling literature, so we have sketched a proof which appears in the Appendix,” however
the sketched proof considers only convergence of a single component and so the impact of
optimal scaling and shaping on the mixing properties of the full multidimensional target
remains ambiguous. Our present paper builds on their ideas to provide multivariate con-
vergence and optimal scaling and shaping results which apply to the full multidimensional
limit.

The work of Neal and Roberts [81] considers modified RWM and MALA where only a
fraction of the components are updated at a time. Algorithms of that type are typically more
efficient as an update which would have been rejected because of a single “bad proposal”
in one component is not going to affect the speed of all dimensions. That paper derives
the optimal scaling and update rate simultaneously with the same assumptions as Roberts
et al. [94]. Their proof of weak convergence in the Skorohod topology had more exposition,
detail and precision than that of previous work, and largely inspired our proof.

The work of Bédard [11] and Bédard and Rosenthal [13], and the Ph.D. thesis of Bé-
dard [12] consider a more extreme version of the scale homogeneity problem for the RWM
algorithm. Particularly they address the case that the scaling of various components shrink
or grow at disparate rates as the dimension tends to infinity. That collection of work shows
that, depending on which scalings are dominant, the limiting law of the first component may
be either a univariate RWM process or a Langevin diffusion, and that in certain situations
the optimal acceptance rate will be quite different than the 23.4% of the homogeneous or
limited inhomogeneity cases. That work also slightly relaxed the assumptions of the original
paper of Roberts et al. [94] by reducing the powers in their moment assumptions.

More recently, some authors have considered working with infinite dimensional targets,
particularly in the case that the target has a density with respect to the law of a Gaussian

process. This includes the work of Mattingly et al. [71] which covers the RWM case and
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that of Pillai et al. [90] which covers the MALA case. These papers allow for a non-trivial
dependence structure, but only under the strong assumption of absolute continuity with
respect to an infinite-dimensional Gaussian distribution. They show that the =~ 23.4%
and ~ 57.4% optimal acceptance rates for RWM and MALA respectively carry over to
infinite dimensional distributions which have densities with respect to the laws of a Gaussian
processes. Though these papers allow for a non-trivial dependence structure, they do not
consider the optimal shaping problem.

Lastly, Zanella et al. [126] utilize the theory of Dirichlet forms to establish weak con-
vergence of the infinite dimensional limit process for targets of the same form as considered
by Roberts et al. [94]. Using the powerful theory of Mosco convergence, they are able to
eliminate many of the assumptions needed by Roberts et al. [94]. In particular, that paper
requires no additional smoothness or moment assumptions. In fact, they are able to demon-
strate convergence of the Markov semigroup with assumptions on D log 7 which are weaker
than Lipschitz continuity, though to ensure weak convergence of the path processes they do
require Lipschitz continuity. Hence, the present chapter’s assumptions used to demonstrate

weak convergence of the infinite dimensional paths are the same as in that work.

3.1.4 Notation and Definitions

Let 7 be the Lebesgue density of a probability distribution on R¥. For each d € N,
let IT; = 7#®. Then II; is the joint density for d independent blocks, each of dimension
k, identically distributed according to m. Let A € RF** be a symmetric positive definite
covariance matrix representing a RWM proposal shaping, and let [ > 0 representing the
RWM proposal scaling. Let A, = I, ® A for r € N, where I, is the r x r identity matrix.
The “accelerated, continuous time” stationary RWM process with stationary distribution

114, and proposal distribution:

2
Ng(I?A) :=N (o, (dl—l)Ad> , (3.2)
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is the Markov process, X4(t) with initial distribution X4(0) ~ II; and infinitesimal generator

G @ =hd | B[+ 2) - 1) (1 (33

Z~Ng(I2A)

y(z + Z) ﬂ

Ia(z) '
defined for f € C(R*9), where for a topological space S, C(S) denotes the space of bounded
continuous functions S — R.

Note that I; ® A is the kd x kd block diagonal matrix with d blocks of size k x k all

equal to A: i i
A O O 0 0
0 A 0 0
Aa=I;®A= ? (_) A (_) (_] (3.4)
0 0 0 --- A
000 --- 0 A

Equivalently, X4(t) is the pure-jump Markov process with jump intensity in state x
given by

1 AHd(a:JrZ)]

ZNNIE(PA) { IIy(x) (3:5)
and jumps leaving state x distributed according the conditional distribution of a proposal
given that it is accepted.

Let X((;) (t) be the stochastic process on R* consisting of the ith k-dimensional block
of X4(t). In general, this process is not Markov because the intensity depends on the full
state and does not factor. For i < j, let X((ii):(j )(t) be the stochastic process consisting of
the ith, (i + 1)th,...,jth k-dimensional blocks of X (¢), so that Xg):(j)(t) has paths which
take values in RFU—#+1),

For each » € N, the anisotropic Langevin diffusion with stationary distribution II,,

anisotropy matrix A, and time-scaling factor I2a,(I), X"(t), is the Markov process with

X"(0) ~ II, and infinitesimal generator

1

[GEA f] = Kl2aq (1) <2Ar (V) + %[V logHr]’Ar(Vf)> : (3.6)
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for a sufficiently large class of functions f, and where

VX : A
2

ap(l) =29 < > Y= )\(/gr(Vlogﬂ'(X)) A:B=Tr(A'B). (3.7)

Equivalently, it is the diffusion process with initial distribution II,. satisfying the stochastic

differential equation (SDE):

dX"(t) = kl2ap(1)Ar[V1og IT.(X"(t))] dt + \/2kI2a(]) A, dB(t) (3-8)

where B(t) is a standard kr-dimensional Wiener process, and v/A, is the symmetric positive
definite square-root of the symmetric positive definite matrix A,. Thus, X" is the same
process, in distribution, as r independent copies of the X! appended together. Let D(GA)
be the domain of the generator G*. Note that D(G*) = D(G®) for A and © both symmetric
and strictly positive definite. Thus, without ambiguity, we denote this common domain by
D(G) := D(G™).

Later, in the case r = 1, we will also compare this to the generator of a similar diffusion,

with the same stationary measure and anisotropy matrix, at a standardized speed

GM @) = b (525 ¢ (V) + [V log

= E(v;‘)) (3.9)

The choice of time-scaling used for the standardized speed corresponds to Gll’A for the
optimal choice of [ given 7 and A up to universal constants (not dependent on k, w, or A),
as we show in Corollary 3.1.

We make the following assumption about 7 throughout this work:
Assumption 3.1. Vlog is L-Lipschitz continuous for some L > 0.

Some geometric and analytic consequences of this assumption are summarized in Sec-

tion 3.3.
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3.2 Results

3.2.1 Weak Convergence in the Skorohod Topology

Theorem 3.1 (Weak convergence of finite dimensional processes in the Skorohod topology).

Under the definitions above, if Assumption 3.1 holds then (for each r € N) then Xgll) )

converges weakly in the Skorohod topology on RF" to X" as d — .

The proof of this result is in Section 3.4. By bootstrapping our result on weak conver-
gence of finite dimensional processes we are also able to demonstrate weak convergence of

the infinite dimensional process.

Theorem 3.2 (Weak convergence of the infinite dimensional process in the Skorohod topol-
ogy). There is a unique (in law) process XN taking values in RY such that the marginal
process of the first kr components has the same law as X". Let Yq(t) = (Xq4(t),0,0,...), so
that Y4(t) € RN for each d € N, t > 0. If Assumption 3.1 holds then Y4 converges weakly

to XN in the Skorohod topology of RN, where RN is endowed with the product topology.

The proof of this result is in Section 3.6. The processes Y 4(t) are similar to the processes

considered by Zanella et al. [126] to derive their infinite dimensional scaling limit.

3.2.2 Optimal Scaling Under a Fixed Shaping

For the rest of Section 3.2, for simplicity, we assume that r = 1 so that we consider only
the limiting dynamics of a single block. We are able to do this without loss of generality,
and the results carry over to multiple blocks and to the infinite dimensional limit, because
of tensorization properties of spectral gaps, as discussed by Bakry et al. [7].

Having shown that the limiting process is a Langevin diffusion, it is natural to try to
select the tuning parameters, (I, A) such that the limiting diffusion mixes as quickly as
possible. For a fixed choice of A, if we change [ then we only change the time scaling of
the process. That is, for different values of I, we are running a diffusion with the dynamics
given by G accelerated by a factor of 1%ay (I)(A : ¥)/2.

Thus we find that the optimal choice of [ for a fixed A is easy to determine; we need

only maximize the time-change factor I2a,(I) in order to make the diffusion move towards
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stationarity as quickly as possible. As in Roberts et al. [94] we will characterize the optimal
scaling both in terms of the value of the scaling factor, [, and in terms of the limiting average
acceptance probability for the RWM algorithm. The optimal choice of A will prove more
challenging to derive as changing A does not induce only a time-change on the dynamics of

the process.

Lemma 3.1 (Limiting Acceptance Rate). The limiting acceptance rate for the RWM pro-

posals of Xg is ap(l). That is to say:

: 4(X + Z) WA

1 E e il G -2 | — -

dhee XTI " I (X) aa(l) ( 9 (3.10)
Z~Ng(I2A)

where Y2 = )\(far [Vlogn(X)] and (:) is the Frobenius inner product.
~T
This result is proved as a step in the proof of Theorem 3.1, in Section 3.4.

Corollary 3.1 (Optimal Scaling of [ for fixed A). The optimal scaling over | for a fixed A
s Iy =~ % This is the Iy which solves a(lp) ~ 0.234, as in the original Roberts et al.
[94] result. The limiting diffusion corresponds to G sped up (or slowed down) by a factor
of is 13a(ly)(A : X)/2 ~ 0.66. This acceleration factor is universal; it does not depend on

k, m, or A.

The proof of this result may be found in Section 3.7.

3.2.3 Optimal Shaping I: Variational Characterization via Spectral Gaps

For the rest of this section, we work only with G*. This is equivalent to assuming
that the optimal scaling is always used for a given choice of shaping: [ = I*, and the
universal acceleration factor 4h(w,) ~ 0.66 is ignored. We note that, since X := X! is
Feller (Lemma 3.4) then the spectrum of G* is a subset of the non-positive real line, and

we note that there is an eigenvalue at 0 corresponding to the constant function.

Definition 3.1 (Spectral Gap of an Infinitesimal Generator). If L is the infinitesimal

generator of Markov process with stationary measure 7, then the spectral gap of G is given
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p(L) =sup{p>0 st vf € D(I) (Yars(X) < — B (OO [£ACX))} (311)

p X~m
If p(L) > 0 then we say that L has a spectral gap.

Lemma 3.2 (Co-occurrence of spectral gaps). FEither all of the generators in the set

{G? s.t. A= 0} have a spectral gap or none of them do.

The proof of this result may be found in Section 3.7.

3.2.3.1 Variational Characterization of Optimal Shaping

When G? has a spectral gap for at least one strictly positive definite A, then the ideal
choice of shaping is that which maximizes the spectral gap of G*. This would in turn
optimize the exponential rate of convergence to stationarity of the diffusion process (see,
for example, [7]). Thus, we add the following assumption when needed, in order to ensure
that the optimization over A can be meaningfully reduced to the optimization of the spectral

gap of GA.
Assumption 3.2. G has a spectral gap.

In light of Lemma 3.2 this is equivalent to assuming that G has a spectral gap for at

least one A > 0, and that G has a spectral gap for all A > 0.

Theorem 3.3 (Variational Characterization of Optimal Shaping). Under Assumptions 3.1

and 3.2 the optimal shaping matriz is given by

E [VFA(X) A V(X))

A* € arg max inf Xom
A0 rep) (E [Viegm(X)" A Viogm(X)]
Var[f(X)]=1 77T
, (3.12)
E [VF(X) AVf(X)]
= arg max inf =

A0 FeD(@) (A:3) )ygff(X)
Var [(X)]0 ™

2Recall that A > 0 means that A ranges over symmetric strictly positive definite matrices.
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Remark 3.1 (The spectral gap assumption is satisfiable). The curvature-dimension con-
dition of Bakry et al. [7] provides one way to verify assumption (A2). A simple example is

that if log w is strongly concave, then the condition is satisfied with

1
— = essinf A (=V?log7(z)) > 0
PA TERk

for all A (where Ay is the function which returns the minimal eigenvalue of a matriz. In

this case, p%\ is the strong convexity parameter). N

3.2.4 Optimal Shaping II: Optimal Spectral Gaps in Special Cases

As mentioned before, the optimal shaping problem turns out to be a much more difficult
than the optimal scaling was. We solve this problem exactly, first when the target is a mul-
tivariate normal distribution, and second when the target density is a rotated independent
product of a scale family.

For more general target distributions, the problem of optimizing the spectral gap is not
so easily approachable as it is not known in general how to directly compute the spectral
gap of the generator for a Langevin diffusion process (or even to determine sharp conditions
for when there is a spectral gap at all) or how the spectrum transforms under a change
in anisotropy. Instead, we optimize a surrogate measure of the process’ speed: the rate of
decay of autocorrelations of functions of X near lag-0. As will be discussed in the next
section, this is a continuous time analogue of a common heuristic for the short term mixing
properties of MCMC algorithms in discrete time, as well as a relaxation of the variational
formula for the spectral gap problem which we would strive to solve if we could. This
surrogate will also give novel ‘speed limits’ on the convergence of RWM-—upper bounds on
the spectral gap of the generator which limit the convergence rate in terms of properties of

.

Theorem 3.4 (Optimal Shaping when m = N(u,T")). When 7 is the density of a N(u,T")

distribution, then X := )\(/ar(Vlog (X)) =T~ and the spectral gap of G" is mazimized by
~T

taking the shaping matriz to be (proportional to) the covariance of the target distribution;

A =X =T. The convergence to stationarity is %(EE)) times faster when using the optimal
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shaping as opposed to spherical shaping, where A\1(X) is the minimal eigenvalue of X.

Proof. Let o(A) denote the spectrum of the operator A.

Without loss of generality, 4 = 0. In this case, Vlogn(z) = —T' "'z, so

©=FE TIXXThH=1r". (3.13)
Now, we note that:
(G 11() = 1o (A2 V() + (2T AV (2)
. (3.14)

SR

From Metafune et al. [75] we know that
o(Gh) = { Z sng s.t. ng € NU{0} Vs € U(B)} , (3.15)
s€o(B)

where B = _f:ZEA. Therefore the spectral gap of G is exactly the smallest eigenvalue of

% Now, letting A = YA, and letting {)\i(A)}le be the (non-decreasing) eigenvalues of

A we can solve:

arg max Ai(4)

I 725?:1 (A (3.16)

This function is bounded above by 1/k since a1 < a; for all 1 < ¢ < k and the function
is equal to 1/k if and only if A = ~I for some v # 0. Hence the optimal spectral gap is

achieved at XA = I. Therefore A* =X~ =T.

We also find that the spectral gap of G is 1. On the other hand, the spectral gap of

. kA(E A (X
¢'is S = 35

is ;‘1 ((EE)) times faster when using the optimal shaping as opposed to spherical shaping. [

, where () is the average eigenvalue of X. Therefore, the convergence

Theorem 3.5 (Optimal Shaping when 7 is a rotated independent product of a scale fam-
ily). Suppose that 71 is a probability density on R, with D[logm] Lipschitz, and the one-

dimensional generator

Gif = (D*[f] + Dllog m]DIf)) (3.17)
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satisfies assumption (A2) with spectral gap p = \*.

Let ¢; > 0 for each 1 < i < k and let Q be a unitary transformation, so Q' = Q1.

Let w(x) = [TF eimi(ciehQx), so that X ~ 7 if and only if c;e,QX WMo for1<i<k.
(Where e; are the standard basis vectors).

Then

%= Yar (Viogn(X)) = 0@ diag(c?)Q (3.18)

where 02 = E  [Dlogm (X1)?] and the spectral gap of G? is mazimized (among those A

1~

Tr(X)

of the form Q' BQ with B diagonal) by A = X~1. The convergence to stationarity is S

times faster when using the optimal shaping as opposed to spherical shaping, where A\ (X)

is the minimal eigenvalue of 3.

Proof. We first compute

k
Vilegn(z) = Z c;iQ'ei[Dlogm|(cieiQ) (3.19)
i=1
and
XE V log (z)V log w(x)’
kE kK
= Z Z cich’eie;QXIgﬂ[D log 1] (cie;QX)[Dlog mi](c;e;QX)
i=1j=1
kE k
= Z Z cicjQ'eie;Q E_ [Dlogm](Y;)[Dlogm](Y;) (3.20)
i=1j=1 YorPk
kok ‘
= Z Z cich'eie;Qéf o2
i=1j=1
= 0*Q/ diag(c})Q

Thus ¥ = 2@’ diag(c?)Q.

Suppose that Q = I. Consider the generator G; as in the theorem statement. Gy
generates a Feller semigroup with stationary measure 71, and so there is a complete basis (for
Lo(R, 1)) of eigenfunctions for H (see section 4.7 of Pavliotis [88]). Let these eigenfunctions
be {da},enugoy and the corresponding eigenvalues be {Aa},enugoy-

Under the assumption that a spectral gap exists for G7 with tight constant A*, we may

assume that A\g =0, Ay = A* and A\, > \* for o > 2.
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Then S = {Hle ¢a; ©Cist. oy €N Vi} is a complete basis for Lo(R*, 1), where C; :
x — ¢;z;. Moreover, S contains only eigenvectors for GP:
k
G* [H Po, © ci]
i=1

D2¢a o Ci + (Dlogm)(D Hd)a]
J#i

(3.21)

- Al-{:z 2_ ey

L k
A:X zz: g

Therefore, o(G1) = {kw doo o e NU{0F VI <i< k} Hence the spectral gap
for GM is the minimal elge;\;alue of \* ’j\’% The optimal spectral gap is thus achieved, as
in Theorem 3.4, by A = XL

For general @, unitary, let Mgf = f o Q. Then G has the same spectrum as GA =

Mé 1GA]\IQ since these are similar operators.

(C8A@) = 5+ (QVF(@)Q + Vg n(Q2) V f(2)'Q)

k
= ﬂ : (Q'VQf(fC)Q +Q'Y e[Dlog Wl](cm‘)ez‘vf(ﬂf)’Q> (3.22)

=1

/ k
— kQAQ . (sz(ﬂf) + ZCZ[D logﬂl}(cixi)eivf(sv)/)

=1

This generator is of the same form as GPA?" when Q = I, except with ¥ replaced by QX@Q'.
Thus the spectrum of this operator is optimized when QAQ’ = (QXQ’)~!, which occurs

exactly when A = 71, O

3.2.5 Optimal Shaping III: Decay of Autocorrelations and Speed Limits

In this section we first describe how the generator G» is related to the slope of the
autocorrelation of functions of X. Then we consider a relaxation of the spectral gap problem

to searching for smaller subspaces of D(G*).

Lemma 3.3 (Relationship between autocorrelation and generators). For any f € D(G?)
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which is not is not almost everywhere constant. Let Y (t) = f(X(t)). Then

& CovY(0), Y O], ge = E_[£(X) [E*)(X) |
(3.23
, kA
— - E | VSO0 Ty V)
and [ N }
d B 70 M)
o Corr(Y (0), Y(t))|t:0+ = Var [f(X)]
n (3.24)
__;g[Vﬂ Y REVIX)]
ar[f(X)]
Hence, the spectral gap of G® is given by
M= inf 4 Corr ) n
SR SO L (ORI
L RE VXAVI) (3.25)
a feCQ(Rl’?)ﬂD(GA) Var [f(X)]

X~

Proof. From It6’s lemma, for ¢ > 0:

Y(t) - Y(0) :/t G F(X(t) dt+/0t Vf(X(t))’%VlogTr(X(t))dB(t) .
) 3.26
/ G F(X(8))dt + M,

In this expansion, M; is a {B(¢), X(0) }-martingale starting at 0, and hence is uncorrelated

with Y(0) which is o(X(0))-measurable. Moreover, by Fubini’s theorem,

e[ [ arsoxona] = [ w6 rexoa=o (3.27)
where the last equality follows by integration by parts. Hence, using Fubini’s theorem again:

Cov(Y(0), Y (1)) = E [Y(O) <Y(O) N /t GMF(X(1))dt + Mt)]

(3.28)
— Cov(Y +/ (0)GA F(X (1)) de
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Now, using the fundamental theorem of calculus,

d
= Cov(Y(0), Y (1))

t=0"*

Applying integration by parts, we get:

4 Cov(Y(0),Y(t))

dt =0t AT (3.30)
- & [V vi]
X~m |: A:Y

Finally, the statement regarding correlations follows from the definition of correlation in

terms of covariance. O

Since C2(RF) N D(G*) is dense in D(G™), if assumption (A2) holds, then the spectral
gap of G is exactly the worst-case (negative) lag-0 slope of the autocorrelation of functions
in C2(R*) N D(GM).

