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1 Introduction

On May 1, 2026, the Toronto Raptors were playing the Cleveland Cavaliers in the sixth
game of their NBA basketball playoff series. The game went into overtime, and came down
to the last few seconds, with the Raptors down by one point. Young Canadian star RJ
Barrett shot a long three-point attempt [5]. If it scored, the Raptors would win the game
and carry on. If it missed, they would lose and be eliminated from the playoffs. Barrett’s
shot was slightly long, and bounced off the far rim, high up in the air. After what seemed
like an eternity, it came back down, and landed right in the hoop. Raptors win!

Toronto fans were immediately reminded of another event, seven years earlier, on May
12, 2019. The Raptors were tied with the Philadelphia 76ers, in the final seconds of the
seventh and deciding game of their playoff series. Kawhi Leonard (often referred to as just
“Kawhi”) dribbled to his right, and put up an awkward shot from the corner of the court [4].
This shot was slightly too short. It bounced off the near rim, nearly straight up. It then
bounced off the same rim a second time. Then off to the far rim for two more bounces,
before finally landing in the hoop. Raptors win again!

In both games, the Raptors played well, and showed a lot of talent and skill. But those
two final shots also seemed kind of lucky. Were they? How much so? Which one was luckier?
How can we measure such things? Or even define them?

It’s clear enough that if those two shots had been a little bit worse — if Barrett’s shot
had been a little bit longer, or Kawhi’s a bit shorter — then they would have missed, and the
Raptors would have lost. But was that luck or skill? Perhaps it was their talent that kept
the shot within range. It’s difficult to distinguish luck from skill in such cases (cf. [7, 3]).

But what is also true is that if those shots had been a little bit better, i.e. closer to the
middle of the hoop, then they also might have missed. And that specific aspect of the shot
does seem to be pure luck. After all, surely both players were trying to aim for a “swish”,
whereby the ball lands right in the middle of the hoop. If being farther from a swish is what

allowed them to score, then that wasn’t due to skill, it was just good fortune.
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Inspired by those considerations, and in the spirit of mathematical analysis of basketball
issues (e.g. [1, 8, 2, 6]), this paper sets out to answer the following question. How much
closer to the center of the hoop would those two shots have had to be, so that once all of
their bounces are taken into account, they would have missed instead of scoring? To answer
that, we will have to think carefully about bounce angles, trigonometry, and gravity.

We note that there have been various previous studies of the geometry of basketball
shots. For example, Brancazio [1] studies optimal shooting angles to minimize the launching
force and allow the greatest margin of error. Tran and Silverberg [8] present numerical
studies to find optimal release height and ball spin. And, Daly-Grafstein and Bornn [2] use

a Rao-Blackwell approach to improve the estimates of shot success probabilities.

2 Preliminary Results about Bounces

To compute the various angles and distances involved with those shots, we need to derive
some facts about the geometry of bounces.

To get started, suppose that an object (such as a ball) moves along a trajectory in a
constant gravitational field, at an initial angle 6 € [0, 7/2] from the horizontal, achieving a
maximum altitude gain of H > 0, before eventually returning to its original altitude after a
time 7" > 0, at a horizontal distance L > 0 away from its original position. Then we have

the following relationship between H, L, and 6 (see Figure 1):

Proposition 1 If that same object had started in the same original position and velocity
and angle, but in the absence of a gravitational field, then after the same time T, it would

be at an altitude 4H and horizontal distance L from its original position. Hence, the angle
6 from the horizontal satisfies tan(f) = 4H/L, i.e. = arctan(4H/L).

Proof #1 (logical). Since gravity only affects vertical movement, the horizontal distance
L is unaffected, and we need only consider the vertical. In the first half (time 0 to 7'/2) of
the object’s trajectory, its upward velocity value changes from some initial velocity vy > 0 to
0, in a linear fashion (due to the constant gravitational acceleration). Hence, on average, it
moves at a velocity vy/2. So, in time 7'/2, it moves a vertical distance (vy/2)(7/2) = voT'/4.
The observed maximum altitude is therefore H = vyT'/4. By contrast, in the absence of
gravity, its velocity vy would remain unchanged, so in time 7" it would instead move a verti-

cal distance vyT. By the above, voT = 4H, giving the result. [ |



Effect of Gravity on Trajectory
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Figure 1: Illustration that in the absence of gravity, the object would reach four times the
altitude H over the same time interval 7" and horizontal length L, so that tan(f) = 4H/L.

