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Abstract

One main limitation of the existing optimal scaling results for Metropolis—Hastings algorithms is
that the assumptions on the target distribution are unrealistic. In this paper, we consider optimal scaling
of random-walk Metropolis algorithms on general target distributions in high dimensions arising from
practical MCMC models from Bayesian statistics. For optimal scaling by maximizing expected squared
jumping distance (ESJD), we show the asymptotically optimal acceptance rate 0.234 can be obtained
under general realistic sufficient conditions on the target distribution. The new sufficient conditions are
easy to be verified and may hold for some general classes of MCMC models arising from Bayesian
statistics applications, which substantially generalize the product i.i.d. condition required in most existing
literature of optimal scaling. Furthermore, we show one-dimensional diffusion limits can be obtained
under slightly stronger conditions, which still allow dependent coordinates of the target distribution.
We also connect the new diffusion limit results to complexity bounds of Metropolis algorithms in high
dimensions.
© 2020 Elsevier B.V. Allrights reserved.

1. Introduction

Markov chain Monte Carlo (MCMC) algorithms [15,28,38,45,53] are now routinely used
in many fields to obtain approximations of integrals that could not be tackled by common
numerical methods, because of the simplicity and the scalability to high-dimensional settings.
The running times of MCMC algorithms are an extremely important issue of practice. They
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have been studied from a variety of perspectives, including convergence “diagnostics” via
the Markov chain output [27], proving weak convergence limits of sped-up versions of the
algorithms to diffusion limits [54,55], directly bounding the convergence in total variation
distance [3,26,31,32,44,60-63], and non-asymptotic guarantees when the target distribution has
a smooth and log-concave density, e.g. [12,21,22,24] and the references therein.

The optimal scaling framework [54-56] is one of the most successful and practically useful
ways of performing asymptotic analysis of MCMC methods in high-dimensions. Optimal scal-
ing results (e.g. [5,8,17,34,35,46-49,57,76]) facilitate optimization of MCMC performance by
providing clear and mathematically-based guidance on how to tune the parameters defining the
proposal distribution for Metropolis—Hastings algorithms [30,43]. For instance, classical results
include tuning the acceptance probabilities to 0.234 for random-walk Metropolis algorithm
(RWM) [54] and 0.574 for Metropolis-adjusted Langevin algorithm (MALA) [55]. Moreover,
optimal scaling results have been used to analyze and compare a wide variety of MCMC
algorithms, such as Hamiltonian Monte Carlo (HMC) [9], Pseudo-Marginal MCMC [68],
multiple-try MCMC [7]. This yields guidance which is widely used by practitioners, especially
via self-tuning or Adaptive MCMC methodologies [1,64].

In the original paper, Roberts and Rosenthal [54] dealt with the RWM algorithm starting
in stationarity for target distributions which have i.i.d. product forms. The i.i.d. condition for
the target and the assumption for the chain to start in stationarity are two main limitations
of the optimal scaling framework. Particularly, the product i.i.d. condition is very restrictive.
From a practitioner’s perspective, target distributions of the i.i.d. forms are too limited a
class of probability distributions to be useful, since they can be tackled by sampling a single
one-dimensional target due to the product structure. To this day, optimal scaling results have
mainly been proved for target distributions with a product structure, which severely limits their
applicability. On the other hand, practitioners use these tuning criteria far outside the class of
target distributions of product i.i.d. forms. For example, extensive simulations [56,66] show
that these optimality results also hold for more complex target distributions.

There exists only a few extensions for correlated targets and most of them are derived
for very specific models. For example, Breyer and Roberts [14] studied target densities
which are Gibbs measures and Roberts and Rosenthal [56] studied inhomogeneous target
densities. Breyer et al. [13] studied target distributions arising in nonlinear regression and
have a mean field structure. Neal and Roberts [46] considered the case where updates of high-
dimensional Metropolis algorithms are lower dimensional than the target density itself. Later,
Bédard and Rosenthal [8] studied independent targets with different scales (see also [4,5]) and
Bédard [6] studied a special family of hierarchical target distributions. Neal and Roberts [47]
studied spherically constrained target distributions and non-Gaussian proposals [48]. Sherlock
and Roberts [67] considered elliptically symmetric unimodal targets. Neal et al. [49] studied
densities with bounded support. Durmus et al. [23] considered target distributions which
are differentiable in L” mean. Recently, Mattingly et al. [41] studied diffusion limits for a
class of high-dimensional measures found from the approximation of measures on a Hilbert
space which are absolutely continuous with respect to a Gaussian reference measure (see
also [10,11,20,51]). Important examples of this scenario required by Mattingly et al. [41] in
uncertainty quantification problems are given in [16,29,70]. However, in this paper we shall
concentrate on the situation where absolute continuity with respect to a Gaussian is not a
reasonable assumption, as is the case in many Bayesian statistics applications.

Furthermore, we do not consider the transient phase of the Metropolis—Hasting algorithms
in this paper. The transient phase of high-dimensional Metropolis—Hasting algorithms is studied
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for example in [17,34-37]. Kuntz et al. [37] studied the RWM algorithm starting out of
stationarity in the settings of Mattingly et al. [41] and Jourdain et al. [35] when non-product
target distributions are defined in a Hilbert space being absolute continuous with respect to
some Gaussian measures. Such target distributions in [37] can arise for example in Bayesian
nonparametric settings, but not in many other Bayesian statistics applications which we focus
on in this paper.

In this paper, we consider optimal scaling of RWM algorithms on general target distribu-
tions in high dimensions arising from practical MCMC models in Bayesian statistics. First,
for optimal scaling by maximizing expected squared jumping distance (ESJD), we show
the asymptotically optimal acceptance rate 0.234 can be obtained under general sufficient
conditions on the target distribution. Very briefly speaking, 0.234 is asymptotically optimal
if (i) each coordinate of the Markov chain is only strongly dependent with a subset of
other coordinates (see assumptions (Al) and (A3)); (ii) the target distribution satisfies some
smoothness conditions (see assumptions (A2) and (A4)); (iii) as the dimension goes to infinity,
a key quantity of “roughness” of the target concentrates to a nonzero value (see assumption
(A5)). The new sufficient conditions are easy to check in practice and may hold for some
general classes of practical MCMC models. Our results substantially generalize the commonly
used product i.i.d. condition. Furthermore, we show one-dimensional diffusion limits can also
be obtained under relaxed conditions which still allow dependent coordinates of the target
distribution. Finally, we also connect the new results of diffusion limits to complexity bounds
of RMW algorithms in high dimensions. Note that although the whole paper is focused on
RWM algorithm, we believe the technical proofs in this paper can be used to relax restrictive
conditions on the target distribution for more general Metropolis algorithms.

The paper is organized as follows. In Section 2, we give a brief background review of
optimal scaling for Metropolis—Hastings algorithms and complexity bounds via diffusion limits.
In Section 3, we present our main results, which include three parts: optimal scaling by
maximizing ESJD, optimal scaling via diffusion limits, and complexity bounds via diffusion
limits. In Section 4, we demonstrate the new optimal scaling result holds for some useful
MCMC models. In Appendix A, we prove Theorem 3.10, which is one of our main results. The
proofs of lemmas used for proving Theorem 3.10 and other main results, such as Theorems 3.19
and 3.21, are delayed to Appendices B-D.

2. Background on optimal scaling

Practical implementations of Metropolis—Hastings algorithms suffer from slow mixing for
at least two reasons: the Markov chain moves very slowly to the target distribution when the
proposed jumps are too short; the Markov chain stays at a state for most of the time when
the proposed jumps are long but the chain ends up in low probability areas of the target
distribution. The optimal scaling problem [54] considers the choice of proposed distribution to
optimize mixing of the Metropolis—Hastings algorithm. We focus on one of the most popular
MCMC algorithms, the RWM algorithm. This algorithm proceeds by running a Markov chain
{X4(t),t = 0,...,00} as follows. Given a target distribution ¢ on the state space R? and
the current state X“(r) = x?, a new state is proposed by Y4 ~ A/(x?, Gjl ), which is sampled
from a multivariate Gaussian distribution centered at x¢, then the proposal is accepted with
probability min{1, 7¢(Y?)/w¢(x¢)} so that X?(t + 1) = Y. Otherwise the proposal is rejected
and X9(t+1) = x“. This is precisely to ensure the Markov chain is reversible with respect to the
target distribution 77¢. It can be shown that the normal proposals automatically make the RWM
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algorithm m“-irreducible, aperiodic, and hence ergodic [42,59]. Therefore, it will converge
asymptotically to ¢ in law. Note that the only computational cost involved in calculating the
acceptance probabilities is the relative ratio of densities. Within the class of all Metropolis—
Hastings algorithms, the RWM algorithm is still widely used in many applications because of
its simplicity and robustness.

2.1. Optimal scaling via diffusion limits

The most common technique to prove optimal scaling results is to show a weak conver-
gence to diffusion limits as the dimension of a sequence of target densities converges to
infinity [54,55]. More specifically, even though different coordinates of the Markov chain
are not independent nor even individually Markovian, when the proposal is appropriately
scaled according to the dimension, the sequence of sped-up stochastic processes formed by
one fixed coordinate of each Markov chain converges to an appropriate Markovian Langevin
diffusion process. The limiting diffusion limit admits a straightforward efficiency maximization
problem which leads to asymptotically optimal acceptance rate of the proposed moves for
the Metropolis—Hastings algorithm. In [54], the target distribution ¢ is assumed to be an
d-dimensional product density with respect to Lebesgue measure, that is

d
n(chy =TT s, (1
i=1
where x? = (x1, X2, ...,xg). It is shown that with the choice of scaling 07 = ¢%/(d — 1)
for some fixed £ > O, individual components of the resulting Markov chain converge to
the solution of a stochastic differential equation (SDE). More specifically, denoting X¢ =
(Xd, Xg, e, Xg), the first coordinate of the RWM algorithm, X4, sped up by a factor of d,
ie. {X‘li(LdtJ), t =0,1,...}, converges weakly in the usual Skorokhod topology to a limiting
ergodic Langevin diffusion.

Proposition 2.1 ([54, Theorem 1.1]). Suppose density [ satisfies that f'/f is Lipschitz
continuous and

! 8 ” 4
/ [J}((;))} flode = e / [J;((;))} S < oo )

Then for U%(t) = X‘]J(I_dtj), as d — 0o, we have U? = U, where = denotes weak
convergence in Skorokhod topology, and U satisfies the following Langevin SDE

dU(t) = (h(£))'/*dB hﬁmd, 3

(1) = (h(0)) (1) + h( )2f(U(t)) 1 (3)

= - , 2

with h(£) = 22 45(—6\/7/2) is the speed measure for the diffusion process, I = [ [J;((;))]

f(x)dx, and P being the standard Gaussian cumulative density function.