Thus, for convenience of solution, one may consider in place of C?(R¥)ND(G*) a smaller
class of functions, F € C%(R*¥) N D(G*) over which to solve
E_[VI(X)$VF(X)]

. X~
max 1min

(3.31)
A0 fEF )Ygfr[f(X)]

The solution to this relaxed problem may be interpreted as optimizing the worst case auto-
correlation (in a neighbourhood of lag-0) among functions from F. When F is itself a
subspace of C2(RF)ND(G™), then the solution may be interpreted as optimizing the spectral
gap of the restricted generator G| s F = G™(F) which is also a linear operator (which
may be bounded or unbounded, depending on the choice of F). Obviously, the solution to
the restricted problem, for some choice of F, is in fact optimizing an upper bound on the
spectral gap of G*, not the actual spectral gap of G*.

Suppose that X ~ 7 has finite second moments, so that (for each v € RF) if the process
v'X(t) is started from the stationary distribution, it admits a stationary autocorrelation
function. A heuristic commonly used to tune MCMC algorithms in discrete time is the

lag-1 autocorrelation of each component (X;), with smaller lag-1 autocorrelation being
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better. The continuous time analogue of minimizing the discrete-time lag-1 autocorrelation
is maximizing the (absolute value of the) slope of the autocorrelation function at lag 0.
Rather than considering only each component projection, Fy = {z — ez :i € {1,...,k}},
we will consider their span, the subspace F = {x —v'r : veRF\ {O}} Solving the
optimization problem in Eq. (3.31) with F will provide a tighter surrogate optimization
problem (since Fy C F, it corresponds to optimizing a better bound on the spectral gap),

and the solution will be covariant to linear transformations of X(t).

Theorem 3.6 (A = Varx..(X) is optimal in terms of lag-0 rate of decay of auto-
correlations of linear functions of X). Suppose that m admits second moments. Let T' =
)Y%fr(X) If X has generator G, then A = T' mazimizes the worst case (over f € F =
{:c — v’z veRFY\ {0}}) rate at which the autocorrelation of f(X) decays in a neigh-
bourhood of lag-0. Thus, in terms of short-run autocorrelations of linear functions of X,

the optimal shaping matrix for RWM proposals is the covariance matriz of the target dis-

tribution.
Proof. From Lemma 3.3, for v € R\ {0} and for ¢t > 0:

1 kA

d v E’U 2 29
o Corr(v'X(0), v'X(0))|,_, = — e (3.32)
Hence, we need to solve:
v KAy
max min 912 (3.33)
A>0 veRF\{0} v'Ty
Substituting w = I''/2v, we can instead solve:
w T Y2EAT 12y A1 (Ffl/QkAFil/Q) .
max min p = max (3.34)
A0 werk\ [0} (A )(w'w) A0 A:Y
where \;(A) returns the ith smallest eigenvalue of A. Equivalently, we can solve:
min (A(DY/2A7ITY2)(A : ) (3.35)

A
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Substituting © = I''Y/2A~1T/2 we can solve instead:

min (A(©)(©71 : (I/25r1/2))) (3.36)
S)

We will solve this optimization problem by lower bounding the objective function. It
will be obvious that ©® = I achieves the lower bound, and so we will have A = I" is optimal.

The lower bound is given by:

(M(©)(©71: (DV2ETY/2))) > A (@)A (O~ Tx(N/251/2)

= Tx(I'/25r/?)

This result shows that the rate of convergence of RWM is fundamentally limited by %
in the sense that, no matter the choice of proposal shaping matrix, the spectral gap of the
generator will be bounded by % When I'"! = ¥ this leads to the same speed limit as is
witnessed by the m = N case. When I'"! and ¥ are very different, this would demonstrate
that RWM will be very inefficient no matter how it is tuned.

This can also be used to say, for example, that the rate of convergence of the limiting

diffusion, when the proposals are spherical (A= I), cannot be faster that k’\Tlr((l;)l). On the

other hand, using proposals of A = I', the convergence rate could plausibly be as fast as

k_
e

Thus, we are somewhat justified to be more optimistic regarding the performance of
the shaping A = I than in that of the shaping A = I, but we cannot not provided any
formal guarantee that the worst case rate of convergence for an arbitrary expected value is
actually faster. The very short run performance, however has actually been optimized (by
construction), justifying the intuition that optimizing the lag-1 autocorrelation is a “greedy”,
suboptimal (but possibly reasonable) approximate solution to the optimal shaping problem.

One may also attempt to address the autocorrelations for non-linear functions. A par-
ticular function of interest is the log-density, log7(X), which is the only example we will

consider here. Corollary 3.2, which follows directly from Lemma 3.3, shows us that for all

choices of A (when the optimal scaling is used) log 7 has the same rate of decay of the
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autocorrelation at lag-0. This may be interpreted as saying that the speed of a RWM algo-
rithm is fundamentally limited by the variance of the log-density, uniformly over all possible
proposal shaping matrices. That is to say, when kil)\(far [log 7(X)] is very large, then RWM

will be inefficient no matter how it is tuned.

Corollary 3.2. If X(t) has generator G* then the rate of change of the autocorrelation of

log7(X(t)) at lag-0 s m uniformly in A.
X~

Proof. This follows directly from Lemma 3.3 applied to log w(X). O

3.2.6 High Dimensional Dependence Asymptotics

We now consider the implications of the speed limits derived above on the performance
decay for targets with high-dimensional dependence. This section is intentionally less mathe-
matically rigorous than the rest of the work, with the intention of motivating future research
in the area of optimal scaling for high-dimensional targets with non-trivial dependence struc-
tures.

We attempt to use the two “speed limits” derived in the previous section to characterize
some regimes in which RWM will perform poorly. Consider a sequence of densities of varying
dimension {7 },cy with 7 a density on R¥. We consider IIj, 4 = e,

Having chosen to scale time by dk rather than by d the acceleration required to get
the weak limit in Theorem 3.1 is comparable across targets with equal total dimension, and
hence the limiting diffusions should be comparable as well (at least in terms of their spectral
gaps and rates of convergence).

If )}@fk logmp(X) ¢ O(k) then RWM performance drops off as & — oo, so depen-
dence structures for which lead to this behaviour are expected to work poorly using RWM
(much worse than for an IID target, with a spectral gap tending to 0), no matter how
they are tuned. In the case of IID targets (where 7, = 7P%) we have )}@7& log mi(X) =
k}}{va;"l logm (X) € ©(k). A similar result will hold for rotations and scalings of IID tar-
gets), showing that properly shaped proposals will yield commensurate performance for

such targets.

The same story holds true if I' : ¥ = )\(/'ar [X] : )\(far [Vlogn] & O(k). Again, in the case
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of IID targets (where m, = 72%, T' = diag(y), ¥ = diag(c)) we have I : ¥ = kyo € O(k).
A similar result will hold for rotations and scalings of IID targets), showing that properly
shaped proposals will yield commensurate performance for such targets.

While these criteria may not be the sharpest possible, the recipe of (i) deriving a diffusion
limit, (ii) deriving upper bounds on the spectral gap using formulas such as Eq. (3.31), and
(iii) considering the asymptotics of the upper bound on the spectral gap as the dependence
structure tends to infinity can be useful in developing our understanding of the behaviour of

MCMC methods for dependent targets (which is an under explored topic in the literature).

3.3 Consequences of Assumption 3.1

Proposition 3.1 (Summary of consequences of Assumption 3.1 on 7). The assumption

that Vlogm is L-Lipschitz continuous implies all of the following:

(a) Vlogr is differentiable (Lebesgue-)almost everywhere, and ||V*logn|| < L where it

exist (by Rademacher’s theorem, see Federer [34]).

(b) The tails of ™ are at least as heavy of those of a Gaussian distribution. In fact it can
be bounded below by a tangent Gaussian curve with variance-covariance matric %I at

each point. (Lemma 2.5). This further implies that Support(r) = R¥.
(c) 7 is uniformly bounded above (Lemma 2.6).
(d) = is Lipschitz (Lemma 2.7).

(e) m has a broadly applicable integration by parts formula (Corollary 2.2): For any f :
R* — R which is locally Lipschitz, with V f(X) and f(x)Vlogn(x) integrable (w.r.t.
m(x)dx) we have

E JX0)Vlogn(X) = - E Vf(X) . (3.38)

Similar formulas also hold for Jacobians of locally Lipschitz functions f : RF — R™,

and for divergences of locally Lipschitz functions f : R¥ — RF.
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(f) The following identities hold (Lemma 2.8):

E [Viegn(X)| =0 and )\(far[v log(X)] = —XE [V2log (X)) . (3.39)
(9) If X ~ 7w then Vlogn(X) is sub-Gaussian with prozy-variance L (Theorem 2.2).

Hence all polynomial moments of Vlogn and V*logw are finite (Remark 2.3).

3.4 Proof of Theorem 3.1

This section utilizes well-established results on infinitessimal generators and Markov
semigroups in order to prove our weak convergence result. For some introductory details
to these topics see Section 4.6.3. Further suggested reading includes Ethier and Kurtz [33]
and Kallenberg [53].

3.4.1 Definitions

We will make consistent use of the results listed in Proposition 3.1 which hold under our
assumptions. Let CA?Z’A be the generator for a pure jump process with homogeneous jump
intensity kd, and jump distribution given by the Random Walk Metropolis transition kernel
with normal increments of mean 0 and variance I2I;® A/(d — 1), where A is symmetric and
strictly positive definite. The generator is explicitly given by

A y(z+ Z ,
G3" f(x) = kd Egn,en) |(f(z+ 2) = f(2)) (1 A dI(Id(Z)))] . (3.40)

Then C;’fi’A is a bounded linear operator on C’(de), so we can take its domain to be the
Banach space C'(RF?). Let GZA be the restriction of G’ZA to functions of the form f(z1.4q) =
f1(z1.r%) which act only on the first 7k components.

Let G be the generator of an anisotropic Langevin diffusion,

GMNf = k2a(l)5 (I @ A] - V2f + (Vlog n®") [T @ A|(V f)) (3.41)

1
2
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where A : B = Tr(A’'B), and where a(l) = 29 (#), and

Y= )\(far [Viegn(X)] = XIE Vlog 7(X)Vlog m(X)'

J = XE [[Viegn(X)'A[Viegn(X)]] =A: X

~T

We take the domain of Gb* to be D(GYY) = C2(R™) N Ly(R™, 7).

3.4.2 A General Convergence Theorem

Our goal is to show that if X; has generator @ld’A and X" has generator G** then the
stochastic process of the first rk components of X, Xfllzr), converges weakly to X" in the
Skorohod topology: X((il:r) = X". The following result, paraphrased and specialized from

Ethier and Kurtz [33], establishes sufficient conditions for this convergence to hold.
Proposition 3.2 (Convergence Theorem from Ethier and Kurtz [33]). Suppose that:

(i) Xq is a Markov process in Eq with cadlag sample paths and with single-valued full

generator Gq, and XEIM) = pa(Xq) where pg : Eq — E is measurable.

(ii) G is single-valued and its closure generates a Feller semigroup on E corresponding to

the Markov process X" .

(7ii) The initial distribution of Xgl”) converges weakly to the initial distribution of X" ;

X(0) ~ X7 (0) (3.43)

(iv) D(G) contains an algebra which strongly separates points,

(v) For each f € D(G), and each T > 0, there is a sequence of functions fq € D(é’d), and

a sequence of sets Fq C Eq such that supy || f4|| < oo, and:

lim P(Xge Fy VO<t<T)=1 (3.44)
d—00
lim sup |f(pa(xa)) — fa(xa)| =0 (3.45)

d—oo xg€Fy,
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lim sup
d—oo xg€Fy

(G1(pa(xa)) = [Cafal (xa)] = 0 (3.46)

Then Xglm) converges weakly in the Skorohod topology to X" : XEIM) = X"..

Proof. This is a restatement of Ethier and Kurtz [33] Chapter 4, corollary 8.7. where we
have simplified and specialised some of the stated assumptions. In particular, we use that
(cadlag = progressive), and we assume that all generators involved are single valued, and
that X" is Feller which implies its generator must generate a strongly continuous contraction

semigroup. [

Remark 3.2. Because X" is assumed to be a Feller process, it has a cadlag modification.

Thus without loss of generality, X" may be assumed to be cadlag. <

Thus, taking £ = R™, and E; = R*, and pg(21..d) = Z1.0%, and Gy = é’il’A and
G = G"M as defined above, we need only verify the five premises of Proposition 3.2 in order
to establish Theorem 3.1. The first four are relatively straight forward, while the fifth will

be much more involved.

Lemma 3.4 (Verifying Premises (i)-(iv) of Proposition 3.2). Under the definitions above,
and the assumption that Vlogm is L-Lipschitz we have that premises (i)-(iv) of Proposi-
tion 3.2 hold.

Proof. (i) Since C?ld’A is a bounded linear operator it must be single valued, and since the
domain is the Banach space C’(Rrkd) it must be its own closure. Since it generates
a pure jump Markov process (with homogeneous intensity and the RWM transition

function), the sample paths of X; must be cadlag.

(ii) Since Vlog is assumed to be Lischitz, then by Ethier and Kurtz [33] [chapter 8,

theorem 2.5], the closure of

{(1.G¥f) 1 e C2(®™)} (3.47)

is single valued and generates a Feller semigroup on C (R7%).
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(iii) This is trivially satisfied because of the assumption that X(0) ~ 7 and X4(0) ~ II; =

7T®d.

(iv) In our case, C(R™) D D(GLA) D CX(R™). We verify that the algebra C°(R™%)
strongly separates points. Fix z € RF and § > 0. Consider the location-scale bump

function:

Jas(y) = exp (_1) Ljy—al<s - (3.48)

2
Yy—x
1 - lual

This function is in C2°(R™), and for ||z — y|| > & we have

|f(y) — f(x)] > 1/e. (3.49)

O]

Therefore, to prove Theorem 3.1 we need only verify premise (v) of Proposition 3.2.

This is done in the next subsection.

3.4.3 Verifying Premise (v) of Proposition 3.2

This premise is more complicated to verify. We first construct the sequence of “large
sets”, {Fa} ey and verify Eq. (3.44). Then, we verify “uniform convergence of generator

evaluations on large sets”, Eq. (3.46) for f € C2° which we have taken to be the domain of
G using fq = f o pa.

The structure of this section closely follows that of the weak convergence proof in Neal
and Roberts [81]. In addition to proving a scaling limit for RWM in the multivariate setting,
we make two additional notable changes to the structure of the proof relative to [81]. First,
we control the size of HVlog 7T®”(a:(1””))H on our “large set” by including Fj4, which we
need for our proof. It also seems necessary and missing from their proof, since they need to

control a term of the form

lim sup
d—oo z€Fy

dV log ﬂ.®r(x(1:r))/ (Z(I?\) {Z(I:T) (h(x(lzr) + Z(l:r)) _ h(x(lzr)))} —[1, ®A]Vh(x(1”"))
3

|
0)

=0
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while they appear to only show the equivalent of

lim sup
d—oo x€Fy

ki B {Z(“‘) (h(a:“"“) + Z0my - h(:v(l”"))ﬂ — K2AVA(z)|, =0 (3.51)
Z i

which is not sufficient , since V log 7w may be unbounded and EZ(l:r)h(m(l:T) + Z(l”")) is not
compactly supported even if h is. Secondly, [81] implicitly assumes that the 3rd order partial
derivatives of 7 exist and are uniformly bounded. This is needed in their proof to control
the 3rd order remainder of a 2nd order Taylor expansion. We circumvent this by including
F; 3 below in our “large set”, allowing us to control the relevant error using the convergence
of an integrated finite difference to the corresponding derivative. The use of dominated
convergence to control the approximation error on this set was inspired by Lalancette [60],
though we have modified the technique to also not require continuous second derivatives.
Thirdly, we correct an apparent error in the proof of [81] from taking a second order Taylor
expansion of x — 1 A exp(z), which is not valid since it’s first derivative is discontinuous.
That the final result was correct regardless of the error is serendipitous, and perhaps reflects

that the authors had insight into what the limit should be before beginning the derivation.

Remark 3.3. Taking fq = f o pa, we have that Eq. (3.45) is trivially satisfied. q

3.4.3.1 Large Sets

Suppose that d > r. The behaviour on the initial segment is irrelevant for the limit.

Let

Fy=FiNFigNFaNF34NFig (3.52)

where:

{x € R¥ : Vlog is differentiable at 3:} ,

z e RM - ’R (1) _J‘ <d-V8 4 J(Eir—ll))}’

. _ J(r—1)
kd (r+1:d)y 1/8
reR Sq(x ) J’<d +(d1)}’

—
w
ot
=

N

{x € RM : Uy(2 1)) < 6(d) + LI2K, logd} :

€ RM ;| Viogn®r(20)| < 2v/krLlogd}
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and

1 d

S (ton( 22D 709 tog(at) 70 Phongte) 7))
=r+1

Ky = /2 A% + Tx(A)2

ZNNd(ﬂA)

1
X ZNN(O,L) HZH4

(X +Z)
m(X)

2log m(X) _|?
v og27r( )Z‘

log

—Vlogn(X)Z - Z'
(3.54)
Lemma 3.5. Under assumption (A1) lim, ,. 6(d) =0

Proof. For w# 0, z =w/v/d — 1, and = € Fp, using the fundamental theorem of calculus:

1 m(x+2) ,V2log () >
log —2Vliogn(x) — 2 ————=2
T ( @) T

HwH (\ﬁ/ (V log T (a: + V%) - v1og7r(g;)) w dh — w'ngﬂ(x)w>

1 Viogn (z+ *-) —Vlo 2
_ 1 / g (fE \/ﬂ) gﬂm)wdh—w'v logﬂ(x)w ‘
||wl| 0 1/v/d—1 2

As d — oo the integrand converges pointwise to

w'V? log 7(x)wh (3.56)

from the differentiability of Vlogm at x. Also, from the Lipschitz property of Vlogm, the

integrand is bounded by Lh ||w||* for all d > 2 and all h € [0,1]. In fact, we have the
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following bound which will also be useful later:

0 1/Vd—1 2
hw
| et i) ~Vowrta) | SPloante),

! 2 L 2
< [ LlwlPh dh+ 5 ]

2
= L|w]

Therefore, by the bounded convergence theorem, for w # 0 and z € Fy

1 Viogm <x+ \/ij) — Vlogm(x)

lim wdh
d—00 /0 1/v/d—1
1 (3.58
_ / 'V log 7(x)wh dh 3.58)
0
2]
_ w,V Ogﬂ'(l’)w'
2
Therefore, for x € Fy, and w # 0,
1 m(x + 2=) ! 2]
lim 5 -1’0 Vlogn(z) — w 'Vilesm(z) w =0
d—oo ||Jw|| () Vd—1 d—1 2 d—1

(3.59)
Now, using the bound in Eq. (3.57) again to upper bound the integrand by L?, by the

dominated convergence theorem, we have (with W ~ N(0,12A)):

2

p gd=1)? @+ 7r7)  WVlgr(e) W 'Vlogm(z) W 0
dwoo W m(x) Vd—1 Vd—1 2 d-1 ‘

(3.60)
As a function of z, this is uniformly bounded by L? on F, so applying the dominated

convergence theorem a third time, since Fj has measure 1 under 7 (since 7 is absolutely
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continuous with respect to the Lebesgue measure) we have:

(X +27)
m(X)

1 2logm(X) |?
e(d) :l2KA E /VOg2'7T()Z

E 4
Xovm ZNN(07%> 1Z]|

log —Z'Vlogn(X)—-Z

— 0
(3.61)
O

Lemma 3.6. If X  is the pure jump process with generator Gl’A, and if X4(0) ~ I1g, then
forany T >0

P(X4(t) e Fy YO<t<T)—1 (3.62)

Proof. Since the number of possible jumps times of the process X in the interval [0, T, Np,

is distributed as N7 ~ Poisson(T'kd), we have

P(not (Xg(t) € Fy Y0 <t<T))

=FE {E [13te[0,T]: Xd(t)ng‘NTH

= (3.63)
Ni#N,—
=E {(NT +) P (Xag Fd)]
= (Thd+1) B (X4 ¢ Fi)
Thus it is sufficient to show that XdIE’Hd(Xd ¢ Fy) € o(1/d). Applying subadditivity:
(T’—‘rl:d) —1/8 J(T’ — 1))
< —Jl>d A=)
Fo e g )< B (R0 < g > a4 T
. _ J(r—1)
(r+1:d)y d 1/8
B (‘Sd(X )= J| > + D )
oo d (3.64)
P X+ S 0(d) + LKy | —2
by (Ud( ) > 0(d) + M

+ P (HVIogﬂ@”(X(l""))H>2\/Lkrlogd),

X~y

so it is sufficient to show that each of these four terms is individually o(1/d).
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It is obvious that Ex, i1, Ra(X, C(lHl:d)) =J g:’l'. From distributional integration by parts

(Theorem 2.1) we also have Ex.pr,Sq(X"+1d)) = J&=.
For the first term, since Vlogn(Y') is subgaussian for Y ~ 7 (see Theorem 2.2), and
hence has all of its polynomial moments, applying Markov’s inequality gives:

(‘Rd(X(rJrl:d)) B J‘ S d-Us J(E;“_f)))

4
>d1/2
(3.65)

P
X~ Tl

<., (
X~Ilg

e o2 (A(Y)4)+3(d—2)y]E (A(Y)2)2
:d ~TT ~ T

Rd(X(T+1:d))7EXd~HdRd(X§T+1:d))

@13

Sm”/\”ﬁ\/h

for M, < oo sufficiently large, where A(Y) = (Vlogn(Y)'A(Viogn(Y)) — J.

