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Abstract

Bayesian inference in hidden Markov models (HMMs) can be challenging due to the pres-

ence of multimodality in the likelihood function, and consequently in the joint posterior dis-

tribution, even after correcting for label switching. The parallel tempering (PT) algorithm,

a state-space agumentation method, is a widely used approach for dealing with multimodal

distributions. Nevertheless, standard implementation of the PT algorithm may not always be

sufficient to effectively explore the high-dimensional, complex multimodal posterior distribu-

tions that arise in HMMs. In this work, we demonstrate common pitfalls when implementing

the PT algorithm for HMMs, approaches to remedy them, and introduce new non-informative

prior distributions that facilitate effective posterior distribution exploration. We analyse time

series of blue whale dive data with two 3-state HMMs in a Bayesian framework, one of which

includes a categorical covariate in the transition probability matrix to account for the effect of

sound stimuli on the whale’s behavior. We demonstrate how effective implementation of the

modified PT algorithm for Bayesian inference leads to effective exploration of the resultant

multimodal posterior distribution and how that affects inference for the underlying movement

patterns of the blue whales.

1 Introduction

Discrete-time, finite-state hidden Markov models (HMMs) are a class of state-space models that

assume that an observed time series is driven by a latent state process. They have been applied

broadly across many domains, such as in ecology to connect observed movements to latent behaviors

and capture-recapture data to estimate population dynamics [McClintock et al., 2020], in medicine

to describe the dynamics of disease progression [Williams et al., 2020], in finance to classify market

regimes such as bear and bullish periods [Maheu and McCurdy, 2000] and in speech recognition

[Juang and Rabiner, 1991]. The natural interpretation of the hidden states as proxies for underlying
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behaviors allows practitioners to gain insights into unobserved processes based on observed data

over time.

Model fitting can be performed, for example, via direct maximization of the likelihood function,

using the HMM-specific expectation-maximization algorithm, known as the Baum-Welch algorithm

[Baum et al., 1970], or in a Bayesian framework using Markov chain Monte Carlo (MCMC) meth-

ods, among other inferential approaches. When working with the (unnormalized) joint posterior

distribution, one can implement general-purpose MCMC approaches such as Hamiltonian Monte

Carlo or variants of the Metropolis–Hastings algorithm. Alternatively, Gibbs-type MCMC algo-

rithms can be employed when the hidden states are estimated jointly with the parameters [Cappé

et al., 2003]. Regardless of the model-fitting approach, a common challenge in HMMs is the permu-

tation invariance of hidden state labels, known as label switching, where different state labelings

yield the same likelihood value. As a result, HMMs likelihood exhibit multimodality. While label

switching can be mitigated by applying ordering constraints to certain parameters, multimodality

beyond label switching can still persist.

In the presence of multimodality in the likelihood function, [Zucchini et al., 2017] suggest using

multiple starting values when implementing numerical maximization algorithms to assess whether

the same maximum is consistently identified, with the goal of finding the global maximum. How-

ever, [Chen, 2023] describes how the presence of multiple modes affects construction of confidence

intervals and subsequent coverage in a frequentist framework where different approaches, such as

Wald or likelihood-based, can lead to different outcomes. In a Bayesian framework, uncertainty in

parameter estimates is represented through the joint posterior distribution. If the likelihood func-

tion is multimodal and induces a multimodal posterior, inference can be conducted by constructing

intervals for each local maximum, thereby accounting for uncertainty across all high-density re-

gions. In particular, it is important that all regions of the parameter space with non-negligible

posterior mass, after correcting for label switching, are thoroughly explored.

Failing to adequately account for the uncertainty associated with multiple local maxima in the

joint posterior distribution can lead to biased, and potentially substantially different, parameter

estimates. As such, multimodality should be treated as an inferential challenge, rather than only a

computational one. A class of state-space augmentation methods has been developed to facilitate

the exploration of multimodality in complex, high-dimensional settings. In particular, methods

such as Parallel Tempering (PT) [Geyer, 1991] are specifically designed for this purpose. However,

direct application of the general PT algorithm to HMMs may not work as intended due to compu-

tational challenges, particularly in the construction of the tempered distributions used to extend

the state space, typically defined as �� for � 2 (0; 1), where � is the target distribution, as well

as in the specification of priors for model parameters. In both cases, the standard construction of

the tempered replicas or an inadequate prior specification can lead in shifts in probability mass

for the hotter replicas, that is, those with � ! 0, toward regions where parameter configurations

correspond to near non-identifiability, resulting in poor mixing and a failure to adequately explore

the original state space.