This weak convergence result leads to the interpretation that, started in stationarity and
applied to target measures of the i.i.d. form, the RWM algorithm will take on the order of
d steps to explore the invariant measure. Furthermore, it may be shown that the value of £
which maximizes the speed measure 4(¢) and, therefore, maximizes the speed of convergence
of the limiting diffusion, leads to a universal acceptance probability, for the RWM algorithm
applied to targets of i.i.d. forms, of approximately 0.234. Proposition 2.1 is proved in [54]
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using the generator approach [25]. The same method of proof has also been applied to derive
optimal scaling results for other types of MCMC algorithms: for example, the convergence of
MALA to diffusion limits when aj = (02/d'? (see e.g. [13,17,46,55,56]) with asymptotically
optimal acceptance rate 0.574.

2.2. Optimal scaling by maximizing ESJD

Another popular technique to prove optimal scaling is by maximizing expected squared
jumping distance (ESJD) [2,50,57], which is defined as follows.

Definition 2.2 (Expected Squared Jumping Distance).

ml(r?)
ESID(d) := Eyd-zaEya [”Yd - X <1 " nd(Xd))} v

where the expectation over Y¢ is taken for Y4 ~ N (x¢, %I ) for given X¢ = x4, and | - ||
denotes the Euclidean distance, i.e. [|[Y¢ — X¥|> = 3% (¥; — X,).

Choosing a proposal variance to maximize ESJD is equivalent to minimizing the first-
order auto-correlation of the Markov chain, and thus maximizing the efficiency if the higher
order auto-correlations are monotonically increasing with respect to the first-order auto-
correlation [50]. Furthermore, if weak convergence to a diffusion limit is established, then the
ESJD converges to the quadratic variance of the diffusion limit. This suggests that maximizing
the ESJD is a reasonable problem. For example, Atchadé et al. [2] considered to maximize
the ESJD to choose optimal temperature spacings for Metropolis-coupled Markov chain Monte
Carlo and simulated tempering algorithms. Later, Roberts and Rosenthal [57] proved a diffusion
limit for the simulated tempering algorithms. Using a new comparison of asymptotic variance
of diffusions, Roberts and Rosenthal [57] showed the results in the choice of temperatures
in [2] do indeed minimize the asymptotic variance of all functionals. Another example is
the optimal scaling result for HMC, with asymptotically optimal acceptance rate 0.651 when
o7 = €*/d"* [9], is proven by maximizing the ESID.

Although establishing weak convergence of diffusion limits gives stronger guarantee than
maximizing ESJD, the price to pay is to require stronger conditions on the target distribution.
Maximizing ESJD instead can lead to (much) weaker conditions on the target distribution. Later
in this paper, we will show that we are able to relax the restrictive product i.i.d. condition on
the target distribution for both cases. In particular, the new sufficient conditions on the target
distribution for maximizing ESJD are weak enough to allow target distributions arising from
realistic MCMC models.

2.3. Background on complexity bounds

Because of the big data world, in recent years, there is much interest in the “large d, large
n” or “large d, small n” high-dimensional regime, where d is the number of parameters and n
is the sample size. Rajaratnam and Sparks [52] use the term convergence complexity to denote
the ability of a high-dimensional MCMC scheme to draw samples from the posterior, and how
the ability to do so changes as the dimension of the parameter set grows. This requires the
study of computer-science-style complexity bounds [18,19] in terms of running time complexity
order as the “size” of the problem goes to infinity. In the Markov chain context, computer
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scientists have been bounding convergence times of Markov chain algorithms focusing largely
on spectral gap bounds for Markov chains [39,40,69,72-74]. In contrast, statisticians usually
study total variation distance or other metric for MCMC algorithms. In order to bridge the gap
between statistics-style convergence bounds, and computer-science-style complexity results, in
one direction, Yang and Rosenthal [75] recently shows that complexity bounds for MCMC
can be obtained by quantitative bounds using a modified drift-and-minorization approach. In
another direction, Roberts and Rosenthal [58] connect existing results on diffusion limits of
MCMC algorithm to the computer science notion of algorithm complexity. The main result
in [58] states that any weak limit of a Markov process implies a corresponding complexity
bound in an appropriate metric. More specifically, Roberts and Rosenthal [58] connect the
diffusion limits to complexity bound using the Wasserstein metric. Let (X', F, p) be a general
measurable metric space, the distance of a stochastic process {X(¢)} on (X, F) to its stationary
distribution 7 is defined by the KR distance

I£:(X (1)) — wlikr == sup |E[g(X ()] — 7(8)] Q)
geLip!
where L£,(X(t)) denotes the law of X(¢) conditional on starting at X(0) = x, w(g) =
f g(x)m(dx) is the expected value of g with respect to w, ‘KR’ stands for ‘Kantorovich—
Rubinstein’, and Lipi is the set of all functions g from & to R with Lipschitz constant no
larger than 1 and with |g(x)| <1 for all x € &, i.e.

Lip; == {g: X = R, |g(x) — g()| < p(x,y),Vx,y € X, |g| < 1}. (©6)

Note that the KR distance defined in Eq. (5) is exactly the 1st Wasserstein metric. Then it can
be shown that the w-average of the KR distance to stationarity from all initial states X(0) in
X is non-increasing, which leads to the following complexity linking proposition.

Proposition 2.3 (/58, Theorem 1]). Let X¢ = {X(t),t > 0} be a stochastic process on
(X, F, p), for each d € N. Suppose X¢ converges weakly in the Skorokhod topology as d — 00
to a cadlag process X*°. Assume these processes all have the same stationary distribution
and that X*° converges weakly to w. Then for any € > 0, there are D < oo and T < oo such
that

Exaoyr |1 Lxaoy(X (1) = llkr <€, Vt>=T,d > D. (7)

Proposition 2.3 allows us to bound the convergence of the sequence of processes uniformly
over all sufficiently large d, if the sequence of Markov processes converges weakly to a limiting
ergodic process. Combining Proposition 2.3 with previously-known MCMC diffusion limit
results, Roberts and Rosenthal [58] prove that the RWM algorithm in d dimensions takes
O(d) iterations to converge to stationarity. However, in [58], the target distribution needs to
be product i.i.d. with density satisfies all the assumptions of Proposition 2.1. Furthermore, the
condition Eq. (2) is replaced by a stronger condition

, 12 " 6
J75] s <oor [[75] reae <o ®

3. Main results

In this section, we show our main results on optimal scaling of RWM algorithms on general
target distributions. We first consider optimal scaling by maximizing ESJD in Section 3.1. We
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show asymptotic form of the ESJD in Theorem 3.10 under very mild conditions on the target
distribution. Then we show in Theorem 3.13 that if we directly maximize the asymptotic ESJD,
we can obtain 0.234 as an upper bound of the asymptotically optimal acceptance rate. Next, we
show the acceptance rate 0.234 is asymptotically optimal under one more weak law of large
number (WLLN) condition on the target distribution in Theorem 3.14. In order to give the
reader a brief idea that to what extend the class of target distributions can be enlarged. We first
present an example of a non-product non-i.i.d. class of distributions, which is a straightforward
corollary of our main result in Theorem 3.14. Note that our main result includes much more
general class of distributions than this simple example. Recall that a (probabilistic) graphical
model is a family of probability distributions defined in terms of a directed or undirected
graph [33]. Suppose that the statistical model can be represented as a graphical model, then
we have the following corollary.

Corollary 3.1 (A Simple Corollary of Theorem 3.14). If the following three conditions hold,
0.234 is indeed the asymptotic acceptance rate: (i) in the graph representation, each node of
the graph has at most o(d'/*) links; (ii) the target density m? is bounded and log w® has up to

2
the third bounded partial derivatives; (iii) for X¢ ~ ¢, 5 Zle (087, log nd(Xd)> converges
to a positive constant as d — 00.

In Section 3.2, we consider optimal scaling via diffusion limits. We prove the new conditions
for weak convergence to diffusion limits in Theorem 3.19. We then strengthen this result to
consider fixed starting state in Theorem 3.21. Finally, in Section 3.3, we apply our new result on
diffusion limits with fixed starting state to obtain complexity bounds for the RMW algorithm,
which is given in Corollary 3.23.

Before presenting our main results, we first define a sequence of “sets of typical states”.

Definition 3.2. We call {F,;} a sequence of “sets of typical states” if w¢(Fy) — 1.

Next, we enlarge {F,} in different ways, which will be used later for the new conditions on
the target.

Definition 3.3. For a given sequence of “sets of typical states” {F,}, we define
Fy) = (X1, ey Xie Dy Yy Xigds - -5 Xg) D (x1, ..., xg) € Fy,such that |y — x;| < /logd/d}. )

+._1 9 gD
Furthermore, we define F; := | Ji_, F,"”.

Remark 3.4. It is clear from the definitions that F ;) is to enlarge the ith coordinate of
x? € F,; by covering it with an open interval (x; — \/logd/d, x; + \/logd/d); F; is the
union of F f), i=1,...,d. Then clearly we have F; C F ;i) CF j . In practice, the difference
between F ; and Fy is usually asymptotically ignorable in high dimensions. <«

Finally, we introduce the idea of “neighborhoods” of a coordinate, which is later used
to capture the correlation among different coordinates. We use ; to denote a collection of
coordinates which are called “neighborhoods” of coordinate i. That is, H; € {1,...,d}. We
also assume i € H;. Although the definition of the set H,; is quite arbitrary, we expect that
J € H,; implies the coordinates i and j are correlated even conditional on all other coordinates.
This idea of “neighborhoods” become clearer if the target distribution comes from a model
which can be written as a probabilistic graphical model [33]. For a graphical model, it is
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convenient to define the “neighborhood” j € H; if there is an edge between nodes i and
j- In this definition, clearly j ¢ 7{; implies that the two coordinates i and j are conditional
independent given all the other d — 2 coordinates.

3.1. Optimal scaling for maximizing ESJD

Suppose {F,} is a sequence of “sets of typical states” and {#;} are collections of “neigh-
borhoods” for each coordinate. Throughout the paper, we assume sup;.(; 4 |Hil < ls where
ld = O(d)

.....

Remark 3.5. For graphical models, if we define #; as the collection of nodes that is directly
connected to i by an edge, then I; = o(d) rules out “dense graphs” for which /; xd. <«

Now we introduce the first assumption (A1) on the target <.

82 1 d(,d 82 1 d(,d
sup  sup M = o(1), sup  sup og—n(x) =o(y/d/ly).
G.jyigHi wepf  0%i0X; G.jyietidepy  0Xi0X;

(AD)

Remalz'k 3.?. . For graphical models, if node i is not directly connected to node j, we always
32 log w9 (x7)
(;)f,j;x]

a2 dg.d
of the graph, say (i, j), that % = o(/d/1;). Since we have assumed [; = o(d), this is
a very weak condition. For example, (A1) holds for all graphical models with bounded second

partial derivatives. <

have = 0. Therefore, in order to make (A1) hold, it suffices to check for each edge

Next, we denote the conditional density of the ith and jth coordinates, given all the other
coordinates fixed, by m; jj—i—; = nd(xi,xj |x_j—;) where x_;_; with i < j denotes all
coordinates of x¢ other than the ith, and jth coordinates, i.e.