For the second term, again since V log 7(Y") has all of its polynomial moments for Y ~ m:

and(|Sd(X(T+1:d))7J|>d_1/8+ J(E;‘:ll)))

< E (‘Sd(X(r+1:d))_EXNHde(X(r+1;d))‘4>d1/2
Frtla , (3.66)

(d-1)3

< Sl My

for My < oo sufficiently large, where B(Y) = A : (VZlog7(Y)) — J.
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For the third term (letting W ~ N (0,[2A) ):

Ud(.%'(r+1:d))

d
) o2 i _
Z (mgM Vlogw(x(l))Z(z)_Z(Z)/%ﬂ'(xmz(z))

Z-Na(2A) [, 57

IN

Z ‘( ”(“( ()) ) —Vlog m(z®)/ Z() — Z(>/7v21°g”(““<))z(z>)‘
z r+1

zizEW

1=r+1

Zde(l A)

1 Viegn (2 AW ) —Vlogn(z() ‘
og ( + = og m(x\*)) S 92 log n(2) w
1/va- 2

Wdh—w Y legn(@®) m;““” W

IN

1 . i
(EwlIWI*)® zd: p mogw(x( >+¢hdwj)_mogw<x( )
d—1 w W[+ 1/vd-1

i=r+1
(3.67)

Using Isserlis’ theorem (Isserlis [46], equation (39)* therein)

k
E Wit= E
W~N(0,I2A) W W~N(0,12A) (ZZ )

! (3.68)

kK k
=33 1Ay +20F) =11 (2 1A% + Tr(A)Z)
i=1j=1

Thus:

Ud(x(r+1:d)) < Vd(x(r+1:d))

(i) 4 _hW

2K, zd: . 1 {/1 Vlogw( F) — Viogm(z®)
d—1) W

V2 log(2™)
Wdh — W —————W
1/vd - 2 }

—~

i=r+1

and so:

Ex~m,Va(X) = 0(d) < 0(d) (3.69)

Moreover, from Eq. (3.57), for x € Fy:

1 [/1 Vlogn (at(i) + \Z}%) — Vlog w(x(i))Wdh o V2log 7T(£L'(i))W}
I 1/vd—1 2

=
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Thus, by Hoeffding’s Inequality (Boucheron et al. [15], theorem 2.8 therein):

(r+1:d) 2 logd
P (Ud(Xd ) > 0(d) + LK 5 )

—~
o
-J
[u—

~—

= Xy~ d

1
S 2

s 1
P (Vd(Xfl Ty S 0(d) + 12K, Ogd)

For the fourth (and last) term, since, Vlog m(X) is subgaussian with proxy variance L

for X ~ 7 (see Theorem 2.2), then

X]E [exp(s ||[V1ogm(X)|)] < XIE [exp(S\/Emaxmj log (X)])]
~T ~T j<k

:XE [max exp(svk |9; log m(X)])]
~T <k

Zexp sfa logm(X)) —I—GXP(—S\/Eaj log m(X))]

]<k

< 2k exp(s*kL/2),

(3.72)
SO
P (|[Viogn(X)|| >t) <infe ™ E [exp(s||VIog7(X)]|)]
X~m s>0 X~m
< 2k inf e~ stHs*kL/2 (3.73)
s>0
t2
= 2ke” 2kL.

Now, for (HV log 7" (Xél""))

j €{1,...,r}, must have (HVlogW(Xu(lj))H > %/W). Thus,

’ > 2v/rkLlog d) to occur, at least one block, indexed by

(||v108 7 (X | > 2/rkLIogd) < 2kr (3.74)
XdNHd
Thus:

1-P(Xy(t) € Fy YO<t<T)<(Tkd+1) P (Xg&Fy) —0 (3.75)

Xg~Ily
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3.4.3.2 Uniform Convergence of Generator Evaluations on Large Sets

For each h € C(R¥) let hy = h o pg. For the remainder of this section, Z ~
N (0, %Id ® A) unless stated otherwise, and Z() ~ Ny (ZQA) is the first k component
block of Z.

We introduce an intermediate object, C:‘fi’A on {hopg:he CX}, which resembles, but

is not, a generator for a diffusion process. Take G’il’A given by:

Gi g ()

2 . <
_ %Ez[l /\eBd(Iyz(’I”Fl»d))] [Ir ®A] : V2h(1‘(1:T)) (3.76)

+ kI2EZ[1 A eC4®2). Cy(x, Z) < 0] (Viog n®" (YY1, @ A)(Vh(z1")))

where
m(z+ z)

e(x, z) = log @)

d
Ba(z, 20H50) = 37 e(ald 50
E(x, 20 = Z (29, 20y
Cylz, z) = E(x, 20 + By(a, 21D

We will show that for any h € C°(R") we have both:

lim sup ‘Gld’Ahd(x) - GZ’Ahd(x)‘ =0 (3.78)

d—00 JEEFd

which is verified in Lemma 3.7, and

lim sup |G5 hg(z) — Gl’Ah(x)’ ~0 (3.79)

d—ooxzeFy

which is verified through Lemma 3.8.
Then, since GEAh(z1)) = [GEAR] o pg(z), we will have verified Eq. (3.46).
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Lemma 3.7 (G’Z’A is close to CA}ZA).

lim sup
d—oo xE€Fy

G ha(@) = Gt haw)| =0 (3.80)

Proof. We will make use of the following shorthands in the proof: By = By(x, Zr+t1d),
c = g(z(lir)@), E = S(Z(l"“),a:), cg=¢+ By, and Cy = &€ + By.

Recall that:

d ) 4 70
Al o (1:r) (1:r)y (1:7) ﬂ-(x + )
G5 hg(x) = kd E [(h(x + 700y — (g )) E (1 A 1;[1 ) .

Zn Z/(r+1:d)
(3.81)
Let
’7(27, z) = E (1 A eS(w,z)-}-Bd(w’Z(H»l:d)))
Z(r+1:d) (3.82>
= E (1Lne“).
Z(r+1:d)

We can compute the first derivative of v by differentiating under the integral, since the
integrand in question is weakly differentiable. We cannot compute the second derivative in
the same way, since the integrand is not twice differentiable. In contrast to [81], we will
avoid needing to take a second derivative of «y in the proof, which will allow us to circumvent

this issue. The first derivative is given by:

V.y(, Z(I:r))

= Vlog 7r®r<x(1:r) + Z(l:r)) E (eg(x,z(llf‘))JrBd(1-7Z(7’+1:d));g(x’z(l;fr)) 4 Bd(x, Z(TJrl:d)) < 0)

Z/(r+1:d)

= Vg n® () 4 211y B (ef;¢4 < 0) .

Z(T‘+1:d)

(3.83)
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Now, since h € C°(R"¥), there is a [0, 1]-valued random variable H with:

Gh g ()

. -~ 2h (1:7) . Z(l:r) ®2 3h (1:7) Hz(lz'r) . Z(l:'r) ®3 )
:de(I?)[(Vh(sc(l"“))’Z(l”)_Fv (z )2[ ] +V () 4 d ) ] >w(m,Z(”))}

Z(1:r)

VQh x(l:r) ” "
PR CA0 I [1207]9% (, 207)]

= deh(z(lzr))/ E {Z(lzr)/fy(z,z(lzr))]

k :
+ 2 Z(1:7r)

3 (1:7) (1:r)y . (1:7)1®3
ZL:r

(3.84)
First, using Stein’s lemma,

k;th(x(l:T))/ E [Z(I:T)/’Y(x’Z(I:T))}
Z(Lir)
d

— 172 (1:r)y/ (1:r)
W2 VA B (Vv (2, 207)]

d
_ 2 % (1:r)y/ ®r(,.(1:r) (1:r) cy.
= ki T 1Vh(:v ) Azg%) {V log " (x4 + 2 )Z<71E1:d> (e Oy < 0)}

Thus,

sup
zeFy

kdVh(z() B (207200, 2)] - K2VR(@D) AV log 7 (207))Ey |74 Cy < OH

Z(l:'r)
= sup L%l Vh(x(lzr))/A F |:(v log 7T®r<x(1:T) + Z(l:r)) — Vlog 7r®r(x(1:r))) E (eCd, Cy < 0):| ’
zEF, d—1 Z(1:r) Z(r+1:d) ’
+ Ll ‘Vh(a:(lzr))’A E {V log 7®" (z))  E (ecd' Cy < 0)} ’
d—1 ACD ’

Z(r+1:d)

kl2 r r T r
< sup - [Va@ )| [Al (@L E (|27 + [ Viogn® @ ))
z€Fy VASHY)

k2
< sup 71 VAN 1Al (dLA/712Tr(A)/(d — 1) 4+ 2\/krLlogd)
zeF; & —

€ 0(d~1?)

where, in the last inequality we used the bound on ||V log 7®" (z(:)|| for = € Fy 4.
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Second, for W ~ N(0, 121, ® A)

v2h(x(1:r)) ' k:lZ

(1:r)1®2 (1:r) _ he By .2 (1:7)
sup hd~— - E (2082200 )] 5 Bz[1A P I © A V2h(()
V2h(z1m) . .
< : (1:7)1®2 < 1) By )]
_;gf% kd 5 Z(HET) [[Z 19 (v(Z2Y7 ) x) Zul_[*;l:d)[l/\e ]
k,th(I(l:T)) B,
+ WEZU Ne ]
27 (o (1:7)
< sup k) :Ey {[Z(l””)]@?( E [1Ae5+Bd—1AeBd]> ’
IGFd 2 Z(r+1~zi)
kY2l o Al Bz, 201D
s Eline ]
V2] @) |2 ¢ (1) EIV2A] pll o 1AL
< x r r o
< sup kit L=y [HZ e(z x)” + TCESY
2
< sup deH HHOOE |:HZ 1:1) (HVIOg']T (1:7‘)) ‘ Hz(lzr) + HZ(l;r) 2L/2>:|
zeFy 2
EIV2R]| el o Al
2(d— 1)
HIv2h]l] dy/logd
< k =S Wi° 2 L+ —|W| L/2
sup 5 1) W > 2vk = )2 Iw* L/
EIV2R]| o 1Al
2(d— 1)
O(y/log(d)/d)
(3.85)
Third, for W ~ N(0, %I, ® A),
3 (1:r) (1:r)y (1:r)1®3
sup |kd B [v Rz 4+ Z(0)Y ; [Z(0)] 7(Z(m)’x)H
zEFy Z(1:r) 6
< sup deHV‘”’hHH |z
zeFy o0 Z“ ™ (3.86)
3 3
< sup e 92| & i)
€ O(d™1?)
Thus:
sup Gaha —Gdhd( € O(y/log(d)/d) (3.87)
xELlg
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Lemma 3.8 (GZ’A is close to Gb1).

I 20(—1VI/2)— E [1AeBa@zD) ‘_0 3.8¢
Jm sup po(-1VI/2)- E [1ne ) (3.88)
and:
lim sup |®(—IVI/2)— E [ecd(x’z);Cd(:E,Z) <0H =0 (3.89)
d—oco z€F, Z(r+1:d)
and hence:
lim sup G’ii’Ahd(x) - Gl’Ah(m(1:T+1))‘ =0 (3.90)
d—oo x€Fy
Proof. Let
Ag(z, 21Dy = ;1 [V log m(z®) 2 — mVIOgW(x(’))/AV logw(x(l))] (3.91)
and let
@y LT o | | o
Wa(x'H9) = B Z [zm [V2logﬂ(z(l))}Z(l)—&—(dl_l)(Vlogw(m(’)))’A(Vlogw(az(l)))} (3.92)
i=r+1
Thus, since y — 1 A e¥ is 1-Lipschitz,
sup o [ eAd(x7z(r+l:d)):| B [1 A eBd(:v,Z(”'M))] ‘
wEF, | Z(r+1d) Z(r+1:d)
< sup E|Wy(z)| + Uy(x) (3.93)
zeFy

log d
< 0(d) + | 2LI2Ky—2% 4 sup B [Wy(x)| -
d zeFy

where Uy was defined in the Section 3.4.3.1.

Let ¢q = 0(d) + /2LI2K,\ '8¢ + sup,c o, E [Wy(z)|. By Lemmas 3.5 and 3.9, ¢g — 0.

For the second result, let
C]d(-T, Z) _ (eAd(CE,Z(T+1:d));Ad(x7 Z(r+1:d)) < 0) _ (eCd(z,Z); Cd(iU, Z) < 0) (394)

and let 04 = 81 g+ 02 4 where §1 g = \/¢g and 93 g = (d — 1)~Y4, For simplicity in the rest of

the proof, we abbreviate gq(x, Z),q1,4(z, Z), q2,4(x, Z), and A4(z, Z(T“‘d))7 as qd, q1,d, 92,d,
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and A, respectively.

Ez |qal < 0aP(|qa| < 8a) + P(|qa| > a) (3.95)

The first term is O(dg), uniformly in z, so its lim,_,,, sup,cp, is 0.

The second term can be bounded as:

Pz(lqa| > da) =Pz(|qa| > da; Ad(z,Z) < 0; Cq <0)
+Pz(lqal > da; Ag > 0; Cq <0)
+Pz(lqal > da; Ag <0; Cq > 0)
<Py(|Ag — Cy| > 045 Ag < 0; Cyq <0)
+Pz(Ag>0; Cy<0)+Pz(A4;<0; Cy>0)

< Pz(|Ad — Cd‘ > 5d§ Ad < O; Cd < 0)

+Pz(|Ag — Cy| > da; Aq > 0; Cq <0) +P(|Ag — Cy| > 645 Ag <0; Cyq > 0)

+Pz(|Ag — Cq| < bg; Ag>0; Cqg<0)+Py(JAg— Cyl < dg; Ag <0; Cy>0)

<Pz(|Aqg — Cq| > 04) +Pz(—6q < Ag < dq)

<Pyz(|Ag — Ba| > 01,4) + Pz(|Bqg — C4| > 62.4) + Pz (=04 < Ag < 0q)
(3.96)

First, by Markov’s Inequality, uniformly in x € Fy

1
Pz(|Ag — Ba| > d1,4) < aqﬁd < Vo (3.97)
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Second, for each x € Fj

Pz(|Bd — Cd’ > (527(1/)

=Pz(|€] > d2,4)
=Py < (V log 7T®r(a:(lzr))Z(1:T) + /01(1 - h)Z(l”)/V2 log 7T®r(l’(i) + hZ(”))Z(”) dh)‘ > 52@)
<Py < ‘Vlog@r w(x(l"")) ‘ HZ(”) + % HZ(LT) 2 > 627d>
<Py (|Viegr® @1)|| [ 207)]| > 83.0/2) + P2 (s |zt ‘s 52@/2)
<Py (2V/krLlogd | 207 > 6,4/2) + B2 <§ |2 "> 6z,d/2>
2 _
< o ron (u I?> M) o on VI > (@ = 1)L5z4)
< B (> o) By (W > @- 170)
16krLlogd 1
érTr(A)( 6 ;_olg + (d_1)3/4L)

(3.98)
Third, since Ag ~ N(—I?Rq/2,1?Ry), and since |Rg— J| < d~V/8 + J% on Fy, and

since J > 0, we have:

sup P(—dq < Aq < 64) = sup ®(Iv/Ra/2 + 64/V1Rq) — ®(V1Rq/2 — 6a/\/1Rq)

z€Fy z€ly
< sup b, — (3.99)
> Sup oq 3.9¢
z€F, iRy

<9, 2
=N wi(J — a1 = gL

Thus, lim,_, ., sup,cp, P(—dq < Ag < dq) = 0.

Now, since Ag ~ N(—12R4/2,12R4), by Proposition 3.3:

E[1 A e44] = 20(—1/Ry/2) (3.100)
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Thus, because J > 0, we have:
lim sup |E[1 A e?d] — 2@(—l\/j/2)‘
d—oo x€Fy
= lim sup [20(~1y/Ra/2) - 20(~1V]/2)|
d—oo x€Fy
< lim Sup\/ ’\/ —\F‘
d—oox€Fy
(3.101)
<{/z— lim sup |Ra — J|
o 27T d—oox€ly QW
\/T . (d_l/ S %)
<4/— lim sup
2T 4soo zeFy 2\/J —d-1/8 = J%
=0
Analogously, for the truncated expectation:
lim sup |E[1 Ae?d; Ay < 0] — @(—l\/j/2)‘
d—o0 reFy
= lim sup [®(—IVRy/2) — lf/?)‘ (3.102)
d—o0 zeFy
=0
Finally, since h is smooth with compact support, then both of the functions Hv?h || F
and ||V log 7@ (z)|| || Vh(x)]|| are continuous with compact support, and hence they are both
uniformly bounded over z € R¥. Let M), < oo be a uniform bound on both. Then:
) ~1,A 1A
lim sup ‘Gd ha(z) — G h(:z:)‘
d—o0 l’EFd
< lim sup i 20(~1VI/2) ~ B [1AP] Al [V2h(a)|
T dsoozeFy Z(r+1:d) F F
+ k2 |D(—IVI/2) — JE [eC4;Ca < oH |V log 77 (2)|| ||Al] | VR(a)]|
2
< Bg 2 Cq.
<M, Jim sup S eIV - E [1neB) |+ ki o(-iv2) - B [eiCas< o]‘
=0
(3.103)

O]
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3.5 Additional Lemmas for the Proof of Theorem 3.1

116

Proposition 3.3 (Acceptance Moments (Roberts et al. [94], proposition 2.4)). If W ~

N(p, 0?) then

E[1 A "] =®(u/o) + e“+02/2<19(—0 — /o)

and

E[e"; W < 0] = e“+”2/2<1>(—0 — /o)

Lemma 3.9. Let

1 d
Wd(:v) 5 Z [Z(” [v? logw(w(’))}Z(”—&-(d T (Vlog w(z(M)) A(V logn(z(”))}
i=r+1
1 d

- Z [[V210g7r (@20 204 L (T log m(atD)Y A(Vlogw(:c(z)))}

where 70 %N (0, %)

Then limg_, o sup,:0)c g, E|[Wa(z)| = 0

Proof. Using Isserlis’ theorem (Isserlis [46], equation (39)*):
E [([V2log m(a®)] : [2020)?]

2

2 @y

=E Z %Z&Z) Zé’)
0476 8$a axﬁ

Z 9% log w(z¥) 02 log w(x™)
@B, 8x(of)6x(ﬁi) 8x£f)8:c((5i)
I ) @
= a-1e 3 6 o2 ljg;;@(z ) 22 125;;@( 7 (AashasthayAss+Aashsy)
a,B8,7,

— ] logﬂ(z( ))A + 2 ] logﬂ(z( >) 92 logﬂ'(z( ))A A
(d—1)2 (Zaud() Z B N P Ol A

«, 7ﬂ 77

E|z{z{ 20 z]"]

2 20 7\'1)7/) 20 WI(Z)
= 3 [A \% 10g7T +2 E 9 l(f)((>)a l(g)(( )Aom//\ﬁg
(d—1) 02V o oz
a,B,7,0

where all Greek subscripts range over {1,...,k}.

(3.

Q
(3

104)

.105)



CHAPTER 3. 117

Thus we have:

[E [Wa(x)[]*

<E||Wa()|

2

14 d , _ , (3.108)

= m (Z;H ([A:V2 logﬂ(x(’))}Jr(Vlogﬂ’(x(l)))/A(Vlogﬂ(z(l)))))

1 Y 921 ()
o Z Z 0? ogwx))@ o(g)ﬁ(() )AMA[%
1= T-‘rlaﬁ’y, 8%‘@ 81‘6 8 8
For z(1d) ¢ F; we have:
1 d
— Z ([A:V2 10g7r(x<i))]+(vlogﬂ'(:r:(“))’A(V10g7r(z<i)))) < dil/8 (3.109)
2(d—-1) i=r+1

Since V log 7 is Lipschitz, the second order partials of log 7 are essentially bounded,

2 ) 92 @)
hence Z 0% log w(z'\*)) 0% log w(x'"))

@By, PROPNONROPHO) Aa~yAgs is essentially bounded. Thus:

212 d 82 log m(z) 2 log m(z)
sup 4 2 Z Z g (@) ) (%) ( (@) )AOWABS S O(l/d) (3.1 1())
zERkA =41 . By.0 ozt 8m Oxy’ 0z
Combining these two limits we get that lim,_, . sup,cp, E [Wy(x)| = 0. O

3.6 Proof of Theorem 3.2

To prove convergence of Y4 to XY in the Skorohod topology (of RY with the product

topology) we need the following lemma:

Lemma 3.10. If RN is equipped with the metric

=27 (| — il A D), (3.111)

i>1

which happens to generate the product topology, then

M:{fopj S.t.jGN,fGé(Rj)} (3.112)
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strongly separates points (where p; : RN — R7 is the projection map onto the first j compo-

nents).