Proof #2 (algebraic). Due to the constant gravity, the object follows a parabola. Con-
sider a coordinate system in which the object begins at the origin, and reaches its maximum
altitude y = H when x = L/2, before returning to its original altitude when y = 0 and
x = L. This trajectory satisfies the relation y = H — (4H/L?)[z — (L/2)]*>. The tangent line
has slope given by 3/ = 2(4H/L?)[x — (L/2)], which at =0 is equal to 4H/L. Hence, when
this tangent line is extended out to =L, the value of y there is equal to (L)(4H/L) = 4H. &

Remark. Proposition 1 remains true regardless of the nature of the gravitational field, as

long as it is constant. So, it would also hold when playing basketball on Mars!
We next consider how the horizontal distance L depends on the angle.

Proposition 2 If an object is launched in a constant gravitation field at an initial angle
0 € [0,7/2] from the horizontal, then keeping its initial force constant, the horizontal distance

L traveled before returning to the same altitude is proportional to sin(20).

Proof. Due to the constant gravitational field, the time 7" until the object returns to

the same altitude is proportional to sin(f). And, its horizontal velocity is proportional to
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cos(f) and remains constant throughout its trajectory. Hence, the total horizontal distance

traveled is proportional to sin(6) cos(6). The result follows since sin(f) cos(d) = 3 sin(26). B

Remark. Proposition 2 shows that to throw an object as far as possible, you should throw

it at a 45 degree angle to maximize sin(26), since sin(2 - 45°) = sin(90°) = 1.

One issue regarding Proposition 2 is that there can be two different plausible angles which
give the same value of sin(26). For example, if §; = 7/18 radians (10 degrees), and 5 = 47/9
radians (80 degrees), then 6,0, € (0,7/2), and sin(26,) = sin(26,). This corresponds to two
different ways to achieve the same total horizontal distance — a short hard trajectory or a
high arc. When considering modified versions of shots below, we will choose the angle which

is most similar to the previous version.

Remark. In Proposition 2, the maximum altitude H that the object reaches is actually
proportional to sin?(#), since it is the product of the time T' o sin(#) and the initial vertical

velocity o sin(f). But we do not use that fact here.

Simplification. If the angles 6 remain very close to 7/2 (i.e. 90 degrees), so sin(f) ~ 1,
then to first order in Proposition 2, the horizontal distance L is proportional to just cos(),

which might sometimes seem simpler and more intuitive than sin(26) (see below).

3 Analysis of Barrett’s Shot

With the above results about bounces in hand, we can begin actual calculations. We
begin with Barrett’s shot. We require some additional values. The diameter of an NBA
hoop is 18 inches, or? about 45.7 cm or D = 0.457 meters. And, an NBA basketball has
radius about 12 cm or R = 0.12 meters. Also, we note that Barrett’s shot bounced up a
huge amount, estimated to be at least H = 2.1 meters. And, it traveled a horizontal distance
from centered on the far rim to near the middle of the hoop, so L ~ D /2 = 0.229.

In terms of these values, it follows from Proposition 1 above that the ball’s initial angle
with the horizontal upon bouncing off the far rim was equal to § = arctan(4H/L) = 1.5436
radians, or about 88.4 degrees (nearly vertical). How could the ball have achieved such an

initial angle? It must be that when it hit the (far) rim, the center of the ball made that same

2Reminder for American readers: one meter (m) is a slightly over three feet, and one centimeter (cm) is
1/100 of a meter, or about 40% or 2/5 of an inch. More precisely, one inch equals 2.54 cm.
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angle with the rim. Hence, the center of the ball must have had initial horizontal distance
X = Rcos(f) = 0.00326 (about 1/3 of a centimeter) from the rim.

So, how much closer to the center of the hoop (i.e., farther from that far rim) would the
ball’s center have to be, for it to instead bounce past the near rim and miss the shot? Well,
the new horizontal distance L would have to be at least equal to the rim diameter D, i.e. we
would need L > D =~ 2L. What initial position X would achieve that?