X = (X0 ey Xim s Xigds v oo Xjm s Xj Dy - oo 5 X)-

Note that ; ;_;_; is a probability measure in R?. Then we introduce the next assumption (A2)
on the target as follows.

i jii—j FTijiiey 1
sup sup 5 5 dx;dx; = o(1). (A2)
Gy (v e Fy) ax; Xy T jl-i-j

Remark 3.7. The assumption (A2) is very weak, since it is only to require that the target has
a “flat tail”. To see this, consider the target distribution 77¢ has the special i.i.d. product form
of Eq. (1), then (A2) reduces to

02 (xi) f(x)) 02 F (i) f (x; 1 & ?
/ flx )zf(xj) flx )2f(xj) dridx, = ( f(zx)dx> _o, (10)
ax; ax; i) f(x)) dx
when f has a “flat tail” so that % — 0 when |x| — oo. Similarly, for graphi-
cal models, if there is no edge between i and j, then when 7 has “flat tail” we have
[ Emtimy Priitimi gy dy =0,
dx? asz. Tijl—iej L T
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The next assumption is about conditions on the third partial derivatives.

331 do.,.d 831 dg,.d
sup  sup 0g2—71(x) = o(1), sup  sup ogz—n(x) =o(d/ly),
(.)):j¢H; xderd  OX[0X; (.jyjeM; xdcrd  OX70X;
(A3)
931 d(d 931 d(d
up sup TABTCD _ iy (g |Z108T 0D ey
i ydeRrd Bxl Pyt »d eRrd 8x,-8xj8xk

Remark 3.8. We consider graphical models that satisfy (A3). The first three equations of
(A3) are similar to (Al) and they hold for all graphical models with bounded third partial
derivatives. Recall that, in graph theory, a n-clique of a graph is a fully-connected subset of
nodes of the graph with cardinality n. The last equation of (A3) then involves the number of
3-cliques in the graph. Note that for many realistic hierarchical models, there are no 3-cliques
for the corresponding graphs, which implies ) _; Ltk %
considering a graph that has d nodes and each has [; neighbors, since there are dl;/2 links,
the number of 3-cliques is at most (lg)d /3 = O(3d). Therefore, (A3) holds for any graphical
model with /; = o(d'/*) and bounded third partial derivatives. <«

= 0. Even for the worst case,

The next assumption is the last assumption before our first main result. We first define a
quantity which measures the “roughness” of log 7¢.

Li(x% = ! Xd: (i lognd(xd)>2. (11)
d el 8x,~

Similarly, we can consider I;(X?) where X¢ ~ 7 as a random variable. Later we will see

that it turns out that 7,(X?) is a key quantity for optimal scaling results. Assumption (A4) is

as follows.
There exists a with 0 < o < 1/2 such that

31 dg..d
sup sup L(x):ow“), sup 70y = o @2, sup 1/1y(x%h) = O@Y/?).

. , X
i ydepd i xdeF} xdeFf

(A4)

Remark 3.9. For (A4), the first two conditions do not even require 7¢ and the first
partial derivative of logz? to be bounded. Thus, they are quite weak. For the last condi-
tion, although the mode of 7¢ is ruled out from F; , the condition can hold as long as

sup; supxd€F§i> dlogrleet) _ Od**) and I;(X?) is tight. That is, VO < € < 1, there exists

dx;
K. > 0 such that P(/;(X9) > K.) < (1 — €). To see this, one can choose Fj using
the tightness such that sup . p, 1/1;(x?) = O(d*/?). Then we can replace F; by Fd+ since
infacp, lo(x?) — infuepr la(x?) = O@d*?*(logd)'?d="?) = o(d~"*) = o(d~*/?). Note that
1,(X“) being tight is a very reasonable assumption, since if I;(X?) is not tight, the target ¢
becomes “flat” at almost every state x¢. <

We are now ready to present our first main result using the assumptions (A1), (A2), (A3),
and (A4). We establish the following results on asymptotic ESJD and asymptotic acceptance
rate.
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Theorem 3.10 (Asymptotic ESID and Acceptance Rate). Suppose m¢ satisfies (A1), (A2), (A3),
and (A4), then as d — 00, we have

2 d
ESID(d) — 2ddf i ne [q; (f_”‘;(x)ﬂ‘ -0, (12)
d d d
EyiiEya (1 A= )) 2Bda [q; (-Z—”"z(x))” 0, (13)

md(X9)

. . 2 .
where the expectation over Y is taken for Y¢ ~ N(x?, ZTlI) for given X4 = x?.

Proof. See Appendix A. O

Since the assumptions required by Theorem 3.10 are very mild, the result of Theorem 3.10
holds for a large class of realistic MCMC models. As an example, we give a class of graphical
models that all conditions (Al), (A2), (A3), and (A4) hold. Therefore, the asymptotic ESID
and acceptance rate by Theorem 3.10 hold for this class of graphical models. We will further
discuss realistic MCMC models later in Sections 4.1 and 4.2.

We give a simple criterion that the assumptions (Al), (A2), (A3), and (A4) hold. More
discussions and examples are delayed to Section 4.

Corollary 3.11. If a graphical model satisfies (i) either each node has at most l; = o(d'/*)
links or the number of 3-cliques of the graph is o(d®?); (ii) I;(X%) is tight; (iii) ¢ has bounded
density and log w¢ has up to the third bounded partial derivatives, then the assumptions (A1),
(A2), (A3), and (A4) hold. Therefore, the asymptotic ESJID and acceptance rate results by
Theorem 3.10 hold.

Proof. First, the assumption (A1) holds when second partial derivatives of log 7¢ are bounded.
Next, the assumption (A2) automatically holds for graphical models. Furthermore, I; = o(d'/*)
implies that the number of 3-cliques is 0(d*/?). Then one can easily verify that the assumption
(A3) holds using the fact that the third partial derivatives of logr¢ are bounded. Finally, the
assumption (A4) holds since I;(X%) is tight. O

Note that Theorem 3.10 suggests that under mild conditions on the target distribution, the
expected acceptance rate

d d d
EyipaEya (1 A #) — 2Byi [@ (-E—”";X)ﬂ . (14)

Therefore, we can define asymptotic acceptance rate as a function of £ as follows.

Definition 3.12 (Asymptotic Acceptance Rate). The asymptotic acceptance rate function is
defined by

15)

d
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The next theorem shows that if the target distribution satisfies (Al)—(A4), then if we
maximize the asymptotic ESJD, the resulting asymptotic acceptance rate is no larger than 0.234.

Theorem 3.13. Defining the optimal parameter for maximizing the asymptotic ESID by 0,
ie.

d
E = arg]nlaxh(g)7 h(l) == 2£2]Exd~nd |:@ <_%(X)>:| , (16)

then we have a(é) < 0.234 (to three decimal places).

Proof. We follow the arguments in [71, Lemma 5.1.4]. First, it can be verified by taking the
second derivatives of h(€) with respect to £ that the maximum of k(€) is achieved at £ such

that % = 0. Therefore, the optimal { satisfies

/ 0./ d 0./ d
2Eydpa |:Q§ <_L(Xd)):| =Eyipa |:£ Idz(x )45’ (—Z ]dz(x )):| a7

2

Therefore, the asymptotic acceptance rate

0 d 0 d
a(f) = Eya_a [6 1"2(X )¢ (—g latX ))} =Eyipa [-27' (V)P (27'(V))],

2
(18)

where V == & —E—”l‘z’(xd) . By Sherlock [65], the function —®~'(x)®’ (&~!(x)) is a concave

function for any x € (0, 1). Therefore, we have

a(l) =Eyapa [- 07 (VYO (07(V))] < =D [Exara (VD [ &7 Eyara(V))].
(19)

Defining m := — &~ ![Eya._,a(V)], we can then write a(é) =2®(—m) < m®'(—m). Finally, it
suffices to show that 2@(—m) < m ®'(—m) implies 2 ®(—m) < 0.234 (to three decimal places).
Note that the function x2®(—x) is maximized at /1 such that 2H(—m) = m &' (—m) ~ 0.234.
By Tawn [71, Lemma 5.1.4], the function 2¢(—x) — x &'(—x) is positive for x < m and
negative for x > m. Therefore, 2@(—m) < m ®'(—m) implies that m > m. Since P(—x) is
monotonically decreasing with x, we have a(f) =2¢(—m) <2P(—m)~0.234. O

The next result is our main result for optimal scaling by maximizing ESJD. Defining the
following WLLN condition for the target 7%:

1,(X%) — I; — 0 in probability (A5)

where X¢ ~ ¢ and I; := Eya_,a[I;(X?)], we show that if the target distribution 7¢ satisfies
(A1), (A2), (A3), (A4), and the WLLN assumption in (AS5), then the acceptance rate 0.234 is
asymptotically optimal.
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Theorem 3.14 (Optimal Scaling for Maximizing ESID). Suppose the target distribution m?
satAl'sﬁes (A1), (A2), (A3), (A4), and (AS5). Then the asymptotic optimal acceptance rate
a(f) =~ 0.234 (to three decimal places).

Proof. By convexity of the function ¢(—x) when x > 0, we can immediately obtain a lower
bound

EzExd,\,nd |:@ <_€Id—()(d)):| > 62 [@ <_ eEdend [2\/ Id(Xd)]):| ) (20)

2
Under (A5), this lower bound is asymptotically tight. Therefore, as d — 0o, according to [54],
we have (to two decimal places)
R 2.38 A 1.3

! — ,  h(t) > - 5.
EX"~;111[\/ Id(Xd)] (Exdwnd[ /[d(Xd)]>
The acceptance rate which maximizing the asymptotic ESID is

[ ) d
a(f) = 2Exu-ya [‘ﬁ <—%(Xd))} —20 (_w> )

ol 238 B ya.a [V Ia(XD)]
Exd iy 1a(X)] 2

Remark 3.15. Comparing the results of Theorems 3.13 and 3.14, it is clear that the
“roughness” of ¢, I;(X?), is the key quantity which determines the optimal acceptance rate
a(f) < 0.234 when only the tightness of I;(X%) can be verified, or a(é) ~ 0.234 when the
concentration of I;(X%) as defined in (A5) can be verified. We will later demonstrate how to
verify (A5) for some realistic MCMC models in Sections 4.1 and 4.2. <«

2n

):245(—1.19)%0.234. O (23)

3.2. Optimal scaling via diffusion limits

In this subsection, we consider sufficient conditions on ¢ for establishing weak convergence
of diffusion limits. As we discussed before, establishing such results gives stronger guarantee
for optimal scaling than maximizing ESJD. However, it also requires stronger conditions on the
target distribution. As we will see in the following, we need to strengthen assumptions (A2),
(A3), (A4), (AS5) and add one more assumption (A6).