Proof of Lemma 3.10. Fix 1 > § > 0 and z € RY, and let ms = [—logy(6)]. Let

9 5 mgs+1 i
i=1 +

Notice that h, 5 € M. Obviously hy s5(z) = 1.

Suppose y € RN such that r(x,y) > J; since

o 27w —wl A1) <27t < 52 (3.114)
i=mgs+2
then
ms+1 )
S 27|z —yil A1) 2 6/2 (3.115)
i=1
and hence hy 5(y) = 0. d

Proof of Theorem 3.2. By the Kolmogorov extension theorem (see for example [114], section
2.4 therein) applied to the sequence X" over r € N, there is a unique (in probability law)
process XY taking values in RN such that the marginal process of the first kr components
has the same distribution as X".

From Lemma 3.10, M (as defined above) strongly separates points. Consider any finite
subset of M, say {hi,...,h,}. Then without loss of generality there exists an m € N with
and a set of functions {f1,..., fn} C C(R™) with h; = f; 0 pp, for all i € {1,...,n}.

If F is a metric space, and f : E — R then define its “lift” onto Dg[0,00) as f : (t —
X (1))~ (t — f(X(t)), so that f : Dg[0,00) — Dg[0,00). If f is continuous in the topology
on E then f must be continuous in the Skorohod topology on Dg[0, 00). This fact is proven
by Jakubowski [49] (theorem 4.3 therein)?.

Now, since all of the finite dimensional processes of Y4 converge weakly in the Skorohod

topology, and since the lift of a continuous function on R*™ to Dgim[0,00) is continuous

3In fact, Jakubowski [49] tells us the stronger result, that the Skorohod topology on Dg(0,00] is the
coarsest topology for which the lifts of all continuous functions are continuous.



CHAPTER 3. 119

then, by the continuous mapping theorem,

(B, ooy h)(Ya) = (B, oy h) (XN (3.116)

By Ethier and Kurtz [33] (corollary 9.2 therein) this is sufficient to ensure that Y4 converges
weakly in the Skorohod topology to XN,

Moreover, since the product topology on RY is generated by a collection of compatible
pseudometrics, Jakubowski [49, Theorem 1.3] tells us that the Skorohod topology on RN
defined using the metric r, only depends on the product topology of RY; it does not depend

on the choice of metric. O

3.7 Proofs of Scaling and Shaping Results

Proof of Corollary 3.1. For fixed A, G"* = I2ap(1)(A : £)G*/2. Thus G** corresponds to
G" accelerated (decelerated) by a factor of I2a, (I)(A : £)/2. Hence, to maximize the speed
of GY over the choice of I we need only maximize h(l) := [2ay (1) = 212® (—l7”22A> over .

This is equivalent to the original optimization from Roberts et al. [94]. Notice that:

h(l) (3.117)

_ 8 (WEIR\' (WA
TX:A 2 2

Taking w = ling we can maximize instead:

h(w) = wW?®(—w) (3.118)

This may be done numerically to get w, ~ 1.1906, h(w,) ~ 0.165717. Then solving for

. Wy, _ ~A2. _ 8h wy) _ ~1.
e 1y = g = S 00 = = =4
Hence GIAD = 4h(w,)GA = (= 0.66)GA 0

Proof of Lemma 3.2. If GM has a spectral gap for at least one strictly positive definite shap-
ing matrix, A, then it has a spectral gap for all strictly positive definite shaping matrices.

This is true because, for f in a core of D(G*) = D(G®), we can use the Dirichlet form
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corresponding to the generator (see, for example, [7]) to write

VXY gV f(X)) (3.119)

implying that

(3.120)




Chapter 4

Statistical Inference with

Stochastic Gradient Methods

4.1 Introduction

Stochastic gradient algorithms were originally proposed as optimization methods by
Robbins and Monro [93], and have become the unequivocal standard for large scale opti-
mization problems in statistics and machine learning. The success of stochastic gradient
methods is due to the fact that improvements in computational complexity from subsam-
pling outweigh the accuracy loss from stochastic approximation for empirical objectives,
and thus stochastic optimization methods scale more favourably with the sample size and
model complexity than their deterministic counterparts. Moreover theoretical results for
stochastic optimization demonstrate that it can match the accuracy of deterministic meth-
ods. In contrast, classical and exact gradient-based MCMC methods cannot directly benefit
from subsampling in the same way as optimization, due to the need to accept/reject us-
ing the full-sample likelihood in the Metropolis-Hastings adjustment. Thus, apparently,
one must either sacrifice the speed gains from subsampling, or lose accuracy relative to
non-stochastic-gradient methods for sampling.

Regardless of the loss in accuracy, the need for faster sampling methods has lead re-

searchers to use approximate, unadjusted MCMC methods, based on discretizations of
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continuous time stochastic processes (e.g., [29, 30, 31, 68]), and their stochastic gradient
counterparts [121]. While these methods may be asymptotically exact when run with de-
creasing step-sizes, this does not directly characterize their finite time behaviour, and the
use of decreasing step-sizes means that time we wait for the next effective sample is ever
increasing. A practical way around this is to accept that some approximation error will
persist, and to work with fixed step-sizes. When working with fixed step-sizes, then, it is
important to understand in what way and to what degree the use of stochastic gradients
affects the samples we generate, and how to tune our stochastic gradient algorithms to
provide accurate uncertainty quantification.

This chapter addresses questions of accuracy, tuning, and robustness of stochastic gra-
dient algorithms with fixed step-sizes for approximate sampling by examining the scaling
limits of stochastic gradient algorithms as the sample size tends to infinity. We show that
the sample paths of stochastic gradient algorithms with fixed step-sizes converge weakly in
the Skorohod topology in probability to the sample paths of an Ornstein—Uhlenbeck process
under relatively mild statistical conditions. We then use the properties of the limiting pro-
cess (e.g., stationary law, mixing time, etc.) to characterize the corresponding properties of
the stochastic gradient algorithm. The scaling limit result we prove provides rigorous justi-
fication for the similar scaling limit proposed heuristically by Mandt et al. [70], and a more
complete theory characterizing such limits by examining a wider range of tuning parameters
and their relative scalings. The present work is further motivated by an empirical finding:
that properly tuned stochastic gradient methods can yield approximate uncertainty quan-
tification that is asymptotically more robust to model misspecification. More specifically,
we show that the tuning parameters of stochastic gradient algorithms can be chosen so that
the stationary distributions of the limiting process matches either the asymptotics of the
posterior, the bagged posterior, or a local asymptotic fiducial distribution for the maximal

likelihood estimator.

4.1.1 Formalism

Let X" = (X;); € A" denote a dataset with observations X; independently and

identically distributed (i.i.d.) from an unknown distribution P. Consider the potential
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U™ (9) := logm®(h) + 7, £(8; X;) where £ typically either represents a log-likelihood,
or a negative loss function; and 7(9) typically represents either a (possibly improper) prior
density that is everywhere positive on ), or log 7(?) (6) is a regularizer. The potential /(™ ()
can be viewed either in a frequentist setting as the complete log-likelihood with regularizer
log 7 (0) or in a Bayesian setting as the log of the joint model density.

In the frequentist case, perhaps the most popular estimator for the (locally) optimal pop-
ulation parameter 6, satisfying E{V/(0,;X1)} = 0, is the M-estimator Q satisfying the
first-order optimality condition Y/ (5(")) = 0. In the Bayesian case, the quantity of inter-
est is (usually) an expectation with respect to the posterior density 7(™(8) o exp{—U(8)}
of a function f : © — R’ which we denote 7(™(f). In either case, when n is large rel-
ative to computational cost of evaluating ¢(0; X;), classical optimization methods (e.g.,
Newton—Raphson) for approximating 6™ and sampling methods for estimating 77(”)( )
(e.g., Metropolis-Hastings methods) become computationally prohibitive.

Stochastic gradient algorithms have been widely adopted for both optimization and
sampling as a means to reducing computational cost of each iteration of an iterative method,
improving scalability. For a stochastic gradient algorithm, to generate a sequence of iterates

n)

.... € O, rather than computing exact gradients of n~ (™) using the full

P

egn) , 9](:)

dataset, at iteration k& a small batch of subsampled data is instead used to compute an

unbiased gradient estimate
(), _ 1 (n) 1 & (n)
A(n R ([)) n n). 1 -
G = ~Vliogn (o8 )+b(n) %iw <9k ,Xll(cn)(j)>, (4.1)

where (I én))keN € ([n]")N are an independent and identically distributed (i.i.d.) sequence
of uniform random samples from {1,...,n} of size b, which are formed either with or
without replacement.’

Most analyses of stochastic gradient optimization procedures focus on the optimality
gap, while analyses of stochastic gradient sampling procedures focus on how well the stan-

dard posterior is approximated. In practice stochastic gradient algorithms appear to be

1“With replacement” means that (I]g"))keN s Unif([n])?) and “without replacement” means that
n iid o : . . )
(I Jrer = Unif({I € [n]" st (i # 72 = 1(71) # 1(2))}).
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successful even when used with tuning parameter combinations (e.g., large step-size and
small batch size) insufficient to result in accurate approximations according to the stan-
dard theory. The lack of an explanatory theory has forced users to rely on heuristic and
problem-specific approaches to setting tuning parameters. The aim of the present work is
to take a step toward filling this gap, allowing users to understand how the choice of tuning
parameters affect the statistical properties of the algorithms. Our approach is motivated
by the hypothesis that, while the variability introduced by subsampling is usually viewed
as detrimental, it is plausible—in light of the success of methods like the bootstrap—that
it could also be beneficial. For example, an immediate consequence of Polyak and Judit-
sky [92] is that averaging the iterates of stochastic gradient descent (SGD), whose one-step

updates are

(n)
n n h N(n q ¢
07, =60 + 5 G, (4.2)

can provide automatic optimal uncertainty quantification in maximum likelihood estima-
tion. More precisely, when hy < k¢ for ¢ € (0,1), the iterate average élg") = %Zi’:l «9,(;)
satisfies

lim lim kCov(0") = 7,17, 7, = lim nCov(6™), (4.3)

n—00 k—00 n—oo

where Z, := E{Vgl(0,; X) ® Vgl(0,; X)} is the first-order Fisher information matrix and
Ty = —E{V§?(0,; X)} is the second-order Fisher information matrix.

We develop conceptually similar results that characterize the large-sample behavior of
iterates of a large class of preconditioned stochastic gradient algorithms with fixed step-size
h,(cn) = h(™ depending on the sample size but not the iteration number. The fixed—step-size
setting proves to be practically relevant because convergence to a near-optimum is rapid
and robust to the precise step-size choice [27, 78]. Moreover, for sampling the fixed step-
size setting leads to better mixing time behaviour as the number of iterations until the
next approximately independent sample will be static, unlike in the decreasing-step-size
regime where the number of iterations until the next approximately independent sample is

increasing without bound.
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4.1.2 Scope of the present work

Our analysis covers both optimization algorithms—including stochastic and determin-
istic gradient descent with and without momentum, SGD with Nesterov acceleration—and
unadjusted Markov chain Monte Carlo (MCMC) algorithms—(preconditioned) over/under-
damped Langevin dynamics with and without stochastic gradients—where the fixed—step-
size setting is the most relevant since the iterates form a time-homogeneous Markov chain
which typically has a well-defined stationary distribution and mixes after a fixed number
of iterations. We characterize the behaviour not just of individual iterates, but also of the
iterates jointly, which enables a unified analysis of stationarity, mixing, and iterate aver-
aging properties of stochastic gradient algorithms. Specifically, we show that, near a local
optimum, the iterates converge (weakly) to sample paths of an Ornstein—Uhlenbeck (OU)
process in probability as the sample size tends to infinity and, jointly, the constant step-
size decreases to 0. Under an additional regularity condition, we also establish that the
global stationary distribution of the limiting OU process exists, implying a Bernstein—Von
Mises-like theorem. Depending on the choice of step-size, preconditioner, batch size, and
method used, the stationary covariance of the limiting OU process can be tuned to equal
the sandwich covariance, the asymptotic posterior covariance J, !, or a linear combination
of the two. For example, consider stochastic gradient Langevin dynamics [SGLD; 121], a

popular stochastic gradient MCMC algorithm that has one-step update given by

b

4.4
/8 ék‘a ( )

n n hkAn
o = o)+ 0

where &, ~ Ng(0, I) is standard Gaussian noise and 5 € (0, 00| is the inverse temperature,
which is usually taken to be n.?2 We show that SGD and SGLD then have mixing times
of order n when tuned to have asymptotic covariance matching the asymptotic posterior
covariance, the asymptotic covariance of the MLE (the sandwich), or a mixture thereof
(as would be obtained from the asymptotics of the bagged posterior [20, 45]). The latter
tunings depart from targeting the posterior distribution, but still leads to plausible—and

potentially better—uncertainty quantification.

2We take 87! to mean 0 when 8 = +o0, in which case we recover SGD from Eq. (4.2).
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Overall, our results (1) demonstrate that stochastic gradient algorithms can provide
computationally efficient, statistically robust asymptotic uncertainty quantification, partic-
ularly in the case of model misspecification, and (2) provide practical guidance to users of
these algorithms for both optimization and sampling. Our theory is supported by a number
of experiments, using both real and simulated data.

The assumptions required by our analysis are substantially weaker than the previous
results that have characterized scaling limits of specific stochastic gradient algorithms. We
allow the batch size used to compute the stochastic gradient to depend on the dataset size
and allow the batches to be sampled with or without replacement. We only require the local
maximizer to converge in probability and we do not assume the model is correctly specified.
At the same time, our results are stronger than previous analyses since we characterize both
the sample paths of the iterates and the complete stationary distribution; not just, e.g., first
and second moments. As such, our results can be viewed a generalization and formalization
of the heuristic arguments of Mandt et al. [70], and open the way for further generalizations
to situations where heuristics provide minimal insight such as infinite-dimensional models
and models where the number of parameters scales with the sample size. Our results also
complement those of Kushner and Yin [59], who provides the basis for the assumptions in
[70], and who do in fact establish weak convergence of stochastic gradient algorithms to OU
process in a large number of settings. Notably, they do not cover the case that the objective
function is itself stochastic (in particular arising as the random likelihood function based
on an IID sample of size n), or the joint scaling of the objective function with the tuning

parameters of the algorithm required to obtain asymptotic statistical results.

4.1.3 Asymptotic distributions and misspecification

In order to interpret our scaling limits in the context of asymptotic uncertainty quantifi-
cation, it is important that we identify the relevant asymptotic distributions for Bayesian
and frequentist inference under misspecification.

The Bernstein-von Mises theorem tells us that the posterior distribution of the param-
eter @ is asymptotically normal, centred at the MLE, with covariance J,!. Similarly, the

(local) maximum likelihood estimator 0™ is itself asymptotically normal, centred at the
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true parameter 6,, with covariance equal to the “sandwich” covariance matrix, j*_lI*j*_l.
If the model is well-specified (i.e., P = @y for some # € O), then J, = Z,, and so
J LTt = J71. However, if the model is misspecified (i.e., P # Qg for any 6 € ©), then
the sandwich may differ from J7,7! [43, 123]. In this case, posterior credible sets are not
asymptotically well-calibrated frequentist confidence sets [58].

The question of how to account for misspecification in the Bayesian setting has been
addressed in a number of ways. The asymptotic normality of the posterior under misspec-
ification was identified by Chen [24] and Bunke and Milhaud [22]. Shalizi [107] presents
sufficient conditions for posterior convergence when the model hypotheses are wrong and
the data have complex dependencies. Kleijn and van der Vaart [58] prove the Bernstein-
Von-Mises theorem under misspecification. Biithlmann and van de Geer [21] investigate the
robustness of asymptotic high-dimensional inference for misspecified linear models.

There are also several modified Bayesian approaches proposed in the literature. Royall
and Tsou [101] show that the posterior based on the adjusted (profile) likelihood function
[111] can be robust asymptotically. Miiller [79] shows that Bayesian inference about the
pseudo-true parameter under squared error has lower frequentist risk asymptotically when
the posterior is substituted by an artificial normal posterior centred at the MLE with sand-
wich covariance matrix. Griinwald and van Ommen [38] study the use of power likelihood to
improve robustness to misspecification and propose a method for choosing the power term.
Bissiri et al. [14] suggest a general framework for Bayesian inference using a loss function
rather than the traditional likelihood function. Recently, Huggins and Miller [45] study the
use of bagging technique on the Bayesian posterior and develop the asymptotic theory. It
is shown that under misspecification, the covariance of the “bagged posterior” is a mixture

of j*_l and the sandwich covariance.

4.1.4 Other Related Work

There is extensive work on the viability of stochastic gradient algorithms for approx-
imate inference. Some examples which are relevant in the context of the present work
include the following. Dieuleveut et al. [27] analyse the optimization properties of constant

step-size stochastic gradient algorithms using tools from the theory of time homogeneous
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Markov chains, and proposes numerical extrapolation methods to improve optimization
performance. Toulis and Airoldi [117] characterizes the asymptotic first and second mo-
ments of the iterates of stochastic gradient algorithms, and the asymptotic normality of
iterate averages, but not the full limiting distribution of the path-process, and show that
these limits are robust to online tuning of algorithm parameters. Brosse et al. [19] study
the asymptotic properties of SGD and SGLD, and find that, with naive tuning parameters,
they do not provide an accurate representation of the posterior, while control-variate based
methods do, which is consistent with our results. Teh et al. [115] study the consistency,
CLT, and asymptotic bias—variance decomposition of SGLD for a sequence of decreasing
step-sizes that converge zero. Vollmer et al. [120] characterize the asymptotic bias of con-
stant step-size SGLD explicitly with its dependence on the step-size and the variance of the
stochastic gradient, as well as bounds on the finite-time bias, variance and mean squared
error (MSE). Mandt et al. [70] study constant learning rate SGD by approximating it with
a continuous-time Ornstein—Uhlenbeck process. The conclusions they draw are similar to
ours, however that the OU process is a good approximation for SGD in the large-sample
scaling limit is taken as an assumption in that work, while we prove that the limit does in
fact hold under reasonable conditions. They compute the stationary distribution for a class
of SGD algorithms, all of which converge to a Gaussian distribution parameterized by the
learning rate, mini-batch size and preconditioning matrix. Tzen et al. [118] study path-wise
behaviour of discrete-time Langevin algorithm for non-convex empirical risk minimization
through metastability. They show that, for a particular local optimum of the empirical
risk, with high probability, either the Langevin trajectory ends up outside the a neighbour-
hood of this local optimum within a short recurrence time, or it enters this neighbourhood
by the recurrence time and stays there until a potentially exponentially long escape time.
This states that the Langevin scheme will eventually visit all local minima, but it will take
an exponentially long time to transit among them. Yu et al. [125] show that the aver-
age of constant learning rate SGD iterates is asymptotically normally distributed around
the expected value of their unique invariant distribution, as long as the non-convex and
non-smooth objective function satisfies a dissipativity property. Liu et al. [66] study the

stationary distribution of discrete-time SGD and its variants in a quadratic loss function
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and obtain the analytic form for the asymptotic covariance matrix of the model parameters.
The asymptotics of their results agree with ours.

Some existing work studies a continuous-time process by assuming it as a model of
an iterative algorithm. For example Li et al. [63] study the stochastic modified equations
framework for analyzing the dynamics of stochastic gradient algorithms, where the latter
is approximated by a class of stochastic differential equations with small noise parame-
ters. Gupta et al. [40] consider recursive stochastic algorithms as approximations of certain
contraction operators and view them within the framework of iterated random operators.
Sirignano and Spiliopoulos [108, 109] study stochastic gradient descent in continuous time,
where the algorithm follows a (noisy) descent direction along a continuous stream of data
and the parameter updates occur in continuous time and satisfy a stochastic differential
equation.

Weak convergence techniques have become very popular in the theoretical MCMC lit-
erature since the seminal paper of Roberts et al. [94]. However, most of analyses have been
performed in the asymptotic regime where the parameter dimension d — co. The “large-
sample regime” where d is fixed and the number of data goes to infinity has been recently
studied in [105, 106] for random-walk Metropolis algorithms. To the best of our knowledge,
our work is the first work for analyzing stochastic gradient algorithms in the “large-sample
regime” using the weak convergence techniques originating from the MCMC optimal scaling
literature.