Using the “Simplification” above (since the bounces were so high that the horizon-
tal angles were all near 90 degrees), we would need cos(d)/cos(d) = L/L ~ 2. Since
we know that @ = 1.5436, this means that cos(d) ~ 2cos(1.5436) = 0.0544, whence
= arccos(0.0544) = 1.516 or about 86.9 degrees. This slightly smaller angle from the hori-
zontal would be achieved if the ball’s initial horizontal distance from the far rim was instead
X = R cos(1.516) = 0.00657, or about 0.66 centimeters. So, X — X = 0.00657 — 0.00326 =
0.00331, or just under 1/3 of a cm. Hence, if Barrett’s shot had hit that far rim 1/3 of a
centimeter closer to the center of the hoop than it actually did, then it would have bounced
out the front and missed, and the Raptors would have lost.

Or, using the full result from Proposition 2 above, we need sin(26)/sin(20) = L/L ~ 2, so
sin(26) = 2sin(2 * 1.544) = 0.1071. This allows that either § = arcsin(0.1071)/2 = 0.05365
or = (m — arcsin(0.1071))/2 = 1.5171, i.e. either 3.1 or 86.9 degrees. Obviously the
latter is most similar to #, and is hence our choice. This implies that the ball’s center’s
alternative horizontal distance from the rim would be X = Rcos(1.5171) = 0.00644, very
similar to before. We thus conclude: If Barrett’s shot had hit the far rim just 1/3
of a centimeter closer to the hoop’s middle, then it would have bounced too far
back towards the shooter’s side, and failed to score.

So, Barrett’s shot was very lucky indeed. But how does it compare to Kawhi’s shot?

4 Analysis of Kawhi’s Shot

We next turn to Kawhi Leonard’s shot from 2019. It is somewhat more complicated
than Barrett’s. For one thing, the angles are not all near 90 degrees, so we can not use
the above “Simplification”. More importantly, Kawhi’s shot bounced a total of four times
on the rim before finally scoring. So, even figuring out the path it took (much less how it
could be modified to miss) is non-trivial. For ease of reading, we relegate the details of these
calculations to the Appendix, and summarise them as follows.

The resulting bounce locations and heights are as illustrated in Figure 2. In particular,

the shot’s initial position (before the first bounce) was just X; = 0.0014 meters, i.e. about



1/7 of a centimeter inside the center of the near rim.

Breakdown of Kawhi's Shot
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Figure 2: Diagram of the four bounces in Kawhi’s famous shot. The curves follow the center
of the ball. The rim edges (red) are drawn as wide as the ball, to indicate where the ball’s
center needs to land in order to score. Axes are horizontal and vertical distance in meters.

Then, similar calculations (see Appendix) show that if we instead had X, =0.119, i.e. if
the initial position was about 12 centimeters closer to the center of the hoop, then it would
have bounced its center just past the far rim (on the first bounce), and then continued farther
away and missed. Now, 12 centimeters is not so much — less than half a foot — but it is not
so little, either. This raises the question, is there some way the shot could have missed while
being more similar to (but still “better” than) the original shot? Yes indeed — it is possible
that the first bounce still landed on the near side of the rim, but slightly closer to the center,
so that the second bounce would carry the ball over the far rim to still miss. What would
be required for that?

Further calculations (see Appendix) show that if we instead had X, = 0.0017, i.e. if the
initial position was about 0.0256 cm or about 1/39 of a centimeter closer to the center of
the hoop, then its second bounce would have bounced its center just past the far rim, and
again missed. That is: If Kawhi’s shot had initially hit the near rim just 1/39 of



a centimeter closer to the hoop’s center, then its third bounce would have gone
too far over the far rim, and hence the shot would have missed.

Needless to say, 1/39 of a centimeter is an incredibly tiny distance. So, Kawhi was indeed
extremely lucky that his shot did not land just slightly closer to the center of the hoop, since

then it would not have scored a basket in the end. Phew!

5 Discussion

This paper has used simple geometry and analysis to determine how much closer (better)
these two famous basketball shots would have had to be in order to miss. For Barrett’s shot
in 2026, it is just 1/3 of a centimeter. For Kawhi’s shot in 2019, it is even less, about 1/39
of a centimeter. So, both shots were very lucky indeed, and Kawhi’s even more so.

The analysis herein, like most mathematical arguments about real-world phenomena,
made various simplifying assumptions. Many possible physical influences on the ball’s path
were ignored, such as air resistance, ball spin and other pre-bounce properties, the ball’s
non-smooth surface, the positive thickness of the rim itself, shot deviations from side to side,
etc. Plus, of course, the maximum altitudes of the various bounces were estimated from
video observation, and are not completely accurate. In addition, the numerical calculations
involved various approximations and are not 100% precise.