We first strengthen (A2) to a new assumption (A2+) as follows.

4 4 4 2..d 2d 2d
- 1 07 1 0°r? 1 dad 2—s
EEE — — = dx“ =0 A2+
/(axg ﬂ)(axg nd)<ax,§ nfz)” =0 (A2

i=1 j=1 k=1

for some & > 0.

Remark 3.16. The new assumption (A2+) is stronger than (A2) but is still very mild. To see
this, we consider graphical models as examples. For graphical models with d nodes each with
O(1,) links, there are at most O(dl§)3—cliques. Therefore, (A2+) holds for any graphical model
with I; = o(d'/?>%) and bounded second partial derivatives of log 7¢. Note that this is only for
the worst case, as many realistic graphical models do not have 3-cliques. <«
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Next, we slightly strengthen (A3) and (A4) to (A3+) and (A4+).

03 log ¢ (x?) o

831 dg.,.d
sup  sup 5 = o(1), sup  sup ng—n(x) =o(y/d/ly),
(.)):j¢H xderd  OX[0X; (. jyjeM; xdcrd  OX7OX;
831 d(,d
s ogm(x?) _ 0(d3/2).
itk \xdeR? 0x;0x;0xy
(A3+)
Suppose there exists 0 < o < 1/2 that
821 d(,d 91 d(d
sup sup M — o(da)7 sup sup L(x) — O(da/z)’
i ) dx} i ) 0x;
xdeFd i xdEFd (A4+)
sup 7é(x?) = o(d**),  sup 1/I;(x?) = Od**).
xdeFd+ xdeF;r
Furthermore, we strengthen the WLLN condition (A5) to the following (A5+).
sup |L;(x*) —1I| — 0 (A5+)
)c‘ieF{;r

where I = limy_ o I_d exists.

Remark 3.17. (A3+) is only slightly stronger than (A3) on the rates. (A4+) also includes

o 2Yog 7 (xd o . .
a new condition on the rate of “"g—”z(“ which is quite weak. (A5+) requires any sequence
2 d '

(', x%, ..., x4, ...) where x' € FiJr converges to the same limit 7, so it is (slightly) stronger
than WLLN condition in (AS5). It will become clear in the proof of Theorem 3.19 that (A5+) is
to ensure the speed measure of the diffusion process /(£) does not depend on the state x?. <

Finally, we define a new assumption (A6) on the target distribution. Roughly speaking, the
new assumption is to require the first coordinate of ¢ is asymptotically independent with the
rest.

. d .
lim sup . [logw(x) | x_1) — log 7 (x1)]| =0, (A6)

d_wox“'eFJr X1

where x_; := (x2, ..., X4), 7 is a one-dimensional density and (log 7)" is Lipschitz continuous.

Remark 3.18. Note that (A6) is a strong condition, which may not be satisfied for many
realistic MCMC models. However, it might be necessary in order to get a one-dimensional
diffusion limit for the first coordinate. In the proof of the optimal scaling via diffusion limits
result in Theorem 3.19, the assumption (A6) is to ensure the SDE for the first coordinate x;
does not depend on the values of other coordinates. Furthermore, although we do not pursue
in this paper, if in (A6) we instead assume not just the first component but a finite collection
of components are asymptotically independent from the rest, a version of weak convergence to
multi-dimensional diffusion limits could be obtained following similar arguments as the proof
of the one-dimensional diffusion limit case in Theorem 3.19. <«

Now we are ready for the main result of optimal scaling via diffusion limits, which is given
in Theorem 3.19. We show that, even though different coordinates of the Markov chain are not
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independent nor even individually Markovian, the sped-up first-coordinate process converges
to a limiting diffusion limit under much more general conditions on the target distribution.
Comparing with the assumptions in Theorem 3.14, the new sufficient conditions for diffusion
limits include strengthening (A2) to (A2+), (A3) and (A4) to (A3+) and (A4+), (AS5) to (A5+),
and adding (A6). We also require slightly stronger condition on the sequence of “sets of typical
states” {Fy}.

Theorem 3.19 (Optimal Scaling via Diffusion Limits). Suppose the sequence {F;} satisfies
nd(Fj) = O@d~'7?) for some § > 0, the target distribution w¢ satisfies (A1), (A2+), (A3+),
(Ad+), (A5+), and (A6), then for U(t) = X‘f(LdtJ), as d — oo, we have U? = U, where
=> denotes weak convergence in Skorokhod topology, and U satisfies the Langevin SDE

7'(U(1) dr

dU(r) = (h(0)'PdB() +h&) =7 =

; (24)

where h(£) = 20> @(—E«/?/2) is the speed measure for the diffusion process.
Proof. See Appendix C. [

Remark 3.20. Note that Theorem 3.19 allows dependent coordinates on the target dis-
tribution, which is much more general than the product i.i.d. condition. The only strong
assumption is (A6) which requires the first coordinate is asymptotically independent with other
coordinates. <

Next, we present another result with slightly stronger conditions, which allows the RWM
algorithm to start at a fixed state. This stronger convergence result later allows us to establish
a complexity bound for the RMW algorithm in Section 3.3 Let X¢ = {X9(¢),t > 0} ford € N
be the RWM processes defined earlier. Without loss of generality, suppose {X?,d = 1,2, ...}
are defined in a common measurable metric space (R, F, p) as independent processes.

Theorem 3.21 (Optimal Scaling Via Diffusion Limits with Fixed Starting State). Suppose
X ‘11 converges weakly in the Skorokhod topology as d — oo to a cadlag process X{°. Moreover,
assume these processes {X?,d = 1,2, ...} all have the same marginal stationary distribution
71 for the first coordinate and that the first coordinate of X converges weakly to . Suppose
the sequence {Fy} satisfies JTd(Fj) = O0Wd?* for some § > 0, the target distribution
7% satisfies (A1), (A3+), (Ad+), (A5+), and (A6). We strengthen (A2+) to the following
condition

27_y 27—y m_y 9wy 9Pm 13°
/( et Nt W et W e W g (7> 7%dx? = 0@>%). (A2++)

i jdlmel2,....d) ox? asz' oxg oxf  dx -1

Then as d — 0o, we have ,U? = U, where ;U (t) == (X%(ldt]) | X¢(0) = x) is the first
coordinate of the RWM algorithm sped up by a factor of d, conditional on starting at the state
x, and U is the limiting ergodic Langevin diffusion U in Eq. (24) also conditional on starting
at x.

Proof. See Appendix D. O
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Remark 3.22. The new assumption (A2++) is stronger than (A2+) but is still not strong. To
see this, for graphical models with d nodes, each with O(l;) links, we have at most O(dl§)3-
cliques. Under flat tail assumptions, at most (’)(dzlj) terms in the summation in (A2++) is
not zero. Therefore, (A2++) holds for any graphical model with [; = o(d'/3~%) and bounded
second partial derivatives of log 7. Note that this is only for the worst case, as many realistic
graphical models do not have 3-cliques. «

3.3. Complexity bounds via diffusion limits

In the following, by combining Theorem 3.21 and Proposition 2.3, we present a complexity
bound for the RWM algorithm which holds for much more general target distributions
comparing with [58]. More specifically, if the target distribution satisfies the conditions given
in Theorem 3.21 which allows dependent coordinates of the target distribution, the RWM
algorithm in d dimensions takes (O(d) iterations to converge to stationarity.

Corollary 3.23 (Complexity Bound for RWM Algorithms). Under the conditions of Theo-
rem 3.21, for any € > 0, there exists D < oo and T < oo, such that

EX?(O)'vnl ||,CX¢11(0)(X111(|_dtJ)) —mlgkr <€, Vt>=T,d =D, (25)

where 11 denotes the marginal stationary distribution of the first coordinate.
Proof. The result directly comes from Proposition 2.3 and Theorem 3.21. [

4. Examples and applications

In this section, we further discuss examples and applications of the main results in Section 3.
We first discuss in Section 4.1 on verifying the assumptions of Theorem 3.14 for realistic
MCMC models. We have explained in Remarks 3.6-3.9 that (A1), (A2), (A3), and (A4) are
typically very weak conditions and they hold for some classes of graphical models. However,
as discussed in Remark 3.15, the assumption (A5) may need to be verified case by case.
Particularly, in order to satisfy (A5), we may need to make additional assumptions on the
observed data. Fortunately, we show by a simple Gaussian example in Example 4.1 that, in
some cases, (A5) can be easily verified without any further assumptions. Then, in Section 4.2,
we extend the simple Gaussian example in Example 4.1 to a more realistic MCMC model in
Example 4.5 and show it satisfies all the assumptions required by Theorem 3.14. Thus, the
acceptance rate 0.234 is indeed asymptotically optimal for this realistic MCMC model.

4.1. Discussions on Theorem 3.14

The optimal scaling result for maximizing ESJD in Theorem 3.14 requires one to verify that
the target distribution satisfies (A1), (A2), (A3), (A4), and (AS5). We discuss how to verify the
conditions on the target distribution required by Theorem 3.14 in practice. We explain that (A1),
(A2), (A3) and (A4) are quite mild and usually easy to be verified. Therefore, we usually only
need to focus on the WLLN condition in (AS5), which might be difficult to check in practice.
Throughout this subsection, we demonstrate verification of all the assumptions by a simple
Gaussian example, which can be seen as a simplified version of typical Bayesian hierarchical
models.
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Example 4.1 (A Gaussian Example). Consider a simple Gaussian MCMC model
Yiil6; ~N@;j, 1), i,jef{l,....,n}
Oij iy ~Nu, 1), iefl,....n}

(26)
wjlv~Nw,1)
v ~ flat prior on R,
where {Y;;}} j—1 are the observed data, and x¢ = (v, {u iV 1 {0} j= |) are parameters. Note

that we have the number of parameters d = n> +n + 1 in this example. The target distribution
(i.e. the posterior distribution) satisfies

fV) 1 G- u,)2 1 B (Yij*f?i_j)z
2 2

7¢(x?) = P(x? | {Y,ﬂ”l 1) & HH \/_ 7 Ee Ee

j=li=1
27

Note that the hyperparameters v is conditionally independent given {6;;}. Therefore, v is only
directly dependent with n coordinates {;}_,. We can define the “neighborhoods™ of v using
the collection of w;, j =1, ..., n. Similarly, u; is directly dependent with v and {6;;}?_, and
0;; is directly dependent with ;. Therefore, if we choose the directly dependent coordinates
as “neighborhoods”, we have [, =n+ 1 = o@d'?).

4.1.1. Verifying (Al) to (A4)

First of all, the two conditions for (i, j) : j # H; in (Al) and (A3) hold trivially for
graphical models. Furthermore, in Example 4.1, the parameter v is conditional independent
with all 6;; and the corresponding conditional posterior distributions all have Gaussian tails,
which implies (A2) holds for any pair of coordinates (v, 6;;). Similarly, one can easily verify
the assumption holds for other pairs of parameters.