This chapter does not cover several popular topics in recent literature, which we leave
as future directions. For example, studying properties of stochastic gradient algorithms
for overparameterized models (see e.g. [64, 124, 127]) and for Bayesian deep learning (see

e.g. [1, 47, 76, 122]).

4.1.5 Additional notation

Let My 4 (X) denote the set of probability measures on the observation space X and
suppose that X; (i € N := {1,2,...}) are independent and identically distributed (i.i.d.)

from P € M, (X). Let X = (X;) where n € N is the sample size and [n] :=

i€[n]’

{1,...,n}. Fix a model {Qg: 60 € ©} C M; 4 (X) for P and unless otherwise noted take
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the parameter space © = R?. We will assume that {Qo}pco are absolutely continuous with
respect to a common base measure p on X, and write their densities as gy := dQy/du for
each § € ©, and their log-likelihood functions as ¢(x;60) := loggy(x). For a 0, € O, the

first-order and second-order Fisher information matrices at 6, are (respectively) defined by

I, =Z(6s) = E {Vel(0,; X) R Vel(0; X)}, and
e (4.5)
T =T (0s) = —X@P{vgf@?e(e*;)()}_

Let )
Z(9) = = S [VU; X,)]%2, and
" ich]
~ 1
TONO) = - > [=VE0: X))
i€[n]

denote the empirical first-and second-order Fisher information matrix functions, respec-
tively.

For d € N, denote the d-dimensional Gaussian distribution with mean p € R? and
(positive semi-definite) covariance matrix ¥ € R%*? as Ny(u,%). For vectors a,b € R%
define the outer product a ® b € R¥*9 given by (a ® b);; = a;b; and write a®? := a ® a.
Let V® V = V®2 denote the Hessian operator. For random elements (&;)ren and &, we
write & ~» £ to denote convergence in distribution; that is, & ~» £ if and only if for
every bounded continuous function f, E{f(&)} — E{f(£)} as k — co. We write L(¢) for
the distribution (law) of a random element &, and £(£) for the conditional distribution
of & given another random element v. For a square matrix M, define the symmetrization
operator as Sym (M) := (M + MT")/2. A square matrix M is Hurwitz (also called stable) if
every eigenvalue of M has negative real part. For a function f : A — L with A a set and

(L, |I]l) a normed linear space, define || f|, := supqe4 || f(a)]l-

4.2 Stochastic gradient algorithms and their scaling limits

In this section we develop a comprehensive framework that accurately predicts the large-
sample asymptotics of stochastic gradient algorithms with fixed step sizes for inference and

parameter estimation, including in cases where the model is misspecified. Our goal is to
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make their behaviour as methods for both optimization and sampling as transparent as
possible — eliminating the ambiguity in the effects of hand-tuning the various parameters,
except insofar as the user must determine the goal of the analysis and account for computing-

related constraints.

4.2.1 A stochastic gradient meta-algorithm

We develop our methods and theory in the framework of a stochastic gradient meta-

algorithm, with one-step update

R A

B0 &k (4.6)

o, = o)+ R

where T' € R%*? is the (not necessarily positive semi-definite) gradient preconditioner, A €
R¥*4 is the (positive semi-definite) diffusion anisotropy matrix, & are i.i.d. Ng4(0, 1), and
CA}',(C") implicitly depends on the batch size b(™ (which in turn may vary with the sample size

The meta-algorithm subsumes the SGD and SGLD algorithms discussed above. It also
includes momentum-based methods, which can be seen by lifting the parameter space to a
phase space; the details of this modification for underdamped stochastic Langevin dynamics
are given in Section 4.4.1. This meta-algorithm does not include variants of stochastic
gradient algorithms where the stochastic gradient is not of the form Eq. (4.1), such as the
variance-reduction methods of Baker et al. [6], though we will sketch an extension of our

results to that particular example in Section 4.4.2.

4.2.2 Scaling limit of the stochastic gradient meta-algorithm

For each n € N, let 8™ satisfy the first-order optimality condition 37, VA(#™); X;) = 0
for the optimization problem of maximizing the likelihood function 7' ; £(6; X;). We aim to
characterize the behaviour of the sample path of the iterates of Eq. (4.6) in the region about
pn), By so doing, we will be able to determine the limiting distribution of the iterate average
(for optimization), the asymptotic stationary distribution of the iterates (for optimization

and sampling), and the mixing speed (for sampling). Our approach is to obtain a functional
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central limit theorem by taking the scaling limit of the piecewise-constant, continuous-time

process

I ) (9(@@4 _ A(n)) , (4.7)

where w(™ — oo determines the spatial scaling and a(™ — oo determines the temporal
scaling.

Since it suffices for practical application, we assume polynomial scaling of all tuning
parameters as a function of sample size: h(™ = ¢,n™Y for h > 0, b = {cban for b > 0,
and g = cgn' for t € R. Given these tuning parameters, in order to have a stable and
non-trivial® limit, we must take the time scaling to be a(™ = nb and the spatial scaling to
be w(™ = n® for v = min {b + b, t} /2. In this setting we have the following result, under

Assumptions 4.1 to 4.5 discussed below.

Theorem 4.1 (Scaling limit of the meta-algorithm). If Assumptions 4.1 to 4.5 all hold,

and there exists 0, € © such that both o) 2 0, and 19(()") ~+ g, then

(ﬂgn))teRJr ~ (D) ter, (4.8)

in the Skorohod topology* in probability, where (9¢)icr is an Ornstein—Uhlenbeck process
given by
1
di; =~ Boydt + VAW, (4.9)
with Wy a d-dimensional standard Brownian motion, drift matric B = cy'Jy, positive

-
semi-definite diffusion matriz A = ]I[b%gq%FI*FT + H[t§b+b]%/\; and batch constant

1—c¢, b=1 and “no replacement”

1 otherwise.

Assumptions 4.1 to 4.5 are fairly mild given the strength of the result.

Assumption 4.1. Vlog 7 is Ly-Lipschitz, and ((-;z) € C%(©) for each = € X.

3By non-trivial here, we mean that the limiting SDE should have both non-zero drift and non-zero
diffusion terms if possible.
4See Section 4.6.3 for further discussion.
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Assumption 4.2. h —w —a/3 > 0 and E[||V{(0,; X1)|"?] < oo for some ps > m

Assumption 4.3. There ezists g3 € [0,) such that

107 — 6, € 0,(1/n%), and E[HV@E(-;XI)‘

pb’} < o0, (4.10)
o0

_ 1
where pg = e p——yER

Assumption 4.4. There is a nondecreasing sequence (17 ), o With 7, — 00, such that

sup HJ M () — 7(6,)

GEB( o) g n/n“’

Assumption 4.5. There is a nondecreasing sequence (1), cy With 17, — 00, such that

P

sup HI(”) —-Z6,)| =0

GEB(O(") T Ton /n“’)

Assumption 4.1 requires that the likelihood has a minimal number of continuous deriva-
tives, and that the log-prior is smooth.> Assumption 4.2 ensures that the gradient value
of the log-likelihood at the limiting parameter is not too volatile via a moment condition.
Assumption 4.3 ensures that the random likelihood functions from each data sample are
sufficiently smooth via a moment condition on the random smoothness parameter. As-
sumptions 4.4 and 4.5 require convergence of the empirical Fisher information matrices.
The assumptions all hold, for example, for generalized linear models with bounded covari-
ates and either Lipschitz inverse-link functions, or suitably constrained parameter domains
(see Section 4.4.3 for the extension of the main result to constrained parameter spaces).
Several sufficient conditions for each of Assumptions 4.4 and 4.5 are given in Section 4.9.

The proof of Theorem 4.1 is given in Section 4.7. With minor modifications it can be
extended to the SGLD fixed point algorithm [e.g., 6], in which case ¢, = 0. For a discussion

of this modification see Section 4.4.2.

S«Smoothness” here is being used in the optimization theory sense of the word, referring to Lipschitz
gradients.
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4.2.3 Theoretical implications of the scaling limit

Based on Theorem 4.1, we can to establish the following corollaries which we will fur-
ther leverage to explain the empirical behaviour of stochastic gradient methods and to make
recommendations for how these methods could be best tuned. First, we have a characteri-
zation of the marginal and (when it exists) the stationary covariance of the limiting process,

including conditions under which simplified forms are possible.
Corollary 4.1. In the setting of Theorem 4.1, the following hold:

1. For any initial parameter 9q, the marginal covariance of the limiting process is
t
Q¢ := Cov(V|¥o) =/ e B2 Ae~5B 12
0

and

C%U%%:N(e*BﬂﬁmQO.

2. If =I'J, is Hurwitz, then Q« :=lim,_,  Q: exists and the stationary distribution of

(9)ter s v = Ng(0, Qo). In this case, Qo solves the equation
1 1 o
5BQoc + 5QuB" = A. (4.11)

where, as before,

B =cI'TJs
acy Ch
A = H[b+hgq 74]:10b ]._‘I*FT + H[t§b+b} %A

The previous corollary leads to conditions for a Bernstein—von Mises-like result for the

stationary distributions of the meta-algorithm.

Corollary 4.2 (Bernstein—von Mises-like theorem). In the setting of Theorem 4.1, if
((ﬁﬁ”))teﬂh)neN has a sub-sequence with uniformly tight stationary measures, and if —T' Ty
is Hurwitz, then the sub-sequence of stationary measures converges weakly to Ng(0, Qoo) in

probability.
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4.2.4 Iterate Averages

Let 9 (n) _ =z Z 1 H(n be the average of the first k iterations of the algorithm. The
accuracy of the iterate average is characterized by its covariance an) = Cov(@,in)). We

can approximate QI(JL) in terms of the covariance of the averaged limiting process, which is

defined as U; =t~ [} 9 ds.

Proposition 4.1. For a stationary initial parameter ¥y ~ N(0, Q), the covariance of the

averaged limiting process is

5 o\ _ 4 -1 8 2 —t(enT T2)/2
Q: := Cov (ﬁt) = ;Sym ((chfj*) QOO) — t—QSym ((chFj*) {I —e "\ }QOO) .
(4.12)
The proof of this result is in Section 4.10. Using Eq. (4.11), the leading term has the

explicit form

G

4 1 _ _ 4 T 1
;Sym ((Chfj*) Qoo) = <H[b+h<q thj '7.J ! +H[tgb+b]cﬁ7h«7* AT, 1) :

When either b+ b5 <t, or b+ b =tand cg = +00, then this simplifies to

4 -1 _ % o1 1
ZSym ((Chrj*) Qoo) —Ej* I*j* :

It is interesting, and perhaps initially surprising, that this is invariant to the choice of
preconditioning matrix. Moreover, up to rescaling by ¢,/ (tcp), this matches the covariance
matrix of the asymptotic distribution of the MLE. However, it is perhaps less surprising in

light of similar results for SGD with decreasing step-size due to Polyak and Juditsky [92].

4.3 Practical implications of the scaling limit

The characterization of the stochastic gradient meta-algorithm given by Theorem 4.1
and Corollaries 4.1 and 4.2 lets us answer fundamental questions about the large-sample

properties of the stochastic gradient meta-algorithm:

1. When and how does mini-batch noise affect the algorithm?
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2. When does the meta-algorithm sample from the posterior?

3. What other useful distributions can the meta-algorithm sample from?
4. What is the mixing time of the meta-algorithm?

5. What is the behaviour of the iterate averages?

We address each question in turn.

4.3.1 Effect of mini-batch noise

The mini-batch noise contributes in the large-sample regime when h + b < t. This
exactly corresponds to when the mini-batch noise in a single step is on the same order (=)
or dominates (<) the noise from the Gaussian innovations, {,. We can interpret the phase
transition as occurring because the variance of the mini-batch gradient scales as n=29~°
while the variance of update due to the Gaussian innovations scale as n~ ", The spatial
scaling is chosen as tv = min {b + b, t} /2 to ensure that at least one of (a) the mini-batch
noise or (b) the Gaussian innovations contribute to the limit, as otherwise the limit would

be a gradient flow instead of a OU process, and hence fail to capture the asymptotically

dominant local stochastic behaviour around (™.

4.3.2 Sampling from the posterior

In order for the large-sample stationary distribution of Eq. (4.6) to match the Bernstein—
von Mises limit of the posterior, we must first enforce that w = 1/2. Then, there are two
ways to ensure that the limiting process has the same distribution as the limiting posterior.
First we can chose our hyperparameters so that h + b > t. This will require us to set t =1
to ensure to = 1/2. This condition can be interpreted as saying that combinations of mini-
batch size and step size must yield mini-batch gradient variances that vanish fast enough
to become negligible in the limit. In this case, selecting I' = A for any positive definite A,
cg = 1, and arbitrary values of ¢, ¢, will suffice.

The second way in which we can match the posterior is by trying to precondition the

mini-batch gradients so that the contribution of mini-batch noise to the limit is oriented
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exactly to give the correct variance. This, in turn can be achieved in two ways. First, if

b+ b < t one may select I' such that the smatrix () that solves

1 1 ¢, Cp .
“TJeQoo + Qoo T TT = 2P, 17 (4.13)
2 2 4cy

is Qoo = Jx. As can be verified directly, and is essentially argued in Mandt et al. [70,

Corollary 4], taking I' = Z;! and ¢;, = %’J, the limiting stationary measure will match the

limiting posterior. Similarly, if h 4+ b = t, then taking A = Z, ! =T and choosing ¢;, and cg

jointly so that Cfcibb + é = 1, then the limiting stationary measure will match the limiting
posterior.
In terms of the number of gradient queries per unit time in the scaling limit scales,

the second way is more efficient as the query-count scales linearly with the dataset size

(h 4+ b =1), while for the first way it scales super-linearly (h+ b > 1).

4.3.3 Alternative uncertainty quantification

When our models are misspecified, however, the posterior distribution may provide less-
than-robust uncertainty quantification [45]. In this case, we may want to either match the
asymptotic covariance of the MLE, which by definition is robust to model misspecification,
or match the asymptotic distribution of the bagged posterior, which combines aspects of
both the asymptotics of the posterior and the MLE. Either of these desiderata can be
obtained by setting I' = A = 7!, and any valid h + b = 1 = t. With this tuning, for any

vy, v2 > 0, taking c; = 4vicy and cg = 112_1, gives

Qoo = Ulj*_lz*j*_l + UQJ*_1~

This matches the asymptotic distribution of the bagged posterior with re-sampling rate v;
when v; = v [45]. Moreover, we can obtain any convex combinations of the uncertainty
quantification from the posterior and from the asymptotics of the MLE, by taking vy +vs =
1. This would allow one to interpolate between frequentist-like and Bayesian-like forms of

inference. We can also obtain the covariance of the MLE when sampling with replacement
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by using h + b = 1, cg = +00, preconditioning with I' = J L, and setting ¢, = 4cp.

4.3.4 Mixing time

Let ﬁ,gn)(f) = kYN, f(@,(;)) denote the Monte Carlo estimate of (™ (f), where
v(™ is that stationary measure of the stochastic gradient algorithm when the sample-size
is n, if it exists. We can use the mizing time (or worst-case integrated autocorrelation
time) 7(" = sup inf{k : Varﬁ](cn)(f)/Vary(m(f) < 1} to characterize the efficiency of
MCMC algorithms. For the limiting process, define the “Monte Carlo average” 2(f) :=
t=1 & f(¥s) ds and the mixing time T := supginf{t : Varg, (f)/ Var,(f) < 1}. When the
limiting process is reversible, standard results (e.g., applying the spectral theorem for self-
adjoint operators [102] to the Poincaré inequality [8]) allow us to upper bound 7 by the
reciprocal of the spectral gap of the limiting process. Since the spectral gap of the Ornstein—
Uhlenbeck process is Apin(B)/2, where Apin(B) denotes its minimum eigenvalue of B, we
may heuristically conclude then that the limiting mixing time is 7" = 2a(™ /A, (B)
iterations. This mixing time corresponds to 2™ /X i (B) likelihood evaluations, or
equivalently 20 b™ /{n\pin(B)} dataset passes. Even when the limiting process is not
reversible, the spectral gap is still a useful metric for the large-time rate of mixing of the
process, and is given by the same formula, while the integrated autocorrelation time becomes
intractable.

This is only a heuristic because, even if the process converge weakly and the stationary
distributions converge weakly, it is insufficient to conclude that the mixing times converge.
Instead the mixing time of limiting process corresponds to fixing a duration of scaled time
for which to run the process, say T, then computing the limit of the covariance of an
estimator based on the run up to time 7', then letting T tend to infinity. The mixing time
of the limit is of more practical relevance for our understanding of the local process since
it accurately reflects the time needed for the limiting stationary distribution to provide a
good approximation to a sample from the local process. On the other hand the limit of
mixing times determines how long it would take to visit other modes if they exist, and would
often tend to oo with sample size. This can be seen by considering a simple non-identifiable

model, for example Gaussian location clustering, for which there would be two identical
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optimal solutions which differ only by permutations of the clusters. The limit of mixing
times corresponds to the time it takes to explore both modes, while the mixing time of the
limit corresponds to the time needed to explore the model closer to which the process is
started. Even if there was not a second equally good mode, a second suboptimal mode that
persists (though shrinking) at all sample sizes, and is moving farther away as the process
is re-scaled, could lead to mixing times that do not converge.

In future work, we plan to introduce a more rigorous characterization of the corre-
spondence between limit of mixing times and the mixing time of the limiting process. In

particular, Atchadé [5] introduces the (-spectral gap, defined as

W[fQ} - <f7 Pf)LQ(ﬂ')
m[f?] = ¢/2

SpecGap, := inf{ st. feL¥(m), nf =0, 7[f%] > ¢, HfHLQ(ﬂ')} :
(4.14)
We conjecture that for any ¢ > 0, under appropriate scaling (corresponding to the time
rescaling factor a(”)), if the sequence of posterior distributions is tight, then the (-spectral
gap will converge to that of the OU-process for all > 0. This is supported by the intuitive
interpretation of the (-spectral gap; that it corresponds to the mixing time of the process
within a local region containing most of the probability mass of the stationary distribution.

Under the tightness assumption we expect that this is sufficient to rule out the types of

pathological behaviour described in the previous paragraph.

4.3.5 Iterate averages

Let m = kb{™ /n denote the number of passes over the dataset (that is, the expected

number of times each likelihood term is evaluated) by iteration k.

Corollary 4.3. Fix a number of passes over the dataset, m € Ry. Suppose Assumptions 4.1
to 4.5 all hold. If b+h <t and ((ﬁi”))t@h)neN have initial distributions converging weakly

to v, then the following hold:
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n Cov (G(L) e J) 4% {]I[b L p<1ySym ({FJ*} Qoo)

2 o (4.15)
—lptp=1)3 3 Zm b Sym ([Fj*]_2 {I —e j*} Qoo> },
If in addition b+t < min(1,t) or cg = +o00, then
nCov (6™ — M (4.16)
Lmn/b(")J m ' )

Proof. For Eq. (4.15), we have

(n) _ (n) ~ 1 3
Q" = Cov <9L b J) ey O (T 50 )
4 ampm
-~ mn(w®)?

_ szmSym <{Chrj*} { — exp {_m j*} QOO}) '

sSym ({enl 7} Qxc)

Now, given b+ h < ¢,

—(n 4 _
lim nQ/gC ) — %Sym ({Chrj*} ! Qoo)

n—o0

80 _ B WA
H[b""h 1}—Sym ([Chrj*] 2 |:I — € 2¢cp :| QOO> }
The rest follows by combining this with Proposition 4.1 and the simplifications following it,

and by noting that since h + b < 1 and h > 0 we must have b < 1, and hence ¢, = 1. O

We are now positioned to characterize the rate at which Bernstein—von Mises-like limit
for the paths of the general stochastic gradient algorithm concentrates, the asymptotic
variance of the iterate average, and the mixing speed at stationarity. Observe that a phase
change occurs at b +h = 1. When b 4+ h = 1, the rate of concentration for the Bernstein—
von Mises-like result is classical, w = 1/2, and the iterate average has smaller asymptotic
variance while the underlying OU process also has a mixing time of order n likelihood
evaluations. However, if b +§ > 1, the process begins to behave more like a gradient flow

and no longer mixes in a constant number of passes over the dataset, so the iterate average
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would converge more slowly (as measured by number of passes over the dataset) in that
regime. If b+ § < 1, the mixing time decreases, but is exactly offset by a slower Bernstein—
von Mises-like concentration rate relative to when b+ = 1, overall yielding the same rate

of concentration for the iterate averages as when b+ h = 1.