Nevertheless, I believe this analysis included the most important factors and influences
on the ball’s progress, and led to accurate estimates of how the ball’s trajectory would be
modified by slight changes in position and angle. I also hope that it points the way towards

analysing other questions about real-world actions and effects, in sports and beyond.

6 Future Work

There are many ways in which the ideas in this paper could be extended to other contexts.

One way is to consider shots which are more complicated because they hit the backboard,
or veer to the right or left (not straight), or have significant spin (cf. [8]) which affects the
ball’s progress, etc.

Another is to consider an entire 0-1 loss function which specifies, as a function of the
shot’s initial height and position and angle, whether it will score (loss=0) or miss (loss=1).
This would be a piecewise constant function with many jumps depending on the ball’s various
possible future trajectories.

It would also be possible to specify a probability distribution for the shot’s initial height

and position and angle, perhaps based on a particular shooter’s history. Then, once a loss
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function is determined as above, it would also be possible to compute the probability that
the shot would score (cf. [2]), as well as how many times it would bounce, etc.

In principle, this distribution and loss function could then be combined to determine a
decision-theoretic optimal shot procedure (cf. [1]), to minimize the loss function given the
uncertainties of the shot and the potential bounces. For example, it is possible that it is not
optimal to aim for the exact center of the hoop, since the probability distribution of a shot
aimed slightly off-center might lead to various probabilities of various rim bounces which
might perhaps lead to an overall larger probability of scoring than one aimed at the exact
center, and hence a smaller mean loss (cf. [8]). This is even more likely if, as seems plausible,
the shooter probability distribution turns out to be not completely symmetric (e.g. perhaps
shooters more often shoot much too short than much too long).

In a different direction, such distribution and loss functions could in turn provide a new
perspective on “luck”. In this paper, we have used the principle that if arriving closer to
the center of the hoop would have caused the shot to miss, then the fact that it did not do
so is considered lucky. However, another perspective might be that shots are more lucky if
they had a smaller probability of scoring. Or, more generally, a particular sequence of rim
bounces might be considered very lucky if it had an extremely small probability of occurring.

This might provide a different way of thinking about the concept of a “lucky shot”.

7 Appendix: Kawhi Shot Calculations

As mentioned above, Kawhi’s shot bounced four times on the rim before finally scoring.
We now wish to figure out the path that it took, consistent with Propositions 1 and 2 above.
We proceed as follows.

From direct video observation, Kawhi’s shot first bounced about H; = 0.8 meters on
the near side of the rim, then bounced about Hy = 0.3 meters again on the near side, then
crossed over to the far side of the rim and bounced about H3 = 0.2 meters there, and then
finally bounced about H; = 0.1 meters again on the far side, before finally landing inside
hoop. We wish to track the actual locations and horizontal distances associated with each
of these four bounces.

This task is challenging because the different bounces interact with each other. Making
the second bounce larger (say) would change the location of the third bounce, which would
then change the size of that third bounce. And, moving the second bounce’s location (say)
would change the distance to the third bounce’s specified location, which would change our

target for how large the second bounce should have been, etc. Consistency demands that the



total horizontal distance L; of the i*" bounce should correspond to the distance X;;; — X;
between the locations of the i®® and (i + 1)* bounces. To do this fit accurately, we work
backwards, starting from the fourth (final) bounce and working back to the first bounce,

doing some trial-and-error along the way to make everything fit, as follows (see Figure 2).

FOURTH (FINAL) BOUNCE: This bounce achieved roughly H, = 0.1 maximum altitude,
and moved horizontally about half the rim diameter, roughly L, ~ D/2 = 0.229. So,
by Proposition 1 above, the fourth bounce’s initial angle with the horizontal was about
0, ~ arctan(4H,/L,) = 1.052 (radians) = 73.3 degrees. It then follows from Proposition 2
that the position of the center of the ball at the start of the fourth bounce was about

X4 = Rcos(;) = 0.0595 (meters), i.e. about 6 centimeters inside the far rim.