Next, all the conditions on the third partial derivatives of log w¢ hold, since there are no
3-cliques. Moreover, in Example 4.1, we have l; = O(d'/?). The second partial derivative is
O(1), and the density 77 is bounded, so the following conditions hold without the need of
choosing {F,}:

2 d¢,.d
sup  sup M o(Jd/ly), sup 7l(x?) = o(d"/>). (28)

GjrjeHiwepp  0%i0X; er}
Finally, the last two conditions are almost immediately true once (A5) has been verified:
dlog m?(x4)

™ =0@*), sup 1/1(x%) = OWd*?). (29)

d +
X eFd

sup sup
iefl,....d} X‘[EF;

To see this, under (A5), we have %Zf:] (% log nd(xd)>2 — I, X I, —> I and I > 0, then
we can select constant K, > 0 small enough such that I > K»d™%/? > 0 then I_d > Kod—®/?
for all large enough d. Next, by choosing the typical set F; such that for any x¢ € F,", we have
M’%M < Kid®*, IL;(x%) > K>d~%/*, where K, is a large enough constant. Then it suffices
to check if {F,} is a valid sequence of typical sets such that 7¢(Fy) — 1. For Example 4.1, we
have X4 = (v, {v;}Yi_,, {6} ;—,)- We will show later that (A5) holds such that under X* ~ 74

2
we have 1 Zl ! (5 log nd(Xd)) — 3. For example, we can choose K, = 0.01, K; = 100,
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and the typical set F,; such that, for any X¢ = x? ¢ F ; , we have

4 _ dlog w? _ ’
I;(x*) > 0.01n™7, = n(ft —v) < 100n"", (30)
dlogm? Y6 +v )
= D= ——— —u; ) <100n, 31
I o )( n+1 i) =" GD
dlogd Yij 4 u;
glogm™ _ 5 M_QU < 100n%, (32)
89,7 2 ’

where a < 1/2 can be arbitrarily close to 1/2. Observing that, under X¢ ~ ¢

following conditional distributions.

, we have the

. Y1
0 | Yijs i) ~‘“d“"'/\f(%,5), i,jell,...,n},
Ninde. Zi 9[j+1) 1 .
uj|lzeij,v PN( o) el (33)

1
VIﬁ~N</1,;>~

Then it can be easily verified that 7%(F;) — 1.

4.1.2. Verifying (AS)

One assumption of Theorem 3.14 that could be difficult to verify in practice is (A5). It
requires the sequence of random variables {I;(X?)} converge to a sequence of constants in
probability. We feel this assumption has to be checked case by case and it is hard to get general
sufficient condition for it to hold. For realistic MCMC models, this may require assumptions
on the observed data so that the posterior distribution has certain “concentration” properties as
d — oo.

Fortunately, for Example 4.1, we can verify that (A5) holds without any further assumption
on the observed data {Y;;}. Note that in Example 4.1, we have

2

dlogm? 2 5 - )
( ov >= D =] =nt@—vy?, (34
J

dlogm?\’ ’ 2 it :

( o ) = Z(eij—ﬂj)—(ﬂj—v) =mn+1 (ﬁ_l’”)’ (35)

dlogwd’ Yii + ’

< 00 ) =((Yl-~—ei,»)—(e,-j—uj))2=4(’T’”—%) - (36)
ij

Hence, if suffices to show that, under X¢ = (v, {1 ?:17 {6;; }:"'j=1) ~ 7%, the following three
terms converges to some constants in probability or in distribution:

1 (dlogn?\> n? _ )
1 _ _W2 37
d < v ) n2+n+1(ﬂ V) 37)
1 dlogm? 2 (n + 1)? 3.0 +v 2

- - i ) 38
d;( o ) nz+n+1Z n+1 Hi (38)

J
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dlogm 4 Yij +pu;j :
- = — =06 . 3
iS(T) =i( )

ij

We have observed that the target distribution 77¢ has conditional independence structure in
Eq. (33), which immediately leads to

2 2
_ 2 p 20ty P 1 Yij+ 1 pl
_ iyt 1. = VLI ¥ R Z.
(n—vy* =>Fo, ;( — u,) —F1, d;( 5 0;) =3

(40)

Therefore, (A5) is satisfied.

Overall, we have checked all the assumptions of Theorem 3.14 for our simple Gaussian
example. Therefore, by Theorem 3.14, we have the following optimal scaling result for
Example 4.1.

Proposition 4.2. The optimal scaling for Example 4.1 by maximizing ESJD is to choose (to
two decimal places) 0~ — 238 238 ~ 1.37 and the corresponding asymptotic

Eyd dlv/ 1(XD)]

acceptance rate is (to three decimal places) 0.234.

4.2. Optimal scaling of a realistic MCMC model

We first discuss sufficient conditions for two more classes of graphical models. In Propo-
sition 4.3, we give sufficient conditions for the first equation of (Al), (A2), and the first
equation of (A3) to hold for one particular class of graphical models. In Proposition 4.4, we
give sufficient conditions for (A5) to hold for one specific class of graphical models.

First, we consider the class of graphical models represented by the factor graphs:

Kq
wl0e!) oc [ [wadtxi « i € Ci), (41)

k=1

where C; are cliques, Y are potentials, K; denotes the number of potentials.

Proposition 4.3. For the class of graphical models represented by Eq. (41). Let my denote
the maximum number of cliques a coordinate can belong to. If all the potentials , have “flat
tails” in the sense that for all k we have % — 0 as |x;| — oo for all i € Cy, and the
cardinality of Cy satisfies sup, |Ci| = o(d/my), then the first equation in (Al), (A2), and the

first equation in (A3) hold.

Next, we consider Bayesian hierarchical modeling where K denotes the number of “layers”
or “stages” of the model. We use O® k = 1,...,K to denote the parameter vector with
length n; for the kth layer, where 6% := (Gl(k), e 0,5’;)) We consider the special structure of

the graphical model such that %) is only connected to #*~1 and §%**V. Using factor graphs,
let x4 = 0D, ..., 0%)) we can represent the target distribution as

K
7l o [ Tvn@* ", 6%), (42)

k=1
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where d = Z,le ny, {¥y} are the potentials, and without loss of generality we assumed 6©
to be the observed data.

In the following, we show that (A5) holds for the class of graphical models represented by
Eq. (42) under certain conditions.

Proposition 4.4.  For the class of graphical models represented by Eq. (42), if 0® =

(Gfk), Qz(k), R 9,5?) are independent conditional on 0%« =D and 6%t and this holds for all k.
Moreover, if under X¢ = (01, ..., 0%) ~ x? all the potentials . satisfy
0 log Yy d log ¥y
o [ o am). e [Pl o ()
ie{l,...,ng} aei jell,ong_1} 801‘

then (A5) holds.

Next, we extend the simple Gaussian example in Example 4.1 to a more realistic MCMC
model which belongs to both classes of graphical models in Eqgs. (41) and (42) and show that
all the assumptions for the optimal scaling result in Theorem 3.14 hold.

Example 4.5 (A Realistic MCMC Model). Consider a realistic MCMC model

Yii16;; ~N@©; W), i je{l,....,n}
Oij Ly ~Nu;, V), ie{l,...,n}
wilv~N(Q,A) (44)
v ~ flat prior on R,
A ~1G(a, b),

where x¢ = (v, A, {M,-};zl,{e,-,-};szl) are parameters, {Y;;} are the observed data, and

a,b, W,V are known constants.

We further assume that the observed data {Y;;} is not abnormal so that the posterior of the
hyperparameter A concentrates to some unknown constant.

Assumption. The posterior of the hyperparameter A in Example 4.5 concentrates to some
unknown constant Ag > 0 as n — oo.

Note that this is a very reasonable assumption which implies the MCMC model is not
seriously misspecified. We do not discuss sufficient conditions on the observed data {Y;;}} ;_,
for concentration of posterior distribution of A here since it is not the focus of this paper. Next,
we show that, under this assumption, the realistic MCMC model satisfies all the conditions
required for optimal scaling in Theorem 3.14. Therefore, the acceptance rate 0.234 is indeed
asymptotically optimal for this MCMC model in the sense of maximizing ESJD.

Proposition 4.6. Under the above assumption, the optimal asymptotic acceptance rate for
the realistic MCMC model in Example 4.5 is (to three decimal places) 0.234.

Proof. See Appendix E. O
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Appendix A. Proof of Theorem 3.10

Throughout the proof, for simplicity, we assume the coordinates are linear ordered. The
“neighborhoods” of a coordinate is defined by H; := {j : i — j| < l4}. Therefore sup; ;. ey,
can be simplified to sup;_; _, and sup; ;).;4, can be simplified to sup;;_; -, . Note that the
use of linear ordering is only for simplifying notations. It is straightforward to extend the proof
to the cases of general ordering.

For Theorem 3.10, we only prove

2 d
esio - 2,2 2y [0 (-2550) | o 4s)

2

since the proof of

d d d
EyipiEya (1 A ﬂ) — 2Eda [sp (—Z—“C‘z()())]’ -0 (46)

7d(X9)

follows similarly.
First, we write ESID as ESID(d) =: Z?zl ESJID;(d), where

doyd
ESID:(d) = By aBya | (¥; — X2 (1 4 o0 47
i(d) = Exd gaBya | (Yi = Xi)" (1A x| (47)
Then it suffices to show that
202 INSFO.C
sup |ESID;(d) — Eydpd | ® _ XY =o(d™"). (48)
iell,....d) d—1 2

Writing ESID;(d) = Eya_ Ry, [(Yi — X,)’Ey., (1 A ;’ng,;)], it suffices to show that uni-
formly over i € {1,...,d}

7y ?) 202 &/ 1y (XY
S o o= (10 TV 20 ()
diyd d
=Eyipa |Ey, {(Yz - Xi)2 |:EYI' (1 A Z&;%) —2? (_%>:|” oY
=o(d™"). ey

It then suffices to show

d(yd N
md(yd) Id(x -
]EYf,' <1/\7'[d(xd)>_2¢< =0(d 1)’

(53)

sup
xdeFy,

<Ey, {(¥; — xi)? sup
yl()eFY xdeFy
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i dyd
where y¢(i) == (x1, ..., Xi_1, Yi, Xit1, . .., Xg). Defining Mi’d)(Y,-) =Ey_, (1 PNt )), since

n"'(xd)
4(v? (Y —i(Y_; 1Y,
logn( ) _ o T mi(Y_i | 'Y) (54)
m(x4) i (x;) m_i(x—; | x;)
(Y i | Y (Y= | Y
i (x;) (X | x;) _i(x—; | Yi)
we can write
dgyd deyd
Gy (Y| 7d(Y?)
de(Yi) = EY,,- [1 AN W = Eyﬂ. 1A exp IOg W (56)
i (Y:) T_i(x_; | 'Yy) 7 (Y- | Y})
=Ey |1A log—— +1 1 . (57
- [ P ( o8 i (x;) o Ti(X—i | x;) o T-i(x-; | Yi) ©7
Note that the expectation is taken over Y_; and only the last term, log % involves Y_;.
7 (Y_ilx;)

In the following, we then first focus on approximating log for given x4 € F;.