4.4 Further applications and extensions

In this section we discuss applications and extensions of our scaling limit to more com-
plex, practically relevant stochastic gradient algorithms. In particular, the poor approxima-
tion accuracy of SGLD with uninformed tunings has led to the proposal of many alternatives,
including [85, 91, 120]. Of particular note are two approaches which are used to reduce the
error of both stochastic optimization and sampling. First, momentum-based methods such
as (stochastic) heavy ball [39] and underdamped (stochastic gradient) Langevin dynamics
[3, 26, 57, 62, 68, 119] aim to improve on SGLD by improving the mixing time of the
stochastic process being discretized, typically by moving to a non-reversible process which
can in general mix faster than a reversible one. Second, variance reduction methods aim
to improve the accuracy of the approximate posterior obtained by improving the stochastic
estimates of the gradients used in the update formula at each step. For example [6, 80],
does this with a clever choice of control variates. Lastly, in practice, often our parameter

spaces are constrained, and we show that this does not affect the scaling limit.

4.4.1 Applications to momentum-based algorithms

Special cases of our results include momentum-based acceleration of SGD, for example,
the quasi-hyperbolic momentum algorithm of Ma and Yarats [68], which includes many
momentum-based algorithms as special cases, such as momentum algorithm, Nesterov’s
accelerated gradient, PID control algorithms [3], synthesized Nesterov variants [62], noise-
robust momentum [26], triple momentum [119], least-squares acceleration of SGD [57]. See
[68, Table 1] for more.

As an example, we show how we can express underdamped stochastic gradient Langevin

dynamics in terms of our general stochastic gradient algorithm. We lift the parameter
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space to a phase space given by © = © x R%, extend the log-likelihood to the phase space
according to £((0,0);x) = £(0;x) — 0T M~10/2, and lift the prior to phase space using
the (improper) prior 70 ((6,0)) = 7(©)(#). For (stochastic) heavy ball and underdamped
(stochastic gradient) Langevin dynamics (cf., e.g., Duncan et al. [29, Egs. 4 and 5]), the

lifted Hamiltonian preconditioner I" and the lifted diffusion matrix A (») are:

—
Il
Q
=
Q.
=
Il

This yields a combined parameter update formula of

n n h(n) nn
O = 00" + = Mo

~(n 500 AR W (O R h(n)
9,&21:([—2 M1>0,(€)+2G,§,)+ ol &

4.4.2 Extension to control variates

SGLD Methods with control variates [6, 80] aim improve the reliability of SGLD as an
MCMC method to reduce the variance caused by mini-batching by introducing a “zero vari-
ance control variate.” This control variate is obtained by comparing the mini-batch gradient
at the evaluated current parameter to the mini-batch gradient evaluated at the posterior
mode (or MLE). Because this modification corresponds to a data-dependent change in the
structure of the way stochastic gradients for the potential function are generated, this algo-
rithm does not quite fit into the framework we have analyzed in the present work. However,
the methods used herein to derive our scaling limit can be applied with modification to
these control variate methods. In Section 4.11 we sketch such a result and its implications.

We find that the scaling limit for SGLD with control variates is nearly the same as
without control variates, except that the diffusion term corresponding to mini-batch noise
is always 0. This is because the average drift is (by design) not affected by the control
variate, the additional Gaussian innovations have the same contribution as before, and the
mini-batch noise is now always lower order. Because of this, the spatial scaling can always

be chosen so that the noise from Gaussian innovations persists in the limit: that is, taking
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v = t/2. Under this scaling, the corresponding limiting process the Ornstein—Uhlenbeck
process:

1 ,
diy = —5 By dt + VAdW;, (4.18)

with B = ¢, J, the drift matrix, A = z—gA the positive semi-definite diffusion matrix, and

W; a d-dimensional standard Brownian motion.

4.4.3 Extension to constrained parameter spaces

If © C RY, then the iterations given by Eq. (4.6) may exit ©, resulting in undefined
behaviour. The typical way modify these algorithms to handle this case is to impose bound-
ary dynamics. The two most common examples of such boundary dynamics for these are
reflecting and projecting. Projecting maps iterates that would exit © to the nearest point
within ©. Reflecting, defined when the boundary is sufficiently smooth, treats the dynamics
between two iterates as the motion of a particle in constant speed linear motion over a fixed
time, and when the particle reaches the boundary it collides elastically and “bounces” off.
In either case the new iterate is a measurable function of the previous iterate and the vector
between the previous iterate what the new iterate would have been without adjusting for
the constraint. Moreover, these conditions both satisfy that the distance between iterates is
constrained by what the distance would have been without adjusting for the constraint. In
this section we consider boundary dynamics satisfying a generalized version of this property.

Let P: 0O x (R%)? — © be a measurable function such that:

(i) P is faithful to ©, meaning that if Conv (0,6 + A_ ) + Ay + A¢) C O then

P(O,A o), Ap, Ag) =0+ A 0) + Ao+ A (4.19)

where Conv(fy,62) is the line segment from 6; to 6.

(ii) P is local, meaning that there exists cp > 0 such that for all (6,A ), A, Ag) €
0 x (R%)?

1P(6, A0y, Ap, Ag) — 0l < cp (| A o]l + | Al + [[Acl]) - (4.20)
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We will consider the iterative algorithm on © given by

o), = P (9,&”), Z—TI;Vlog 70 (9,&”)) , %F% 2% \Y/i (9,&”); Xy (j)> . \/hBIA gk) .
< (4.21)
When © C R? and 6, € interior(©) the proof is essentially the same because the
boundary dynamics are faithful and local. Intuitively, the assumption that 9 (0) ~ ¥(0)
ensures that the processes we consider all start near 6, and away from the boundary of
O, and thus the spatial scaling drives the boundary of © outside any bounded set. This
means that for any compactly supported test function f and any finite time 7" > 0 there is
a minimal sample size ng large enough that the finite-sample-size process will not witness
the boundary condition being activated by time T for sample sizes n > ng. For more details

see Section 4.12

4.5 Numerical Experiments

In this section we present the results of three experiments using both simulated and real

data. We find that the theory we developed is closely reflected in the practical results.

4.5.1 Experiment 1: Gaussian simulation study

In this experiment, we demonstrates the effect of model misspecification. Exact spec-
ifications for the experiment are given in Table 4.1. The combination of true distribution
and likelihood function was chosen specifically to ensure that J, # Z, so that the effect
of misspecification would be apparent. We run SGD with no preconditioning, with precon-
ditioning by J%, and with preconditioning by Z,, and SGLD with preconditioning by 7.
We interpret this using our scaling limit with parameters o = 1/2, h = 1, b = 0. This
combination of scaling parameters corresponds to the standard statistical local scaling, and
a fixed batch size. For SGLD we also use t = 0 corresponding to a constant tempering.
We present the results for this experiment using contour plots for the joint density of the
first and last coordinates of the parameter vector. The density for the empirical run of

the algorithms is given by a 2D kernel density estimate. The density for the predicted
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behaviour is given by the stationary distribution of the limiting process. As predicted by
our results, preconditioning by J, leads to an empirical distribution for the iterates of the
algorithm matching the covariance of the MLE, preconditioning by Z, leads to an empirical
distribution for the iterates of the algorithm matching the asymptotics of the posterior, and
not preconditioning leads to behaviour that matches neither (but is still predictable using
our results). Finally preconditioning by 7, for SGLD leads to an empirical distribution for
the iterates of the algorithm matching the asymptotics of a bagged posterior, which is given

by a linear combination of the covariance of the MLE and the covariance of the posterior.

Experiment 1 Experiment 2 Experiment 3
true distribution Nig (0, %I + %11’ ) unknown unknown
log-likelihood £(-; 6) 0 % yx 0 —log(1+e® %) | yz76 — exp(z7h)
log-prior log 7(©)(8) 0 0 0
sample size n 1000 1000000 150000
batch size b 1 1000 1000
number of steps k 10000n/b 1000m/b 1000n/b
step size (SGD) h 4b/n 4b/n 4b/n
step size (SGLD) h 2b/n b/n 2b/n
inv. temp. (SGLD) 3 | 2 1 2

Table 4.1: Settings for experiments 1, 2, & 3. When the true distribution is unknown it
is approximated by the empirical distribution on a larger version of the dataset for these
experiments.

4.5.2 Experiment 2: Large-scale inference for airline delay data — logistic

regression

In this experiment, we examine the same airline dataset and model as in Pollock et al.

[91], using the pre-processed data they provided. The responses are binary and there are

Method ‘ Empirical IACT ‘ Predicted TACT
SGD, no preconditioning 3.2 epochs 3.2 epochs
J.L-preconditioned SGD 1.1 epochs 1.0 epochs
T '-preconditioned SGD 2.3 epochs 2.8 epochs
J.-preconditioned SGLD | 2.2 epochs 2.0 epochs

Table 4.2: Mixing times for experiment 1 as measured by integrated autocorrelation times
(IACT). The empirical value is computed numerically from the run. The predicted value is
computed based on the spectral gap of the limiting process.
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Basic SGD (expected) Sandwich Gaussian
— Basic SGD — J-Preconditioned

(c) SGD preconditioned by Z;* (d) SGLD precond. by J 1, w=1/2

Figure 4.1: Results of experiment 1

3 covariates. We use the full dataset (=~ 120 million observations) to estimate the “ground
truth” quantities (04, Jx,Zs), and we apply the stochastic gradient algorithms using as a
dataset a random subsample of size 1 million from the full dataset. In particular, we compare
SGLD without preconditioning to SGD preconditioned by Z,. For this example, the matrices
Jx and Z, are numerically indistinguishable, and hence all three preconditioned methods we
examined in experiment 1 yield essentially identical results, and all are materially different
from not preconditioning. Again, we interpret this using our scaling limit with parameters
w=1/2,h =1, b = 0. An experimental finding of Pollock et al. [91] was that (non-
preconditioned) SGLD had relatively poor mixing performance as compared with the ScalLE
algorithm they introduce. Our experiment is consistent with their finding; we also find that
without preconditioning, SGLD fails to properly quantify uncertainty in the true parameter
(marginally for coordinate 4, and jointly) and mix slowly, which is not surprising since it

was not properly tuned to. Furthermore, SGLD without preconditioning mixes materially
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Method ‘ Empirical IACT ‘ Predicted TACT
SGD, no preconditioning 150 epochs 480 epochs
J.~L-preconditioned SGD 1.2 epochs 1.0 epochs
I '-preconditioned SGD 1.0 epochs 1.0 epochs
J.-preconditioned SGLD | 2.3 epochs 2.0 epochs

Table 4.3: Mixing times for experiment 2 as measured by integrated autocorrelation times
(IACT). The empirical value is computed numerically from the run. The predicted value is
computed based on the spectral gap of the limiting process.

more slowly than preconditioned methods, as evidenced by the jagged histogram from its
run, and the contour plot. However, we have shown that their findings would have been
significantly different had they used the appropriate preconditioning as predicted by our
theoretical results. Our experiments support the prediction made based on our theoretical
results, that appropriate preconditioning accelerates the mixing of SGLD considerably and

leads to more accurate uncertainty quantification.

— J~{-1} Gaussian — J~{-1} Gaussian
[]I-Preconditioned SGD [T]I-Preconditioned SGO
Basic SGLD Basic SGLD
\
\
‘ \
j \L \‘
1600 -1575 -1550 -1525 —0225 -0200 -0175 -0150 —-0.125
(a) Parameter 1 (b) Parameter 2
— J~{-1} Gaussian — J~{-1} [Gaussian
[]I-Preconditioned SGD []I-Precopditioned SGD
Basic SGLD Basic SIGLD
/ ‘\‘H
!.‘
A
).225 0.250 0.275 0.300 0.325 0.975 1.000 1.025 1.050
(c) Parameter 3 (d) Parameter 4

Figure 4.2: Univariate results of experiment 2
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— -~ {1 Géﬂésiaﬁ*\: e
—Basic SGLD ~~___7

(a) SGLD without Preconditioning (b) SGD Preconditioned by Z,

Figure 4.3: Joint results of experiment 2: Parameters 1 and 4

4.5.3 Experiment 3: Large-scale inference for airline delay data — Poisson

regression

In this experiment we examine the final year from the original airline dataset that the
experiments in Pollock et al. [91] were based upon, in order to examine a more complex,
more misspecified model on thematically similar data. In this case the responses are are
non-negative integers and significantly O-inflated (relative to a Poisson distribution), and
we have opted not to model the zero-inflation to magnify the effect of misspecification. We
use the full 2008 data (~ 1.5 million observations) to estimate the “ground truth” quantities
(0xy Tx, L), and we apply the stochastic gradient algorithms to a dataset generated as ran-
dom subsample of size 150,000 from the full dataset. For this example, the matrices J, and
7, differ significantly in scale, and hence all three preconditioned methods we examine yield
materially different uncertainty quantification for the parameter. The non-preconditioned
methods are numerically unstable at the comparable step-sizes, and quickly diverge. All
three preconditioned methods behave exactly as predicted by the asymptotic theory, with
the caveat that Z, !-preconditioned SGD mixes much slower than the [J, !-preconditioned
methods in this example, and hence has not mixed as well as the J, !-preconditioned meth-
ods for the number of epochs we have run. In this case, Z, =~ rJ, for some r > 1, thus
the faster mixing when preconditioning by J, ! is to be expected since the spectral gap
of the limiting process is roughly 7 times larger when preconditioning by J, ! than when

preconditioning by 7, !.
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Figure 4.4: Univariate results of experiment 3
Method | Empirical TACT | Predicted TACT

J. L-preconditioned SGD 1.1 epochs 1.0 epochs
T '-preconditioned SGD 130.0 epochs 98.0 epochs
J~'-preconditioned SGLD | 1.9 epochs 2.0 epochs

Table 4.4: Mixing times for experiment 3 as measured by integrated autocorrelation times
(IACT). The empirical value is computed numerically from the run. The predicted value is
computed based on the spectral gap of the limiting process.
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4.6 Additional Definitions and Technical Results

Before presenting proofs of the various results of this work, we introduce some additional

miscellaneous notations, definitions, and technical results that we will use.

4.6.1 Bernstein-von Mises under misspecification

Definition 4.1. The first and second order Fisher information matrices, Z and J respec-

tively, are defined for a log-likelihood function ¢ and probability distribution P by
_ . . _ ®2 .
Z(0) = \E [Vol(6; X) @ Vol(0: X)], and J(0)=— E Vy=L(6; X).

Let X be a Polish space with o-field £x, M1 1 (X) denote the set of probability measures
on X, and suppose that P € M ¢ (X). Suppose that XM := (X;), .y ~ P®N. Let n € N

denote a sample size, let [n] := {1,...,n}, and let X := (X;) ] ™ P®" be an L.ID.

ic
sample of size n from P.
Let © C R? be open and nonempty, let @ be a regular conditional distribution from ©

to (X, Xy); e
(i) for all 8 € ©, Qp € M 4 (X), and
(ii) for all A € Xy, Q.(A) : 0 — Qy(A) is measurable®.

Suppose there exists a o-finite measure, u, on X', such that for all 0 € ©, Qy < u. Let
gp denote a version of dQy/dp for each 6 € ©. Let ¢(0;z) := loggp(x) for all # € © and
x € X. We consider M := {Qy | 0 € ©} to be a model for P. The model is well-specified
when P € M, and is misspecified otherwise. The pseudo-true parameter of the model is

defined as 0, := arg maxgcgo XEPE(G; X). If p < P then

0, =argmax E ((6;X)=argmin KL (P|Qp).
peo X~P €0

50 is equipped with the Borel o-field inherited from R¢
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Let TI(®) € M , (©) be any distribution on ©. Let Prio) v € M+ (@ ® XN>, given by

Prio) (A x B) /H[geA [/]I 2 ep) Qo™ (dx )} H(O)(de)

denote the joint distribution of the data and the parameter according to the model and the
prior, where Q(;N(dx(N)) denotes the law of an I.I.D. sequence from @)y (an infinite product
measure on the cylinder o-field). Let Ero) pp denote the expectation under Pryo) 5. The
posterior for @ under the model M given data X(™ is the random probability measure on
O given by

(n) x(n)
X" (A4) .= EX HORY {H[eeA]]

where for a random variable or o-field G, an expectation operator E and a random variable
Y, E¢(Y) is the conditional expectation of Y given G. The posterior IX™) can be viewed
as a probability kernel from X" to ©.

Let A denote the Lebesgue measure. If 10 < X with dTI(®) /d\ =: 7(9) then X" « A
with dIIX™) /dA = 7&X™) given by

W(X(n)) H qo(X. ©)(9) exp (Z 0(0; X;) ) (4.22)

1€ [n] 1€ [n}

Let () := arg maXgeg Y i ¢(0; Xi) denote the maximum likelihood estimator (MLE)
of 6, given the data X(™. Posterior distributions have a general tendency to concentrate
around the MLE as the sample size increases. Therefore, we will often reparameterize the
model by considering a local parametrization, where to each parameter 6 € © we associate

a local parameter, 9 € \/n (@ — 5(")) based on the identification

9= (0-0)

and the local model is given by

M {Q9<n>+ lﬁ’ﬁef(g 4 ))}
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The random localization map is given by

locxm : 0 — v/n (9 - 5(">)

For a measurable function f : A — B and a measure y on A, the pushforward of p
through f is the measure fyu on B defined by [fiu](B) = u(f~(B)) for all measurable
B CB.

Proposition 4.2 (BvM under model misspecification, Kleijn and van der Vaart [58]).

Under regularity conditions,

(x(m)y P
| Hoex ], IT <I>HTV £o.
with 0, = arg maxyco XEPE(G;X), Jx = —XEP (VE20(0,; X)], and ® =N (0,7,71).

4.6.2 Convergence modes of measures and operators

Let A be a measurable space, and let B(.A) denote the collection of bounded measurable

functions on A. For a function f: A — L with (L, ||-||) a normed linear space, define

[l = sup [l f(a)]l.
acA

For a sequence of probability measures, {f,},cy and a probability measure y on a measur-

able space A, we have the following modes of convergence:

e Ly, converges in total variation to w, denoted by ., y 1, if and only if

sup i f — pf| .

0.
feB(a)  Iflle

o if A is also a topological space and the o-field on A is the Borel o-field, then pu,
converges in distribution (also called weakly) to p, denoted by u, ~~ p, if and only if
for all f € C(A), |unf — nf] — 0.
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Clearly
(o S 1) = (10> p) = (o~ p)

while the converses do not hold in general.

For a Banach Space L with norm ||-|| denote its dual space (the space of all bounded
linear operators on L) by L'. L’ is a Banach space with norm ||y|| := sup,¢c oy | 2|/ |2
for all f € L. Denote the set of bounded linear operators from L to itself by B(L). B(L)
is also a Banach space with norm given by ||T'[| = sup,cp (o} I7]| / || ]|-

For a sequence of bounded linear operators, {1}, cy, and a bounded linear operator,

T, all mapping a Banach Space L to itself, we have the following modes of convergence:

e T}, converges in norm to T if and only if

HT _TH — sup ’<y7 (Tn _T)‘TH

—0 4.23
D R P W (4.23)

o T, converges strongly to T, denoted T}, = T if and only if for all z € L

up L (T =1)a)

—~0 (4.24
i ST )

Clearly

S,

(170 =T = 0) = (T, >T)

while the converse does not hold in general.

4.6.3 Operator Semigroups and Weak Convergence of Markov Processes

For a Banach space, (L, ||-]|), let B(L) denote the collection of all bounded linear oper-
ators from L to itself, and let I denote the identity operator. An operator semigroup on L

is a function T': Ry — B(L) such that

ii) T(t+s)=T(t)T(s) for all t,s € R.

An operator semigroup is strongly continuous if
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iii) lim, g+ ||T3f — f]| =0 for all f € L.
An operator semigroup is contractive if
iv) |73 <1 for all t € Ry.

The infinitessimal generator (or just gemerator, for brevity) of the semigroup 7T is the

(possibly unbounded) linear operator defined by

Af = lim L=t

t—0t

for f € dom(A) ={f € L | lim;_,g+ (T3f — f) /t exists}. Let

C(RY) = {f € C(RY) | Ve > 0 3K, C R compact with ;1}1{p lf(0)] < e}
f,e

Then C(R%) is a Banach space under the norm | fllo = supgerd | f(#)|. The dual space of

C (R9) is the space of bounded signed measures under the total variation norm

[ 1®utao).

HMHTV = Sup
feC®RY)
[l fll0o <1

We will work with (L, ||-||) = (C(R?),]||.). A semigroup on (C(R?), |-||..) is positive if

v) f>0 = Tf>0.

A semigroup on (C(R?), ||-||.) is Feller if it is strongly continuous, contractive, and positive.