THIRD BOUNCE: This bounce achieved roughly H3z = 0.2 maximum altitude, and moved
horizontally approximately L3 =~ 0.05. Hence, similar to the above, the third bounce’s initial
angle was about 63 ~ arctan(4H;3/Ls) = 1.508 = 86.4 degrees, with horizontal position
X3 &~ Rcos(f3) = 0.0075. That is, the position of the center of the ball at the start of the
third bounce was just about 3/4 of a centimeter inside the far rim. This is consistent with
the requirement that L3 = 0.05 ~ X, — X3 = 0.0595 — 0.0075 = 0.052.

SECOND BOUNCE: This bounce achieved roughly Hs = 0.3 maximum altitude, and moved
horizontally approximately Ly ~ D — X3 —0.04 = 0.41. So, its angle 6, ~ arctan(4H,/Ly) =
1.242 = 71.2 degrees. Hence, the horizontal position of its center from the near rim was about
Xy ~ Rcos(fy) = 0.0388, or nearly 4 centimeters inside the near rim. In this case, since
the second bounce crossed from the near to the far rim (distance D), with X, the distance

inside the near rim and X3 the distance inside the far rim, the consistency relationship is

FIRST BOUNCE: This bounce achieved roughly H; = 0.8 maximum altitude, and moved
horizontally approximately L; ~ X, —0.0015 = 0.0373. So, its angle 0; ~ arctan(4H, /L) =
1.559 = 89.3 degrees (nearly vertical). Hence, the horizontal position of its center from the

near rim was about X; = Rcos(6;) = 0.0014, or just 0.14 cm inside the near rim. Then we
have the consistency L; = 0.0373 ~ Xy, — X; = 0.0374.

Now that we have (painstakingly) mapped out all four bounces of Kawhi’s shot (Figure 2),
we can ask how this shot could have arrived even closer and yet failed to score. The simplest
way would be for the first bounce to go right over the far side of the rim. This would require

that its new horizontal distance L; had L; ~ D = 0.457, so by Proposition 2 its new initial



angle 6, would have to satisfy that sin(20;) = sin(20,) = Ly/Ly ~ 0.457/0.0373 = 12.25.
This means that sin(20;) = 12.25sin(26;) = 0.2852, so 6, = arcsin(0.2852) /2 = 0.1446 = 8.3
degrees. This modification would give its new initial horizontal distance from the near rim
as X; = Rcos(gl) = 0.119. Compared to the actual initial position X7, this is nearly 12
centimeters closer to the center of the hoop. So, if Kawhi’s shot had hit 12 centimeters
closer to the center, then it would have bounced its center just past the far rim (on the first
bounce), and then continued farther away and missed.

Next, we consider the possibility that the first bounce still lands on the near side of the
rim, but slightly closer to the center, so that the second bounce carries the ball over the far
rim to still miss. What would be required for that? Well, for the second bounce to extend
beyond the far side of the rim, we would need say Ly > Ly +0.05 = 0.46. By Proposition 2,
this could be achieved if sin(26,) = sin(265) = Ly/Ly = 0.46/0.41 = 1.1220. That would
make sin(26,) = 1.1220sin(26) = 0.6859. This allows for either 6, = arcsin(0.6859)/2 =
0.3779 = 21.7 degrees, or 0 = (7 — arcsin(0.6859))/2 = 1.1929 = 68.3 degrees. Clearly,
the second option is closest to the actual second bounce, so we take that as our value
of f,. This means the second bounce would have to have been centered at the position
X, = Rcos(1.1929) = 0.04428, or just over 4 centimeters inside the near rim. This is about
0.55 cm farther than the actual second bounce position Xy = 0.0388.

The question then becomes, how could the first bounce be modified to achieve this new
position )?2 for the second bounce. For that, we would need El > )?2 = (0.04428. So,
sin(20,) = sin(20y) = Ly/L; = 0.04428/0.0373 = 1.1871. This means that sin(20;) =
1.871sin(26,) = 0.02764, and hence (again taking the second of two options for arcsin)
that 6, = (7 — arcsin(0.02764))/2 = 1.5570 = 89.2 degrees. That in turn implies that
X, = Rcos(al) = 0.001656. Compared to the original position X; = 0.0014, we see that
the new position X for the first bounce is only about 0.000256 m = 0.0256 cm = (1,/39)
cm farther inside the near rim. That is sufficient to make the second bounce about 0.55 cm
farther inside the near rim than it was, which would in turn push the third bounce to the

outside of the far rim, leading to a missed shot.
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