T (x—ilx;)

Zoi=il%) by the first two terms of its

) 4 . .
Since Y ~ N(x“, 7=1I), we first approximate log 7 Gl

v d—1
Taylor expansion.
Define

@) d T 1 T o2
my (Yo, x%) = Vlogm_;) (Y_; —x_;) + E(Yfi —x_) [V logm i 1(Y_; —x_;), (58)

where

Z dlogm ;(x—; | x;)

(Vlogm_)' (Yo —x_) =
8.Xj

(¥Y; —x)) (59)
Jell,....dy, j#i
and [V2logm_;] denotes the (d — 1) x (d — 1) matrix with elements
{ 3 logmw_;(x—; | x;) }
9x;0xk Jokell, . d), ji ki .
Then, we have the following result.

Lemma A.1. Uniformly overi € {1, ...,d}, we have

- (Yo | x
sup Ey , [ m(ll)(Y,i, x4y — log M i| — 0. (60)
xdeF} oi(x=i | X;)
Proof. See Appendix B.1. O
Next, we approximate the second order term of the Taylor approximation %(Y,,- —x_)7
162 82 logm_;

[V2log m_;](Y_; — x_;) by a non-random term 3 -~ it o

Lemma A.2. Uniformly over i € {1,...,d}, we have
22 921 _i
sup By, | (Y —x )" [V logm (Y- —x_) — y L oER 0. (61)
d-r+ ! d—1 . 3)62»
x4eF, J#i J

Proof. See Appendix B.2. 0O
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Defining
; 1 ¢ 3% logm_;
@) dy ._ T g T
my (Vi x%) = (Viog ) (Voy = x-) 4+ 527 ) =5 (62)
J# J
we have
Do xh) ~ N (€282, CRY 63
mz( —is X ) d / ) d ) ( )
where
, 1 dlogm_i(x_; | x)\° , 1 32 logm_i(x_; | x;)
R = P - YR . (64)
d—14 dx; d—14 dx?

Next, we show we can approximate S[(f) by —Rf;).

Lemma A.3. There exists a sequence of subsets of states {F}, such that 74(F ") — 1 and

sup  sup R,(;) —i—Sif) — 0. (65)

Proof. See Appendix B.3. [

Now defining

| 1 e dlogi(x_i | x)’
m{(v_i, 1) = (Viogm )T (Vs —x )+ > Z( e ilr "”>, (66)

2d—1 P 0x;
we have
m{(Vi, x) ~ N (=R 2, 2R (67)
3 Uiy d 14t Ry ).
By triangle inequality, we can write
; T Y_,' i i T Y—i i
O, x) — log T LI iy iy o T 120) (68)
T_i(x—; | x;) oi(x— | x;)
| xt =m0, x| (©9)
+ [ = mP x| (70)
Therefore, using Lemmas A.1-A.3, we get
; i (Yo | x;
sup sup Ky, |:‘m(3')(Yi,xd) —log & :| — 0. (71)
iell,d) ddeFFOF) (x| x;)
Next, we abuse the notation a little bit by defining
- ! dlogm_i(x_i | xi = )\’
R(’) = . 72
2O d_12< o, (72)

J#
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Then by the definition of m(;), we replace x? by yd(i) =(X1,...,Xi—1, Yi, Xi41, ..., Xq), Which
yields
m$(Y_i, y(0)) = (Vogm_;(x_; | ¥)) (Y — x_) (73)
1 e dlogm_i(x_; | ¥,
— . 74
+ 2d—1 Z ( 3x,~ > ( )
J# ’
Then, we have
m{(-g, y10) ~ N (~CRD()/2, CRY(Y)) (75)
Recall that M)(CQ(Y,-) =Ey, [1 A exp (10g Z’gl; + log Z:’:g:"_ ‘I){'; + log ngj\l?;)} defining
o (Y (x| Y ; _
00 =By, [1nexp (log ZUD 4 jog T LID oy yaan) |, ae)
~ i (x;) (x| xi)

we next apply the following two lemmas from [54].

Lemma A.4 ([54, Proposition 2.2]). The function g(x) = 1 A e* is Lipschitz such that
lg(x) =g = |x =yl Vx,y. (7N
Lemma A.5 ([54, Proposition 2.4]). If z ~ N'(u, o?) then
E(1 Ae®) = O(n/o) +expp +0°/2)B(=0 — /o). (78)
By Lemma A.4 and Eq. (71), we have that uniformly over i € {1, ..., d}

sp M%) — M%)
yl(eFfnF,

— 0. (79

Applying Lemma A.5 to A;I)(C’;,)(Y,-) yields

~ (i )y 7 74y (i) i
MO = o (Rfj)(y,») 12 (z llogW —zRg)(Yi)/2)> (80)
dyvdg ) dyvdgs )
+exp (log %) & <—£Rf;>(y,-)1/2/2 ~ log %R}j)m)”/%”) .
(81)

.. ~ G ¢ /RY ~ (i
Note that it is easy to check that M (Q(xi) =29 (——") We then show M (Q(xi) converges
X X

2
t0 28 (——KV ’;““”).
Lemma A.6.

sup sup |29 | — 5

R _M(_m) o -
! .

Proof. See Appendix B.4. 0O
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Finally, using Taylor expansion together with Ey, (¥; —x;)? =02 /(d—1) and Ey, |Y; — x; |3 =
O@d™3*), we have

» e/ Iy(x?
Ey, (Y —x)° sup Mii,)(m—z@(—ﬁ)‘ (83)
yleFf 2
@)
02 ¢/ R 0/ (x4
< sup |20 [ =V | Z g (- BV 10D (84)
- x‘leF;' 2 2

MOy,
+0d™>?)  sup L(y)(ml. (85)

yd(i)epd"’ dyl

For the last term, we have the following lemma.

Lemma A.7.

dm)(y;
W)y

Vi

sup sup
ie{l....d} yd()eFf

=o(d'"?). (86)

Proof. See Appendix B.5. [

The proof of Theorem 3.10 is completed by applying Lemmas A.6 and A.7.

Appendix B. Proof of Lemmas in Appendix A

B.1. Proof of Lemma A.1

For x4 € F, ;r , by Taylor expansion and mean value theorem, we have
logm_;(Y_; | x;) —logm_;(x_; | x;) — mi (Y, x%)] (&7)

1 93 log T (x4)
< sup o Y ga () — x))(Y — x)(¥; — x)] - (88)
7decRrd o Xj xkax,

In the above summation, the summation over the cases of j = k = [ equals

83 log w4 (%)
G

OWE|Y; — x; ) = 0(d"/)O (d(\/ﬁ/(d _ 1))3) = o(1). (89)

7deRd

For the cases of j = k # [, we have

3 =d
y, Lloemitd) (Y, — x1). (90)

E)x]zﬂxl

Z 83 log _;(x%)

ax}ax,

Y —x) PV —x) =Y (¥;—x;)
J

=kl Ik

3 (xd
By Assumption (A3), we have E ‘Z#z %(Y; —x7)
j 1

= O(ly/d)o(d/1;) = o(1) since

Ploer’@) o606 10 zero when lk —i| > I;. Then, by E|Y; — x;|*> = O(1/d), the summation
oy © d DY B X = ’

over all cases of j = k # [ equals dOp(1/d)op(1) = op(1).
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Finally, for j # k # [, it suffices to show

9 log w_; ()
sup Z T (Y = x)Ye — x)(Y; — x1) 91)
7deRrd | . . ijaxkax,
* J#EkFEIFE

-z (o

i#j#k A

83 log m_; (%)

D |(Y; = x))(Ye = x)(Yi — x1)| = op(1). 92)

0x;0x,0x;

Note that {|(Y = x) Y — xi)(Y) — xl)|} ik are independent random variables which do not
depend on the values of x;, xx, x;, and

Yj—Xj Yi —x)Y; —x)| = Op - = Op(d™ .
I¢ ) X )| = Op ((V€2/(d — 1))*) = Op(d /%) (93)

Therefore, the summation for cases j # k # [ is op(l) under Assumption (A3). We have
proven the result for fixed i. Finally, it is easy to check the proof holds uniformly over
ief{l,...,d}.

B.2. Proof of Lemma A.2

Lemma B.1 (Quadratic Form of Gaussian Random Vector). If z¢ ~ Ny(, %), then
EGTAz) =tr(AX) + uT Ap, var(z' Az) = 2tr(AXAY) + 4u’ AX Ap. (94)

Note that Y_; ~ Ny_;(x_;, lele) and (Y_; — x_))"[V*logm_;](Y_; — x_;) is a quadratic
form of Gaussian random vector. By Lemma B.1,

02 0%logm_;
E[(Y_; —x_)T[VZiogn_;1(Y_; —x_)]| = a 95
(Vi = x ) [V Iogm (Y —x-0)] = 7 ) == (95)
J# J
Therefore, it suffices to show the variance of the quadratic form goes to zero. Using the
assumptions, the variance satisfies

20* ) )
mtr ([V logm_;1[V logn_i]) (96)
>0 (8 e )2 97)
d—172 Pl dx;0xk

4 2 d\ 2
- dZZlZZ Z (3810§7r ) 98)
(= D755 aeimhmy N 9%i9%
9 log?\’
LYy (e )
(d D l<ld Gkt N OXi0%]
0% log ¢ >
)2 Z Z ( 9xj0xk ) (100)

I>1g {j.k:|j—k|=l}

204 9 logd\’
— ———(d—-Dly sup sup ( —— (101)
S@-n li=ki<la xdepp \ 0%j0%%
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20 82 log nd>2
+ d—1 su su _ 102
(d — 1)2( ? |jfk|lild xdefj ( 0x;0x; (102)
= Oy/d)o(d] 1) + o(1) = o(1), (103)

where we have used SUPd et SUP) k<, aaxlo—gfk = o(/d/1;) from Assumption (Al).