Semigroups naturally model the forward operators of Markov processes in continuous
time. If X; is a Markov process with transition kernels k;(-,-) then the forward operator
corresponding to the Markov process (equivalently, corresponding to its transitio kernels)

is defined by
Tif(z) = Eo f(Xt) = /f(y)kt(x,dy) (4.25)

where E; denotes expectation under the law of the Markov process given when X (0) =
x almost surely. The semigroup property is then equivalent to the Kolmogorov forward

equation.
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The generator, A, of a Feller semigroup 7" has a dense domain; dom(A) is dense in
C (RY). A Markov process for which the corresponding forward operators form a a Feller
semigroup is called a Feller process. Feller processes have a richly developed theory; see,
for example, Ethier and Kurtz [33] or Kallenberg [53]. The following facts will be useful to
us. First, every Feller process on R has a version with cidlag (a.k.a right continuous with
left limits, or rcll) paths, that is for all ¢ > 0, lim,_,,~ X (s) exists and lim,_,;+ X;. Second
for each I € {[0,T] | T > 0} U{R,}, the collection of all cadlag functions from I to R is a
separable and complete metric space under the Skorohod metric [53, Theorem A2.2]. The
formula for the Skorohod metric is not particularly illuminating, so is omitted here and may
be found in the reference. This space is denoted by D(I,R%). The Borel o-field generated
by the Skorohod metric is equal to o({m; | t € I'}) where m(X) = X; are the projection
maps, and I’ is any dense subset of I.

Let C2°(RY) be the set of functions R? — R with compact support and with continuous

derivatives of all orders. C2°(R?) is dense in C(R%).

Proposition 4.3 (Approximation of Markov Chains (compiled from Ethier and Kurtz [33]).
Let A : C®(RY) — C(R?) be linear and suppose that the closure of the graph of A (with
respect to the graph norm defined by || f|| 4 = || fll o +|AS|o for all f € L) generates a Feller
semigroup T on R®. Let (19‘,5)%1&+ be a Markov process with forward operator semigroup T .
Let ((Hl(cn))kENU{O})neN be a sequence of (discrete-time) Markov chains on R with respective
transition kernels (U™),en. Suppose that 0 < o™ — oo, and let

AW = o (g0 1) 1) = () 0" = Ok o)

If HA(")f - AfH — 0 for all f € C®(RY), then
(a) Tt(n) > Ty for each t >0, and
(b) If 90(0) ~ 9(0) then 9™ (-) ~ 9(-) in the Skorohod metric.

Proof of Proposition 4.3. (a) Follows from Chapter 1, Theorem 6.5 of Ethier and Kurtz
[33]. (b) Follows by combining Chapter 4, Theorem 8.2, Corollary 8.5, and Corollary 8.9 of
Ethier and Kurtz [33]. O
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4.6.4 Miscellaneous notation and definitions

Definition 4.2 (Convergence in Probability to a constant). Let (2, F,P) be a probability
space, let (X, 7) be a topological space endowed with the o-field Fx = o(7), let (Xy),cn
be a sequence of X-valued random elements, and let x € X. Then X, converges to x in
probability as n — oo, denoted X, L 2, when for every neighbourhood x € U € 7 we have

lim P(X, € U%) = 0.

n—o0

Lemma 4.1. Let (2, F,P) be a probability space, let (X, T) be a topological space endowed
with the o-field Fx = o(7), let (Xy),cn be a sequence of X-valued random elements, and
let x € X.

If for every sub-sequence n,, there is a sub-sub-sequence n,, such that Xnp, = @ almost
surely as k — oo then X, 5oz

If (X, 1) is first-countable then the converse also holds; if X, 2 2 then for every sub-

sequence n,y, there is a sub-sub-sequence n,y,, such that Xny, = almost surely as k — oo.

The proof of this result is the same as in Durrett [32, Theorem 2.3.2], generalizing the
metric space definition of convergence in probability and replacing a sequence of balls of

vanishing radius with a countable neighbourhood basis.

4.7 Proof of Theorem 4.1

In this section we prove Theorem 4.1, as well as an additional result along with what
was stated, since both follow from the same premises. The full statement of what we prove

is given below. Item 2 below is used in the proof of Corollary 4.2.

Theorem 4.2 (Scaling Limits of SGD/SGLD/LD (Full)). Suppose that (9,(6"));{6N evolves
according to the gradient-based algorithm in Eq. (4.21) with step-size R = ¢pnh, b =
{cban, g = C/Bnt, all other tuning parameters constant in n. Let 0, € R?. Let XN =
(Xi)ien ~ PPN, and 0™ be a critical point of the log-likelihood function Y% 0(-, X;) for

each n € N; that is Y i~ VO™, X;) =0 for alln € N.
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Let ﬂgn) =w™ (9{2)(71)” — 5(”)>, where w™ =n®, o™ =n® w e (0,1),

a=min{h, (t+bh—2w), (b+2h— 2w)}.

If Assumptions 4.1 to 4.5 all hold, a > 0, and 9™ (0) ~» 9(0) then

1. (ﬂgn))teIM ~ (U¢)ter, in the Skorohod topology in probability, where (¥;)ier follows

the Ornstein—Uhlenbeck process:

4o, = —%FJ(H*)v“tdt +1/egh + cmDZ(0)T AW,

with
¢, a=ph g—g a=bh+t— 2w
Cqg = ) Cg =
0 a<h 0 a<b+t-2w
and
2(1_
Ch(i%cb) a=1+42h—2w and b =1 and no replacement
2
Cop = 4%7 a=Db+2h— 2w and (b # 1 or replacement)
0 a<b+2h— 2.

2. If T™ and T are defined as in Proposition 4.3, then under the conditions above, every
(n) (nm) N (nmy,)
subsequence of (T )neN, (T )meN, has a further sub-subsequence, (T k )kzeN’
such that with probability 1, Tt(nm’“) 3T, for all t > 0.

Before beginning the proof of this result, Theorem 4.2, we require the following lemma,
which is used to turn the moment conditions in our assumptions into bounds on the mag-

nitudes of certain random variables that hold all but finitely often with probability 1.

Lemma 4.2. Let a : Ry — Ry be non-decreasing, right continuous with left limits, with
a(0) = 0, and lim,_, oy = co. Let Z; ~ p for all i € N (possibly not independent) with
Zy > 0 almost surely such that E[a(Z1)] < co. Let at :u — inf {t > 0 s.t. ay > u} be the

generalized inverse of a. Then

P (max Z; > a™(n) i.o.) =0.

1€[n]
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Proof of Lemma 4.2. Let Sy = P(Z; > t) be the survival function of y, and let W,, = a(Z,,)

for each n € N. Note that P(W; > t) = S(a;"). Then
00 > E[(a(Z1))] = / P(Wy > t)dt > S P(Wy > n) = S P(W, > n)
0 n=1 n=1

Therefore, from the Borel-Cantelli lemma P(W,, > n i.0.) = 0, and equivalently P(W,, <
n a.b.f.o.) = 1. Now, whenever W,, < n for all but finitely many n, then there exists
K € Nand I,...Ig € N with W;, < n for all n € N\ {J;:j € [K]}. Therefore, for
all n > max;x Wy, max;c, W; < n. Therefore P(max;,, W; < n ab.fo.) =1, and
equivalently P(max;.,, W; > n i.0.) = 0. Finally, W; > n if and only if Z; > o (n), hence

P(max Z; > at(n) i.0.)=0.

<n

4.7.1 Proof of Theorem 4.2

Let J, = J(04) and Z, = Z(6,).

The proof proceeds in the following stages. In Section 4.7.1.1, we will reduce the problem
of weak convergence in the Skorohod topology in probability to one of weak convergence
in the Skorohod topology almost-surly along subsequences and construct appropriate such
subsequences. In Section 4.7.1.2 we introduce notation that will be useful in the remain-
der of the proof. In Section 4.7.1.3 we discuss what is needed to apply Proposition 4.3
to establish the processes converge weakly in the Skorohod topology almost-surely. This
amounts to showing that the difference between the approximate generator and limiting
generator evaluated a smooth test function with compact support vanishes uniformly. We
will examine this difference in two regimes. First, in Section 4.7.1.4, we will consider argu-
ments sufficiently far from the support of the test function. Then, in Section 4.7.1.5, we will
consider arguments in or close to the support of the test function, and use a Taylor series
expansion of the approximate generator to divide this into three types of non-zero terms.

The first type is non-remainder terms that vanish and have no corresponding term in the
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limiting generator; these are handled in Section 4.7.1.6. The second type is terms that do
not vanish and do have corresponding terms in the limiting generator; these are handled in
Sections 4.7.1.7 to 4.7.1.9. The third type of term is the remainder term, which is handled
in Section 4.7.1.10. Putting all of this together allows us to apply Proposition 4.3 along our

subsequences, establishing the main result.

4.7.1.1 Reduction to almost-sure convergence on subsequences

Let
T = max (1{”, 7§, 1),

Tgn) =n® |9 — g,

Y

n) Z7(n
Tg = Sup@eB(a(”),rJ,n/n“’) Hj( )(6) B j(e*)

)

e

= SupeeB(é\(n)mI’n/nm> HI(TL) (9) - I(e*)

Each of the T terms corresponds to the important quantity that vanishes in probability for
one of the assumptions. For example, Tgn) controls how quickly the local MLE converges
under Assumption 4.2 which lets us use a weaker moment assumption for the sup-norm of
the Hessian of the log-likelihood.

By assumption, Y™ 2 0. Then, by Lemma 4.1, for every subsequence (nm)men there
is a further sub-subsequence (n, )ken so that this convergence is almost sure. Along an
arbitrary such sub-subsequence, we will verify that (ﬁ(”mk))teR .~ (U¢)ter, in the Skorohod
topology almost surely. Since weak convergence is metrizable (e.g., by the Levi-Prokhorov
metric, and hence corresponds to a topology on probability distributions), and since for
any subsequence (7,;,)men we will have shown a further subsequence (n,, )ren such that
(@™ )er, ~ (O1)ier, as., by Lemma 4.1 it must hold that (9™ ),ep, ~ (0)iez, in
probability.

Now, let (n;,)men be an arbitrary subsequence’ of N such that Ym) 2% 0 Let Q

"Since every sub-subsequence is itself a subsequence, we can simplify our notation from here onward.
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denote the underlying probability space. Let

00 — ﬁ 9108
=1
Q) = {1t - o},

0® = {max V(0. X3)|| < nl/P2 a-b-f-O} :

i€[n]

o0

00 _ {max |ve2e: x|

i€[n]

< nl/ps a.b.f.o.}.

By assumption, and by applying Lemma 4.2 to power functions of the form « : ¢t — tP and

random variables ||V4(6,; X;)|| and [|[VE2(; X;)|| .. Q© is a sure set.

4.7.1.2 Additional notation used in the proof

We notate the increments of the localized iterative algorithms (given that 198") = 1) due
to the Gaussian innovation (), the gradient step contribution of the prior (7'((0)), the mini-
batch gradient step based on the log-likelihood (), and the total increment, respectively,

as

A . ™) hB—A &,

3
hw(™T ~
- 0) (p(n) (n)y—1
~ () = o Vlogm (9 + (w'™) 19),

Z \V/4 ( Q) + ( ("))_119; Xl(n)(j)) , and
je b<”)] !

hw(™T
2b(n)

AP (9) =

A @) = AL + Al (9) + A (9).

We define the sequence of operators A" by

A 1)) = o (BXT [f(0 + AW @)] - 1(9)) . (4.26)

for all n € N, and all f € C°(R?), where a(™ = n. The generator of the (presumed, at this

point) limiting OU process is given by

[Af1(0) = - <C2df~7*19, vf (19)> + % (g + casTTLTY) : VO£ () (4.27)
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4.7.1.3 How Proposition 4.3 is applied

Consider a single realization of X € Q). Our goal, now, is to apply Proposition 4.3,

treating XN as fixed. To do so, it suffices to show that for each f € C°(R?) we have

[AC™) £1(9) = [Af)W)| = 0.

lim sup
m—00 YcRd

For an arbitrary test function, f € C°(R?), with compact support Ky, we will show this
in two parts. First we will identify a compact extension, K1 D Kj to the compact support

of f such that

(A £1(9) = [Af)W)| = 0.

lim sup
m—0o0 196Kf

Then we will separately show that

(AT 1) = [Af19)] = 0.

lim sup
m—00 e Ky

4.7.1.4 Convergence away from the test function support

For all ¥ € K§, f(¥9) =0, V£(9¥) =0, and V®2f(9) = 0. Therefore, for any K; D Ko,

AT £)(0) ~ [AF)(9)

sup
deK?
(4.28)

<ol | fl sup X [i 4+ A0 () € K.
YeKT

Let Ry = supyeg, ||7]|. Let Ky = {19 eRYst. ||9|| < 2R + 200}, where

) +fen/eallAl.

_alr]
2

(3 + HVlog 7@ (6,)
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Then, using Eq. (4.28) and A)(9) = AL (9) + AUz (9) + A (9),

[ £](9) — [AF)(9)|

sup
dEKS

<l |flle  sup  PXU[|l9+ AP @)|| < Ro|
|9]|>2Ro+2co

<o fle  sup P a2 1ol - Al @) - A @) - £l
|9]|>2Ro+2co (4.29)

For ¥ € Kf, using the assumption that V log 7 is Lo-Lipschitz and (™ = ¢unh and

0] g i 50+ e )

At | 1)

il Lo |19
(0) (nm) _ 0
< L ([w10g 7 0] + Lo - 0] + 22
chn%—b—l |IT|| 0 e Lo |19
< i ([wroa 0+ e - o+ £2).
and similarly
|af @)
< h 21:(717”) H H Z \v (e(nm) + (w(nm))—lﬂ; XI("m)(j)>
jE[blrm)] 1
_ L(X yum () 18]
e || ; D) )
OB (fe o ) it -+ 2
]G[b("m)]
—bh N

where we define the (random) Lipschitz constants L(X;), L(X(™m)), and L(X(m)) by:

L(X) = || Vo2 X3)

)
o0

L (X)) := max [|V{ (6,; X;)||, and

<Ny

L(X™m)) .= max L(X;).

<Ny

Using that XM e Q) so that T(™) — 0 etc., if m is large enough that all of the following
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hold:
sup Tm) < min(1, Ly '),
m’'>m

L (X))

1> sup
n:r{/p 2

m’'>m

9

N > max((2c, [|[T])Y /P50 (2, Lo |T|)7+=),  and

12 sup 1/ps
nm/

m’'>m

then, using that 0 < tv < 1,

|alim )| < ch‘f” (|v10g7® (0.)] +1) + i 19,
and
HAI(z”m)(ﬁ)H < chnmb;rmHFH (n%m + n%m*f(nm) + n71n/p3—m H79||)

cn ||IT
< h!” (n%pz—ber + pl/pa=bFwp(nm) 4 p1/ps=h ”79”)

1
<enIT) + % 0]
Therefore, for ¥ € K¢ (and hence ||9]| > 2Ry + 2¢p),

191 - [|al @) - [|a8™ @) - Ro

cn [T
2

ven/cs [[A]l-

Therefore, combining this with Eq. (4.29) and the definition of Aénm)(ﬁ),

Y

S 191 = 2T (34 [ V1087 (6)

)

v

lim sup
m—o0 ﬂer

(A0 11(9) = [Af@)] < lim ot |7 BXT (Jlea]) = nff>H2)
m— 00
1
< lim ol a P (j6n| > —nfaom)

< lim 2n8, || f]lo dexp(—nl2® /2d)
m—00

=0.

since h+t—2mw >a>0.
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4.7.1.5 Taylor expansion near the test function support

Recalling the definition of A™») in Eq. (4.26), using the definition of the time-scaling
factor a(™ = n%, taking a second-order Taylor expansion of the test function f € C, and

applying the decomposition A("m)(9) = Aénm)(ﬁ) + AE:S; )(19) + Agnm)(ﬁ),

(Al £1(0)
= o) (BXY [ 1 (9 + A0 (@9))] - f())
= ng BXY (V), ALY +ng BEXY (VF@), AUS @) +ng BXY (V@) A7 (9))

(1.6 (9)=0 [17@] " (g) (L4 (9)

1 n n n n
+ng, X <2V®2f(19)A§ ), AL m>> +ng EX (VO ) AV (9), Al

2.66)"m) (9) [2.0@¢] " (9)=0

™) nm Nm ™ /1 nm nm
+ng B (92 p@)AL ) @), AL )+ g B (9@l 0), Al )

[2.65](nm) (9)=0 [2“(0)”(0)} (nm) )

mn T ]' n n
+ g B (Vo)A ), Al) 4t X (S0 F@)Al @), A (0))

[2.62(®] ) () [2.0¢) (") (9)

4 g EX {é (Vo3 (0 + S0 @))] (A0 (), A0 (9), Amm)(ﬁ))}

3. (9)

for some S € [0,1] depending on f,19, A)(9), where V®3f(19) is the trilinear from of
third order partials of f at ¢ (and hence is linear in each of its three arguments). Terms

)

that are linear in Aénm have mean 0 and can be eliminated outright, as indicated in their
corresponding underbraces. Terms are labelled by the order of the term, followed by the
increments that appear in the term; for example [2.6¢]"™™) (¥) is the second order term
involving a likelihood increment and a Gaussian noise (innovation) increment. The R in

[3.R](”m) () denotes that it is the remainder.

Recall that

(ANW@) =~ (STI0, V7)) + EA: V5 (0) + BILY: V2 (0).

[LTJ.] (9) [ILA] (9) [ILTZ.I'] ()
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We have similarly labelled these terms, with the roman numeral denoting the order and the
subsequent symbol denoting the coefficient matrix (up to scaling factors). Thus, after elmi-

(n‘"L )

nating terms which are linear in A€ , and thus have mean 0, the difference of approximate

and limiting generator applied to the test function can be expressed as
1A £1(9) — [Af](9)]
< ‘ {1.7r(0)} ) (19)’ + ’[Q.W(O)W(O)} ) (19)’ + HQ.KW(O)} ) (19)‘

+ ][00 (9) - [1L07) (9)|

[2.6€) ") (9) — [ILA] (9)|

+
+ |[2.0™) (9) — ILTZ,I] (19)\
+ 3. ().

We will show that each of these seven terms vanish uniformly on Kj. The first three
terms listed above, those non-remainder terms with no corresponding term in the limiting

generator, will be handled first. Then we will handle each of the terms which corresponds

to part of the limiting generator, and lastly we will handle the remainder term.

4.7.1.6 Terms that do not contribute to the limit

‘[1.w<0>}(”m) (19)‘ = nt, [EX (v f(0), A% )]

cnngy, "I

EX (9£(9), Viogn® (8 4 ny9))|

- 2
a—bh+w—1 T 2 2
< T Moy ([ 1087 6. + 2o (10 4 20 LZ0) )

which vanishes uniformly on Ki, sincea+mw—-h—1<w—-1<0.
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‘ [25020])" 9)

™ /1 N, N,
— s EX (390l @), Al @)

e T ) 2
% 2

X (HVIogﬂ(O)(e ) HH nm)

2R0 + 200)

which vanishes uniformly since a + 2w — 2h — 2 < (2w — 2) — h < 0 (which follows from

h>aand o <1).

’ [2.20] " (19)’

(N) 1 Nm Nm
— | 2BX (395 ) Al 0), Al o))

ro—h—1 —h
< ot V®2fH (Chnm HFH> (Chnm HNI)
oo 2 2
% (vagﬂ(o)(g ) 2RO+260)

% (n%pz + nl/psy(nm) 4 n},{pi‘*m)

which vanishes uniformly due to the assumptions of the relationship between b, a, 1w, p3, po

under each assumption.

4.7.1.7 Convergence of the drift term

Third, using that 3¢, 1 V£ (§<nm); XZ-) -0,

1. (9)

= nt BEXV (V1(9), Al (9))
cpnste=by

X ® m n(n ) 1 .
_E <Vf(0), e 2 w(e 0 Xfylm)(j))>

et "

_<ChF VF(0), ntre-i-1 3 w<0<nm>+19 X>>

1€[Nm]

FT 1 —~,
- <Ch2 Vi), ( /0 g VTt VR (e<nm>+7;19; XZ-> ds)>

1€[Nnm]

(4.30)
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Now, for all n,, large enough that r7,,, > Ro+ co

|<chF V) (/0 Sy V®2g< pinm) _|_—19 X)ds +J*>'l9>

1€[Nm]
1
/ [‘1 > V®2£(0(”m)+ﬁ X>+J*
0

1€[Nm] "m

< cn [TV flloo (Ro + co)

< en [TV llo (Ro + o) - X,

and thus vanishes uniformly on Kj.