B.3. Proof of Lemma A.3

Note that
; ; 1 dlogm_; \* 1 8% logm_;
(@) @) _ i i
Rd+Sd_d—1Z< dx; >+d—12 ax? (104
J#i J J#i J
1 dlogm?\>  82logn?
-y
-1 Xj ax;
1 1 [(on?\° & [dlogn?
_ I 2 106
d_l.ié; (”d)z(x1>+3xj< 0x; ) (109
1 1 foand\* 8 /1 an?
_ o (L 107
d—1§ (ﬂd)2< xj) +3Xj<77d3xj>} {1on
N 2 daznzd (M)z
1 1 o 37 dxj
Py () (E) * () (108)
i J
1 32rd 1
T ; _asz pr (109)

Next, we show E supi(Rg)—i—Sg))z] converges to 0. To prove this, consider writing

E [supi(Rf;) + Sff))2 as sum of (d — 1) terms
2 supck) + 807 | = 72 [ W22 (aazx : ﬂl") <%%> Tt a0
- (d_:)zg 3 (T ) (5
e 1) / ; (azxzd nld) 7 ldx (111
(d—l) iki/(a;dﬁd) (aazf,gd;d) 7idx + o), 12)
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where the last equality follows from

3?mwd 1 02 logm_;
s [ () o ()

——o(d+/d/l;) = o(1). (114)

T - 1)2

When |j — k| > 1;, by Assumption (A2), we have
/ ¢ 1 3?1 dgyd (115)
— — | 7%dx
dx; md |\ dxp md
82 d aZ d 1
:/ i <—”2) — (116)
0x; ox; ) &

0%7 ) ki—j—k <32ﬂjk|jk) 1
= . . T jgdx_;_gdx;dx 117
/( asz axg 7Tj,k|_j_]< Jj—k Jj—kUA jUA K ( )
027 41—k \ [ 02T ks 1
5/ sup/ Tk < Tk ") dxjdy |7 jdv e (118)
wery 0x; 9xp TCjk|—j—k
— 0. (119)

This implies E supi(Rfii) + Sg))z] = %ﬁéwzom + o(1) — 0. Therefore, uniformly over

i Rfj) + Sff) — 0 in probability, then there exists a sequence {F}} such that }P’(Rg) + Sfj) €
F},Vi) — 1 and the following holds

RY 4 59

sup sup
i xdeF(;

— 0. (120)

B.4. Proof of Lemma A.6

Note that Assumption (A4) implies

Rl
sup sup — log nd(xd) =o0 (dm) (121)
i€(lnnd) xdeFF ax;

Then, by the definitions of Rg) and I;(x), we have

o , 1 dlogm_iGei | x)\> 1</ @ 0\
Rd —Id(x )= d—1 E 8xj —g E leogn’ ()C ) (122)
J#i j=1
1 dlogm?(xH\> 1 3 RS
— S 2 123
d—lz< ox; P> o, o8 () (123

I j=1

Lo 1[0 aody)
:ERd -2 Elogn x9 ] —o. (124)
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B.5. Proof of Lemma A7

Recall that we have shown

dovd s A
) = @ (R“)am—”2 (z—l log ZUZ W) _ zRf?(Y»/Z)) (125)
wd(xd)
dovd s , deodiny
+exp <log %) y (—eR;’)(Y,»)l/z/z ~log %RE;)(Yi)—‘/%—‘) .
(126)

For notational simplicity, we omit the index i and write Rfj) by R;. To simplify the derivation,
we note that M;Q(y) has the following form

1 1
M@y) = (f(y)g(y) — Ef‘l(y)) + exp(g(y)) @ (—Ef‘l(y) — f(y)g(y)) .27

where f~1(y) == £R)*(y) and g(y) = log 7(y“(i)) — log w(x?). Taking the derivative with
respect to y, we get

dM(y) &
i - (fe—f" /2) (fg —f7'/2) (128)
+exp(g)P'(—f'/2 — fg)@efg -2 (129)
d
+ exp(g) <—yg> d(—fg—f7'/2) (130)
d 1d
<19l fg+ gf——f— (131)
2 dy
1d
+ exp(2)]l 9’ lloo '—g + = f > g (132)
y
+exp(g) ‘d—‘ | @lloo (133)
y
Note that both @ and ¢’ are bounded functions. It then suffices to show
d d
exp(®) | 8| = 0@"?).  exp(e) |SLg| = 0@, (134)
dy dy
d dr!
exp(g) 'd—gf‘ =o(d'?), exp(g) ‘f—‘ = o(d'’?). (135)
y dy
Observing that d‘gy = 1ER:I/RI/2 and % = —ZLKRL% if we can show
dr®W 1
a ) = o(1), (136)

u -
ety 4y [RY(y)]12

then we can get % = o(1) and ‘é—{ = o(1/Ry). Using Rg) — I;(x?) from Appendix B.4, it
suffices to show '

dlog 7d(x9)

= o(d'?), (137)
8xi

sup é(x?) sup sup
xdeFf i oxderd
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sup w/(x) | | sup [log(z!(x")/Ls(xD)| | = o(d"?), (138)

dcpt dept
x¢eFy, xteF,

dy.d
dloam™() | /7y

= o(d'?). (139)
Bx,-

sup 7é(x?) sup sup
xdeFj' i xdethi)

One can easily verify that the above equations hold under Assumption (A4).
Finally, we complete the proof by showing Eq. (136). Recall that

; 1 dlogm_i(x_; | xi = )\
RV (y) = (2 : (140)
d—14 dx;
J#i ’
For notational simplicity, we write
RY(y) = — Zf ), (141)
J#t

where fi(y) = w Then, by Cauchy—Schwarz inequality

8R(’)(y) 2 5
= = Y OG0 = = [P OO (142)
J#l J# J#i
Note that by (Al), if |i — j| > I, then fjf(y) < SUP,dcr, % — 0. Hence, we have
i ’ 2
ROy 1 P T PO /0]

(143)

sup } < sup
ety Ay [RP()]/2 i [ L > 2
R I
=2SUP Zlf( > dj2|f}()’)|2=0< Ed(\/d/ld)z) = o(1).
=1

J#i

(144)

Appendix C. Proof of Theorem 3.19

Similar to Appendix A, we assume the coordinates are linear ordered for simplicity. The
proof follows the framework of Roberts et al. [54] using the generator approach [25].
Define the (discrete time) generator of x¢ by

xdyd
d 0y d (Y<)

Gaf)'y i= By 1P = DI (18 2o (145)
for any function f for which this definition makes sense. In the Skorokhod topology, it does
not cause any problem to treat G4 as a continuous time generator. We shall restrict attention
to test functions such that f(x¢) = f(x;). We show uniform convergence of G, to G, the
generator of the limiting (one-dimensional) Langevin diffusion, for a suitable large class of
real-valued functions f, where, for some fixed function h(¢),

1 1
(Gf)(x1) = h(t) {Ef”(xl) + E[(logﬁ)’(m)] f’(xl)} , (146)
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in which 7 is a one-dimensional density of the first coordinate of 7¢. Since we have assumed
in (A6) that (log) is Lipschitz, by Ethier and Kurtz [25, Thm 2.1 in Ch.8], a core for the
generator has domain C2°, which is the class of continuous functions with compact support such
that all orders of derivatives exist. This enables us to restrict attentions to functions f, € C°
such that f.(x?) = f.(x).

Note that using Assumption (A2+), and the assumption nd(Fj) = O(d~'%), following
the arguments in the proof of Lemma A.3 we can get a stronger version of Lemma A.3 for
F) = {x¢: sup, |R£;) + Sl(;)| < d~*}. Then using a union bound yields

P(X%(|ds|) ¢ F;NF),30 < s < 1) — 0. (147)

Therefore, for any fixed ¢, if d — oo then the probability of all X%(|ds]),0 <s <t are in
Fy N F) goes to 1. Since F; N F; € F N F) C F;, it suffices to consider x? € F;.
Note that Y¢ ~ N (x¢, %I), we can write

d r[d(Y d)

(Gafo)(x) =dEy, { [fe(Y1) = fe(xDIEy_, [T A 236 | (148)
where Ey | [-] is short for Ey, .y, [-] and ¢ denotes the target distribution in d-dimension.
The goal is then to prove (G, f.) converges to (Gf.).

Recall the definition Eq. (56), we omit the index to write Mil,) as M4, which is defined
by

md(yd)
de(Y1) = EY71 1A W . (149)
Then we have previously shown in Eq. (79) that M,4(Y;) can be approximated by
A 7l L X
M) =& <Rd(Y1)_1/2 <z—1 log W _ sz(Yl)/z» (150)
nd(Yl,x,l) 172 nd(Yl,xfl) ~1/2 =1
(151)
For x4 € F, ; , some properties of de are given as follows.
Lemma C.1. For de, we have
. (R
Ma(x)) =29 (-%) , (152)
. ¢RY?(xp)\ dllog 71 (x) + log w_1(x_; |x)]
My = & (— e 2 TR CORRN (153)
M (x) = o(d"?),  sup M/, =o(d"?). (154)

d +
x4eF,

Proof. See Appendix C.1. [

Since f.(Y1) — f.(x1) is bounded, it suffices to show

Ey, {dLfe(0) = feolMa ()| — (Gfo). (155)
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Now using mean value theorem and Taylor expansion of Ey, {[ fe(Y1) — fL.(xl)]]\;de(Y 1)} at
(Y1 — )C]) yields

[fe(V) = fexD)IM a (Y1) (156)
= [f;uom —x)+ %f!(xl)(m —x1)’ + K(Y) - x1)3] (157)
: [de(xl) + ML, (x)(Y1 — x1) + 1M;’d(x’>m - x&] (158)
= I MaGen)(Y1 — x1) + [ FL ) Ma(x) + f] (xl)M/d(xl)] (Y1 — x1)? (159)
+ [Kdeocl) - %f!(xl)M;d(xo - %M;Ax’)f;(xl)] Yy —x1)° (160)
+ [i M) () + KM (,(x1)1| (Y, —x)* + 1M’Q,(x YK(Y) — x1)°, (161)

where K is a constant since f, has bounded third derivative. Note that both f/(x;) and
f/(x;) are bounded as well. Therefore, taking expectation over Y, and using M;(,(xl) =

o(d'/?), sup,4 A;I)’(’d = 0(d"?) in Lemma C.1, we have

2

~ 1 ~ ~
Ey, {10 = febenlia(r)} = [Ef;’(xl)Mxml) + fC’(xl)M;d(xl)} T o™,
(162)
Finally, by Assumption (A6), we have
~ 1 ~
fIxDOM 4 (x)) + _fc//(xl)de(xl) (163)
R\
Zm< 2<x1))< e+ f( |, dllog 71 (x) +cllogn_1(x_1 "“”m)) (64)
X
RY? dl _ _
=2¢< 2(“))( F) 5 fla TETE X 1)<x1)) (165)
LI(xH1? dl
9245( “‘%)( £+ 5 f( B °g”(x)< )) (166)
'z dlo
Y (— 5 )( £ + = f( ) gm)( 1)), (167)

which implies that Ey, {d[fcm)—fc<x1)]de(Y1>} —  (Gf)(x)) where h(f)
=202 9(—t1)2).

C.1. Proof of Lemma C.1

The proof is quite tedious. In order to simplify the notations, we first introduce the following
lemma.
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Lemma C.2. For the function M(y) defined by

1 : 1
M(y)= & (f(y)g(y) - Efl(y)> + sV <—§fl(y) - f(y)g(y)> , (168)
we have
dm d
e R AV e ) (169)
y dy
d
+efd(—f7 )2 - fg)@(—fg —f7'/2) (170)
d
+ef (d—g) d(—fg— f7'/2). (171)
y
2 2 2
d ;‘iﬁy ) (e - 1) [%(.fg - f“/z)] + P (fe - f"/2);7(fg — ) (172)
+ ef (%g) P (—f'2— fg)%efg -2 (173)

d 2 d2
+ ef :cw—fg -2 [@efg - f‘1/2)] + &'(—fg — f—1/2>@(—fg -2 (474

+ ef (%g) P'(—fg — f"/Z)%(—fg D) (175)
_ B a2 d \?
+ o(—fg— 712 [eg (d—y2g> +éf (@g) } (176)
Furthermore, if g(x;) = 0, then we have
dm d
W) ey = (@/(—f—l/m@(fg — ) (177)
d
+¢/(—f"/2)@(—fg ) (178)
d
+ (d—g> ¢(—f"/2)> (x1) (179)
Yy
d d
= (é/(—f"/Z)d—(—f‘l) - (—g) <5(—f“/2)) (x1) (180)
y dy
o e\ Ao dg(y) )

Remark C.3. Let g(y) = log “-9-50 and f=1(y) = €RY*(y) then Ma(y) = M(y). <

ﬂd(xd)

d
Now substituting g(y) = log 9= and f~!(y) = £R}*(y) to Lemma C.2, we have

7d(xd)
M a(x)) =20 (-%) , (182)
and
Wy = W) (183)

X dy



6126 J. Yang, G.O. Roberts and J.S. Rosenthal / Stochastic Processes and their Applications 130 (2020) 6094—6132

(R'? dl log 7_1(x_
_ o[t (x1) \ dllog wi(x) + logm_1(x 1|x)](x1) (184)
2 dx
¢RY? ¢
T ) TRy, (185)
2 2R,/ (x1)
Since @’ is bounded and by Eq. (136), R;(xl)/R;/z(xl) — 0, therefore
¢R'? ¢
o (~BEE) R = o, (186)
2 2R,/ (x1)

Also, M',(x1) = o(d"/2) since 1220 — O(@*12) = o(d'/2).
Now we prove sup,.« A;I)’(’d = o(d'/?). For simplicity, we keep the notations of f and g (recall

d
that g(y) = log ”n(dy(’;d’)‘) and f~'(y) = ER:/z(y)) and use the results in Appendix B.5. Since

®, &', ¢" are bounded, it suffices to bound all the following terms to be o(d'/?):

d 2 dg\ d
[d—qg - f‘1/2>} C L, e (—g) o) (187)
y dy dy/ dy
d . d2 . d?g dg\?
eXP(g)[;(fg—f /2)] . exp(@)—(fg— /2, exp(g)<—2), eXP(&’)(*) . (188)
y dy dy dy

Next, we show that most of them can be verified using Assumption (A4+), and the results in
Appendix B.5:

2
d 2 dlogmd
[*(fg - f’l/Z)] —o|| swp logr?(xHO@ )+ sup =T (189)
dy xdeFf xdeFf ax1
—0 [(d“/4 logd + d“/z)z] = o(d"/?), (190)
1 d
eg(dﬁ)i(_fg— f“/Z)’ =0| sup 7?(x?) sup dlogm” (da/410gd+da/2)
dy dy xdeF;' xdeF; dx1
(191)
= o(d"*>~*d*/*(d** logd + d*/?*)) = o(d'/?), (192)
d 2
exp(g) [d—ug — f*l/z)] =o(d'*“d*) = o(d'?), (193)
y
d? I 82 log ¢
exp(g) ((ji)’ =0/ sup 7%x%) sup 7‘%2 = 0(d*~ 0@ = o(d'/?),
y | xder; xderf  9X]
(194)
dg 2 i 3 log m? ?
exp(g) (d—> =0| sup 7¢x%) sup 5 = o(d"*~*)Od*"*)? = o(d'/?).
y xdeF} xdeFf dxy

(195)
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The only terms left are g—i(fg — f71/2) and exp(g)g—i(fg — f~1/2). Therefore, it suffices to
show

& _
oe 1/2) = O@*). (196)
Note that
d2 —1 d l / 1 —1
E(fg_f /Q)ZE(fg‘Fgf—zdf ) (197)
d|:1 Ry o1 1R&j| (198)
=— |5 158 -3
12 172 12
dy | Ra R, R, 2R,
1R;,+1R;,/+1,,+1/,1R;/ (199)
=——58 + |+ g g -3 :
Ry R)? Ry RY? R)? R)? 2\ R}/

Note that we have shown R/, = o(Ral,/ 2) in Appendix B.5. Similarly, we also can show using
Assumption (A3+) that

1 1 1
Ri=——Q fil) =72 P+ =2 fif] (200)
Jj#l J# J#l
1 1 1
S D UDH | 2 | e (201)
Jj#1 J#1 J#1

= Oq/d)o((/d /1)) + o(Ry*\[14/d(\Jd] 12)*) = o(R}/®), (202)

where f;(x) == w Therefore R/, = o(Rj,/ %) as well. Finally, we can complete

the proof by verifying Eq. (196) using Assumption (A4+) as follows.

! d
Ri%g/ =0 (i) o0 [ sup T8N _ 0@ o) = o), (203)
d Rd Ra xdeFd* 0x1
VRN | TRR P +spwrR T [,
‘(Rd R(I[/Z) 8| = O[ R g|=0 W(Rdg) (204)
= 0@d“™o(HOE*"?) = o(d®), (205)
2 d
e =0 sup TRET) _om, (206)
R, xdeF] 0xy

1 !
’
1/2) 8
<Rd
, !
12
R,

11 dlogm?
=© (zs/zR;g’> = o(1/Rq)O ( sup 2% ) = 0@ )0@/?) = o(d®),
Rd

xdeFf ax1
207)

g e
- | = 0 (Ry/RY?) = o) = 0. (208)
Ry
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Appendix D. Proof of Theorem 3.21

We follow the same approach as in the proof of Roberts and Rosenthal [58, Proposition
3]. The idea is to follow the proof of Theorem 3.19 except in the proof of Eq. (79), we need
a stronger version of Lemma A.3 to determine the sequence of “typical sets” {F}.

Given fixed time ¢, considering the sequence of “typical sets” {F} defined by

Fyi={x?:|Rs+ Sq| <d™°}, (209)
where 6 > 0 and we used R; and S, to denote R((,l) and Sfil) for simplicity. We need to guarantee
that when d is large enough, we always have X“(|ds|) € F;NF/,Y0 < s < ¢ and this happens
for almost all starting state X f(O) = x. That is, defining

pd,x) =P(X(|lds]) ¢ F4NF;,30 <5 <1 | X‘IJ(O) = X), (210)

letting 7r; denote the marginal stationary distribution for the first coordinate, we want to show
that for any given € > 0, as d — oo

Pywr, [p(d, x) > €, infinite often] = 0. (211)
We prove it using Borel-Cantelli Lemma. Note that the application of Borel-Cantelli lemma

is valid since we have assumed all of the processes are jointly defined on the same probability
space as independent processes. First, note that

Exr, [pd, x)] = diPa((Fy N F))°) = dtPa(F5 U (F))°) < dtP a(Fy) + dtP,a((F))).

(212)
For any given € > 0, we have
oo oo
E.XNT[ d»
S P, d) = ) < 3 om0 (213)
d=2 d=2 €
dt «— s dt K
< =) Pu(Ri+ S >d7)+ =D P(X* ¢ Fy). (214)
€ d=2 € d=2

By n(F5) = O(d~>7%), we have dt) 5., P(XY ¢ F;) < oo. Now in order to use
Borel-Cantelli Lemma, the condition we need is that for some number of moments m such
that

E|R; + Sql"

T = d"EIR + 84" = 0, (215)

Pra(|Ra+ Sal > d™°) <

which leads to ZZOZZ P(p(x,d) = €) < oo. In order to obtain non-trivial conditions, we let
m = 5 and Assumption (A2++) implies E|R; + S;|° = O(d~>"%). We can then use this
sequence of typical sets {F} in the proof of Theorem 3.19 to replace the sequence of {F}
used in Lemma A.3. The residual proof follows the same as Theorem 3.19.
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Appendix E. Proof of Proposition 4.6

Note that we have the number of parameters d = n*> 4+ n + 2 in this example. The target
distribution (i.e. the posterior distribution) satisfies

rd(xdy =P | iy =1
b Lo
o —— A H AT ——e
I'(a) Jl:[] V21 A

w-n? 1 @j—n? 1 ¥ =6;)*
74 1_[ — e T2V e~ 2w
i V2mV 2n W

(216)

Clearly, this model can be represented by the graphical model in Eq. (41). It can be easily
checked that the maximum number of cliques any coordinate belongs to is n + 1 and the
cardinality of cliques is bounded by constant 2, so sup, |Cx| = o(d/m4) = o(n). Furthermore,
the target distribution clearly satisfies “flat tail” condition required by Proposition 4.3 since all
the conditional distributions are standard distributions. Therefore, the first equation in (A1), the
first equation in (A3), and (A2) hold by Proposition 4.3.

Next, we verify (A5) using Proposition 4.4. Note that this model can be represented by
the graphical model in Eq. (42) using K = 3 layers. In order to check the conditions in
Proposition 4.4, note that

logn? oc (—a—1— E)logA _b_ Z/'(Mj —v _ Z"'J'(HU — )’ _ Z"J(YU —6y)°
2 A 2A 2V 2W '
217)

Observing that, under X¢ = (v, A, (Vi (03 2)) ~ 7%, we have

W/;Lj"FVY,’j Vw L.
, , L,jef{l, ...
wW+V wW+Vv

. CAG; +V AV
Mj|29ij,v,Adeep'N<Zl p Vv ) ie{l,...,n}, (219)

0 | Yijopy ~"P N( ,n}, (218)

nA+V ‘nA+V

A
n 1 2
Al {uj} v ~1IG a+§,b+zzj:(uj—u) . (221)

Therefore, we have

b+EY (= v at1+42
A2 A

= Op(d'/?). (222)

dlogm?
dA

since a+lj‘—n/'2 S a+lA4(;n/2 — 0(41/2) and'Zj(u,v _ v)2 —p Zj(“‘j _ /1)2 + % — @P(dl/z).
Other coordinates can also be verified, which are shown as follows.

dlogm\* /(i —v)\2 n

( L ) :( < ) :oﬂ»(ﬂ:oﬂ»(d/n), (223)
d\2 . C_\2 9 2

<81§i¢ ) :(Z,-%V u/)_ﬂ.fA ”) — (A + VY (%—w) (224)
J
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= Op [(nA +V)? = Op(d/n), (225)

m]
dlogn?\? _ (V=6 6 —u 2—(W+V)2 V¥ + Wij 2—(9(a?/nz) (226)
06;; = % W - w4V ij )] =0OPp .

Therefore, (AS5) holds by Proposition 4.4. Finally, all the other conditions in (A1), (A3), and
(A4) can be verified in a similar way as in Section 4.1 for Example 4.1.
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