When a > b, so ¢g = 0 and hence [I.I'7,] (¥) = 0 (where [L.I' 7] (9) is the drift term
appearing in the definition of the limiting generator A in Eq. (4.27)), then the drift term
will be inactive in the limit. We show this by using the fact that [1./] (nm) (9) is a vanishing

distance from a sequence that vanishes:

iM ") (9) — (L7 (9))

Chr (/ -1 Z v®2€ (G(TLM) + 719 X>d8 +j*) >

1€[nm]

<ChF V(). ﬁ>

and hence vanishes uniformly on Kj.

| /\

+n2n

9

When a = b, then the drift term is active in the limit, and we show that [1.6](nm) (9)

converges to the drift term from the limiting process [I.I'7,] (9):

1.0 (9) = [1L0.7.] (9)]

<ChF VF(9) (/0 oy v®2£( "m>+—z9 X)ds +j*) v“>

1€[nm]

:n?n

vanishes uniformly on Kj.
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4.7.1.8 Convergence of the diffusion term corresponding to Gaussian noise

12:66") (9) — [ILA] (9)|

e wx® /1 g0 (nm) (nm>>_0h . o®2
— | <2v F@)AL Al g V)

If a4 2w — h — t = 0 then, the corresponding diffusion term is active in the limit. Using the

definition of Aén’") and that 8" = cgnt, By = cpn?, and B, = n®

266" (9) — [ILA] (9)]

< i X (V) R, VAG) - A T (0)
~0

If a4+ 2w — h — t < 0 then the corresponding diffusion term is inactive in the limit, and so

¢ = 0 and so [II.A] (9) = 0. In that case we show that [2. ("m) (19} vanishes uniformly.
g [ 139 Y

2.6 (9) = [ILA] (9)|

< ;—hnﬂjm*b*t ’EX<N) <V®2f(19)\/K§1, \/K§1>’
]
=5t e 9,

which vanishes uniformly.
4.7.1.9 Convergence of the diffusion term corresponding to minibatch noise

2.4 (@) - [ILTZIY] (9)|

g BX (TS H@)AL ), A ) - BILI: V()

_ % ‘ {n%EX(M {(Agnm)(ﬁ))w} L VE2F(9) — %FI*F' : V®2f(19)} ‘
®2
< [Tl e [(am0)] - Sorzr]
F
©2
e 1)) g
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Now,

EX g (Ag”’“(m)@z

m

c na+2m 2h o ®2
=L TES ) v (9("m> s Xy (j)) I’
( ) ]E[b( m)] 1

02 nu+2mf2h

7T X () 4 Y
LTI F(IE > > w(e +— ,Xliw(j))

je[b("m)] j’e[b(”m)]\{j}

®V€< nm)+ m7 I<nm>(j,))>rl

2
_ chna-‘er 2h 1 A( ) 1 . ® ,

€[N

c na+2m 2h

h X(N) (nrn) 19
L TTS)E P(IE > > w(a +— ,lew(j))

je[pemm] e\ Gy

—~ 9
(") . /
@V <9 + s inw(j,))) r

If the mini-batches are drawn with replacement, then

]EX(N) Z Z \V4 <9(nm) + ’19 XI(nm ( )> ® VL (9(nm) + 719 XI(nm (/))
je[prm)] jre[b <nm>]\{ 7}
(nm) (p(nm) ~
b (b Z 3 w( nm+7q9 X)®w<9("m>+1m?9; Xi’)
1€[nm] ¥ E[nm] i
®2
= () (plm) ( 2 W( o) + *’9 X>)
ze[nm]

®2
1 1 ~ s 1
_ m Nm ®2 m . .
= p(m) (p(nm) _ 1) (n 3 / v £(0<” >+n—mﬁ, XZ> dsnmﬁ)

™ i€ nm) 0 m m

Thus, if a+ 2w —2h — b = 0, so that ¢y # 0 and the corresponding term is active in the

limit, and the minibtaches are drawn with replacement, then combining the past several
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equations gives:

2.0 (9) - [ILTZI) (9))

d F2 ®2 2 ®2
SWH TV el || i conm ( T w(<nm +—79 X) )—cmbI*

2 4cy chnb M ie[nm)
®2
dc 7|12 || V2 el VS| ! 5
n Ve, || | - fFlloe Pm — 3 / V& <0(”'")+i,19; Xi> ds
Nim ZE[nm] 0 nm

For ¥ € K, and for all n,, large enough that ry,, > R+ co

®2
— ( / v®2£< ) —19 Xi) ds 19)
mze[n

— > / Ve (9<"m> - —0 X; ) ds ¥

1€[Nm]
< (2Ro + 2co)”

- 2to
i

2

Nm

(171 + )7,

which vanishes uniformly.
Since the mini-batches are drawn with replacement, using the definition of ¢y, for all

nm, large enough that rz,,, > Ro + co

b X2
& ant, o) )
0 —19 X; — CabZs
oSt (nm > ve () + ) a

1€[nm]
2 b ®2
1
< Sh ST Z w( —; Xi) ~- I

dep |epn®, | ||\ nm, il nm

Goam Gy

4ep [ epnl, | 40
Ch oM ) L | R GO R

|1 Z]] -

= 4ey lepnd, | 4cy lcpnd, | dep

And, if a4+ 2w — 2h — b < 0 and the mini-batches are drawn with replacement, so that

emp = 0, and the corresponding diffusion term is inactive in the limit and [II.TZ,I7] (¢) = 0,
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then
2.4 (9) = [ILTT,I] (19)‘

a+2w—2h—b
m

<
4Cb

®2 2
IEX(N)HS;1 (Aénm)(ﬁn _ ng;i—2m—2h—b:7hz-* +n
Ch

which vanishes uniformly by the previous arguments.

Therefore, when the mini-batches are drawn with replacement, we find that
][2-65] ("m) (i9) - [ILTZ,I] (19)\

vanishes uniformly on Kj.

If the mini-batches are drawn without replacement.

X Sm) 4 L . Gnm) L L .
N ‘e[z; IF; e[b<Z:>]\{ i v (9 i ”%& XIYWL)(j)) oVt (9 - n%ﬁ’ XIYW(J")
Jje|blrml| 37 e blnm) |\ {j

(nm) (p(nm) _
_ e D) >y w (9<nm> + —ﬁ X) ® VI (e<nm> + —ﬁ Xz/)

N (N, — 1) i€[nm] i’ €[nm]\{i} i

(nm) (p(nm) _ ]
:b (b 1) Z Z vg( g(nm) +—79 X)®V£(9(”m)+ni,79; Xz")

nm(nm - 1) ze[nm} i'€[nm]

(nm) (B(nm) ®2
_ b Z w( + Ly, Xz-)
N (T, n,r%
1€[Nm]
®2
= pm) (plrm >—1) ( > w( glrm) +—19 X))
Ze[nm m
(nm) (plm ©2
I G Zw( 10;&) :
1T g z

and so,
2
]EX(N) . (Aénm)('@))(g

2 _ (nm) ®2
¢ onpm—b o) 4 L ,
RO h— ( - > w( + - 19 X) )r

1€ [nm]

®2
2
|y )y [ L <A(nm> Ry ) /
T | o) (b 1 v 9 X, r
Jr4(b(nm))2 ( )nm—l (nm ie[;}v +n% ’
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In this case, for all n,, large enough that rz,, > Ro + co

c,% nm—b(
4p(nm)  n,, — Nm

< c,QZ N, — p(nm)
= 4pm) o, —1

1 ©2
Z V£< nimﬁ; Xz) — Cmb Ly

1€[Nm]

®2
S owe <9<”m>+19 X) - I
nm ZE[’)’Lm] TI’L

& Ny — bm)
4p(nm)  m,, — 1

+

& Ny — bm)
<
= 4b(nm) o, —1

— | [ T4l

Abm) "y, — 1

Thus, when the mini-batches are drawn without replacement, we find that
2.4 (9) - [ILTZI] ()]
vanishes uniformly on Kj.

4.7.1.10 Convergence of the Remainder Term

3.8 (9)|

— n¢ EX" [1 [V (0 + sN"m)(ﬁ))} (Arm @), A (), Amm)(ﬁ))}

| /\

)|

’v@?)fH X(N)

21 sy (5"

a
ﬂ
6

7 Ex(N)

| /\

O]

N
nm H +EX( )

afw)|*).

Now

Ex(N)

3

3/2 d+3
_n7—n3/2(h+t—2m) (Ch HAH) 23/2F( 2 )’
)T

where I" is the gamma function. Note that a—3/2 (h+t—2w) < —1/2 (h+t—2w) < —a/2 <0

3/2
3
A< (g ) EX e
2cp
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Second,

o' (L ([earoe :

I 2Ry + 2c0>3
2 i

=

Note that a — 3h + 3w — 3 < —2h — 3(1 — v) < 0.

Third,
st
(chn—b+m HFH> ( }T{pg_’_n’}r{p?,'r(nm)_'_n;[n/p?)—m)?)
< h|F”) nl/P2=htw 4 1 /ps—btwop(nm) 4 1/ps— h)
Therefore, |[3.R]™™) 19)‘ vanishes uniformly. O

4.8 Proof of Corollary 4.2

Proof of Corollary 4.2. To verify that that the stationary measures, v("m) of T("m) converge
weakly in probability to v, we need to verify that every sub-subsequence v("m) has a sub-
sub-subsequence V(nm’“j) converging weakly to v almost surely. Since weak convergence of
probability measures is metrizable, then applying Lemma 4.1 yields the desired result.

By the second part of Theorem 4.2, every sub-subsequence of (7)) T("my))

meN? ( keN’

nmk,) 5

has a further sub-sub-subsequence, (T(nm’“j ))j N such that with probability 1, T, 7 —=T;
on C(R?) for all ¢ > 0.

Applying Ethier and Kurtz [33, Part 4, Theorem 9.10], we have that every weak limit of
{y(nm’%)}jeN is stationary for 7. As a consequence of the assumption that the spectrum of
I'J(0,) is a subset of {z € C s.t. ®(z) > 0}, T has a unique stationary distribution (see, for
example, Karatzas and Shreve [54]), v = N(0, Qo). Thus every weak limit of { " }j N
must be v.

Since {l/(”m)}m oy 18 assumed to be tight, then all of its sub-subsequences have a weakly

converging sub-sub-subsequence, concluding the proof. ]
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4.9 Sufficient conditions for Assumptions 4.4 and 4.5

In this section we provide some sufficient conditions that ensure Assumptions 4.4 and 4.5.
For each of the two assumptions, we one sufficient condition based on convergence of the cor-
responding information matrix empirical process, one sufficient condition based on equicon-
tinuity of the derivatives of the likelihood function, and one sufficient condition based ex-

pected Lipschitz or local Lipschitz constants for the derivatives of the likelihood.

Proposition 4.4 (Sufficient conditions for Assumption 4.4). Each of the following imply

Assumption 4.4.

a) there exists a 61 > 0 with supgep, (o,) ‘%Zie[n} VE20(0; X;) + j(@)H 20 and T is

continuous at 0,
b) {V®2U(;x) | x € X} is equicontinuous at Oy,

c¢) there exists a 01 > 0 with

E| sup [VE2000; X1) — V(6. X1)|
0 B;, (6,) 16— 6]l

< 00,

Proof of Proposition 4.4.

a) Let 77, = 6;n™/?/2. Then B (é\("),rj’n/nm> CB (é\("),5l/2).

Given that 6 & ., any subsequence of indices n,, has a further sub-subsequence

of indices n,,, where both onmi) 0, and

1
sup

VE2(0; X;) + j(e)H 0 as.
0€B51 (6+) Nmy,

i€[nm, ]

Then there is a kg such that if kK > k¢ then Hg(”’"k) — 0,

< 61/2. Therefore if k > ko
then B (0,17, /ni%, ) € B (6s,01).
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Thus, for k > ko,

sup |7 6) ~ 7(6.)
GEB(anmk>,r‘77n/n‘}}%)

< sup |Tem0) - g@)+ s |T6) =T 6]
GEB(IG\("mk),TJ’n/n';;L GEB(a(nmU,r/n';,’Lk)

< sup [FmI(0) - T(0)]| + sup 17(8) = 7 (0.
0€B(0+,01) eeB(ﬁ("mk),él/nfm/:)

< s [Fm(0) - T(0)]| + sup 17(8) = 7 (6.
0€B(6+,01) 963(9*, é\(nmk —0, +61/nm/2)

22 0.

has a

|7 (6) - 7(6:)

further sub-subsequence converging almost surely to 0, and hence S,, converges in

Therefore, every subsequence of S, = SUPy. (ﬁ(n) ——
3 ,n

probability to 0.

b) Equicontinuity implies there is a function pz, : Ry — Ry with lim, .5 p7, (t) = 0, and

Su)g19 Sup HV®2€ ;) — V(0 ) H < p7.(9).
zeX YeB;(

Let 7.7, = n™/2. Then

su HJ(”) — J(6,)

9€B(0<" T, n/n“’

< sup
HEB(/G\(”),n*mm)

‘j(n) ) — T (8

— J(6y)

< sup |7™) = T 0] + | T 0 - T6.)
GEB(G*,HG(”) —0x ||-+n/2)

< . (||o™ ) 4[| T - 70,

2 0.

In the last step we used that the first term vanishes in probability because QRN O,

and the second term vanishes in probability by the weak law of large numbers.
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c) Let
0, =L sup V2000 Xi) = V200 X[ |
n i€ln) GGBgl (64) He - H*H ’
(=E| sup |V®20(0; X1) — VE2(0,; X1) H
6eBs, (604) 16— 0.

By the weak law of large numbers, Q,, > ¢ and J")(6,) > 7(6,). Let r7, =
51n™®/2/2. As in part a), given that o L og, any subsequence of indices n,, has
a further sub-subsequence of indices n,,, where both glnmi) 0y, Qnmk — ¢, and
Jm)(0,) — J(0,) almost surely. Then there is a ko such that if k& > ko then
o

Thus, for k > kg,

then B (61"),77.,/n%, ) C B (6., 61).

N
eeB(ﬁ"mk),rj,n/n%k)

<||Ftm)(0) - 7 (0)

+ sup Hj(nmk)(g) - f(nm’“)(e*)
9cB (@"mk),éln;‘z/z/z)

< Hﬂ”mk)(e*) - J(0,)
+ (|

< Hﬁ”mw(e*) ~J(0,)

+ (]l

< ||Ftm)(0) — 7 (0,)

|7 0) = G0 0,)
70,

m/2/2) sup
o () i 2)

) sy WO 2T

0 B(0,,61) 10 — 04|

(o -0

+ din,, m/2/2) sup

963(9*361) nmk i

1 [||v®2e<e;xi> - V®2€(9*;X1>H]
e 6= 6.

< | 7m0, - 76.)

(e

+ 3112 /2) Qo =30

has a

T ) - 7(6,)

Therefore, every subsequence of S, = SUPy. (5(”) -
T n

further sub-subsequence converging almost surely to 0, and hence S,, converges in

probability to 0.
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O]

Proposition 4.5 (Sufficient conditions for Assumption 4.5). Each of the following imply

Assumption 4.5.

a) there exists a o2 > 0 with SUPge B;, (6.)

’%Eie[n] VU(0; X;)®? —I(H)H 50 and T is

continuous at 0,
b) {VI(;z)%% | x € X} is equicontinuous at Oy,
®2p/(.. 2
¢) E[[VE2(; X1)[%] < oo,
Proof of Proposition 4.5.
a), b) The proofs are the same as for Proposition 4.4 a), b).

¢) Let Qn = £ 3 [VE2005 X020, ¢ = E[VE20(5 X1)|%, and let 17, = n"/2. By

the weak law of large numbers, Q,, - ¢, and Z(™ (0,) B Z(6,). Starting with

sup[Z70) - L < [[T0) - 20|+ sup
eeB(&mmz,n/nm) geB@(n)m_m/z)

.

‘f(n)(g) —Z(M(g,)

we can bound the second term with a Taylor series and Cauchy-Shwarz as

~

wa 0) — 7™ (0,)

<= ZH(W 0,: X;) +/ V2 (0, + (0 — 0,); X;)ds (9—9*))®2—V€(0*; x,)®|

zen]
S—Zuw e ”H/ VE2 (0, + 5(0 — 0,); X;)ds (0 —6,)

zEn]

®2
+ = Z (/ VE2 (0, + (0 — 6,); i)ds(é—&)) [
ZG
2

éfznw 0 Xl Vo2 X0 0= 0.+ = 3 |92 x| o - o)

le[n] "y €[n]
szue—e*w > Ive6.: X J S LX)+ 0 - 6.7 Qu

i€[n] i€[n]

<200 = 0.\ Te(Z™(0.))v/Qn + [0 — 0]1* Qu,
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Plugging this back in,
_sup HZA,'(") (0) — Z.

OGB(G("),TIJL/TL‘U)
b s (2006 IEOE) V@ + 100,100 )

9€B<é\(”),n*m/2

< |Z.) - z(0.)

~ ~ = —~ 2
< |20, = 20| + 2([0 = 0] + n72)  Te@ M (0.)) V@ + (||F™ - 0. + ) Qu
2 0.
]
4.10 Proof of Proposition 4.1
Recall that
1
diy = —5 B, dt + VA AW, (4.31)
which implies
t
9; = exp(—B/200) + / exp(—Bt/2) AV2dW,. (4.32)
0

Assuming stationarity, ¥y ~ N (0, Qs) where Qoo = [;° exp(—Bs/2) A exp(—Bs/2)ds, we

have

t
Cov(/ s ds)
0

t rt
= E( / / V597 dsdr) (4.33)
0 Jo

t S t r
_ / / (9,07 )drds + / / E(9,07 )dsdr.
0 JO 0 JO
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We focus on the first term since the second term can be written similarly:

/Ot /OS E(9s97 )drds

= /Ot /OS E [(exp(—B(s —r)/2)0, + /: exp(—Bu/2)A1/2qu> o7
_ /0 t /0 " exp(=B(s — r)/2)E (0,07 )drds

= /Ot /OS exp(—B(s —1)/2)Qocdrds

= /Dt —2B Yexp(—Bs/2) — 1)Quods

drds

(4.34)

— [4B_Q(exp(—Bt/2) —-1)+ 2753_1} Qoo-

We can write [j 7 E(9507 )dsdr similarly and combine the two results

_ 1 ¢
Cov (9;) = 7z Cov( /O 0, ds)

1 t s t pr )
ZQU / E(J59; )drds + / / E(ﬁsﬂf)dsdr} (4.35)
¢ 0 Jo 0 Jo

= ?Sym (B_IQOO> — %Sym (B_2 {I — 6’_tB/2} Qoo) )

which completes the proof.

4.11 Sketch Proof of Scaling Limit for SGLD with Control

Variates

We argue that the mini-batch noise is always lower order for SGLD with control variates

by showing that the corresponding [2.£/) (nm) (9) from the proof of Theorem 4.1 in Section 4.7
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is vanishing under any scaling limit where the drift term [1.¢] does not vanish.

1 Nm Nm
e 85 (ST A ), AL )

[2.) ) (9)

™1 o ®2
= nf EXV OV (9) < (A" (9))
®2
hw(™T

_ e pX®1oga o o) (M) ~1y. — v (o™,
= BN STV (0) 1| s %(:)] w(e + (@) Xy ) = VE( 075 X )
JE|b\"

_ éna—2h+2m—2b 1 Fv®2f<19)r—r

a " 2
®2
Q) nin n)\— nin
XY (w (9< )+ (™)1, Xén)(j)) —we (9< ) Xy (j)»
J€[b]
®2
2 —~
zigng,;?h“m—%%rv@? FOITEXY [ 3 ve% ((9(”); XI(%)) (w™)~1y
% Je[b(”)] !
®2
_ -2l pgen gy pT gX© 3 Ve (0 X 9
amo 2 ' M G)
b je[pm]

~ ngn—%—%%FVGM FOTT : IO = 17007 T, + VK (0.59)]

where K(0,;9) = [ VE2(0,; x) 992 V®2((0,; 2) P(dx).
Now, we recall that for the drift term to be non-zero in the limit, we need a = .
However, at any such scaling the [2.66](”’") (¥9) term is O(n~"=2) and so is never not 0 in

the limit.

4.12 Sketch Proof for constrained parameter spaces

The key idea is that, if 6, € interior(©), there is a r > 0 with 6, € B(0,,r) C interior(©),
and for any compactly supported test function f and compact extension of its support, K7,
for sufficiently large sample sizes n, K1 C B(0,w™r). In the proof of the © = R? case we
found that, along sub-sequences (n,y,, ), the increments from the log-likelihood and from the
prior vanish uniformly within a sufficiently large extension of the support of f. Combining

this with faithfulness of P (defined in Section 4.4.3) and an application of the Lebesgue
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dominated convergence theorem to handle truncation of the Gaussian increments shows
that the A, f — Af uniformly within the extension of the support of f when © # R
Moreover, the local property of the boundary condition (defined in Section 4.4.3) ensures
that for sufficiently large sample sizes, if the process were far enough outside of the support
of f then it cannot re-enter the support via an arbitrarily large jump caused by the boundary
condition. Thus, outside of the extension of the support of f, the deviation of A,  f from
0 is essentially indistinguishable from the unconstrained case. Using those two facts we
can rely on the faithfulness of the boundary dynamics to ensure that the process converges

weakly to the same Ornstein-Uhlenbeck limit as in the unconstrained case.
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