In this paper, we focus on implementation of the PT algorithm for HMMs within a Bayesian

framework and how it can be effectively applied to this class of models. Specifically, we provide im-

plementation guidelines for defining the tempered replicas and key components of the PT algorithm,

together with prior specifications that mitigate shifts in probability mass towards regions associ-

ated with near non-identifiability in the hotter replicas, and thereby ensuring robust exploration

of the joint posterior distribution. We also introduce a new non-informative prior specification for
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the transition probability matrix entries when incorporating categorical covariates.

This paper is organized as follows. In Section 2, we introduce the mathematical formulation of

HMMs, the PT algorithm and its key components, as well as the notion of genuine multimodality

and the estimation of mode weights. In Section 3, we provide implementation guidelines for

applying the PT algorithm to HMMs.In Section 4, we present the results of applying the PT

algorithm to HMMs, following the proposed implementation guidelines, to ecological time series

data, specifically blue whale dive data. In Section 5, we summarize our work, discuss its limitations,

and outline potential directions for future research.

2 Background

In this section, we introduce the probabilistic definition of hidden Markov models, the Parallel

Tempering algorithm and its main components, as well as notions of implementation effectiveness

and a formal definition of genuine multimodality. We also describe how to estimate the weights of

each high-density region, or mode.

2.1 Hidden Markov models

A discrete-time, finite-state hidden Markov model (HMM) is a bivariate stochastic process com-

posed of a state process fStgTt=1 and an observation process fY gTt=1 [Zucchini et al., 2017]. The

observations fYtgTt=1 are taken to be conditionally independent given the states fStgTt=1 and as-

sumed to be generated by a set of state-dependent distributions, ff(YtjSt = n)gNn=1 for N 2 Z+.

The state process is taken to be a first-order Markov chain that evolves over time by an N � N
transition probability matrix � with entries 
ij = Pr(St = jjSt�1 = i) for i; j 2 f1; : : : ; Ng. Fi-

nally, the initial state distribution � has entries �n = Pr(S1 = n) for n 2 f1; : : : ; Ng. See figure 1

for a graphical representation of the structure of a basic HMM.

St�1 St St+1

Yt�1 Yt Yt+1

(State)

(Observed)

: : : : : :

Figure 1: Graphical representation of an HMM.

The likelihood of an HMM can be written as a matrix product of the initial state distribution

vector �, transition matrix � and state-dependent distributions,

LT = �>D(y1)�D(y2) � � ��D(yT )1; (1)

whereD(yt) is a diagonal matrix with entries f(yt j st), for t = 1; : : : ; T , and 1 is anN�dimensional

vector with 1 entries. Given the recursive nature of the likelihood, it can be effectivley evaluated

with the forward algorithm [Zucchini et al., 2017].

HMMs can accommodate multivariate observation processes and incorporation of covariates in

the transition probability matrix, among other possible extensions. For a k-dimensional multi-

variate observation process, fY tgTt=1, we assume conditional contemporaneous independence such
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that f (Y t jSt ) =
Q K

k=1 f (Ytk jSt ). HMMs can also be extended to incorporate covariates in the

transition probability matrix via a multinomial logit link function,


 ij (zt ) =
exp (� ij (zt ))P n
l =1 exp(� il (zt ))

� ij (zt ) =

8
<

:
0 if i = j

� ( ij )
0 + � ( ij )

1 zt if i 6= j
: (2)

2.2 Parallel Tempering

A popular algorithm used to explore multimodal probability distribution functions is the parallel

tempering (PT) algorithm, also known as replica exchange or Metropolis-coupled Markov chain

Monte Carlo, independently introduced in statistics [Geyer, 1991] and physics [Hukushima and

Nemoto, 1996], and has been succesfully applied in the �elds of biology [M•uller and Bouckaert,

2019], chemistry [Lin et al., 2003], physics [Diaz et al., 2020] and machine learning [Chandra et al.,

2018], [Desjardins et al., 2014]. See also [Swendsen and Wang, 1986] for an earlier related proposal.

Parallel tempering is a state-space augmentation method that extends the parameter space of the

target distribution � using auxiliary distributions or tempered replicas � � , where in a Bayesian

framework � is the joint posterior distribution. The tempered replicas are commonly de�ned as

power-tempered versions of target distribution,

� � (x ) / [� (x )] � : (3)

These power transformations make the modes of� less separated as the power values decrease,

resulting in high-density regions that are closer together. The tempered replicas are indexed by a

sequence of inverse temperatures 0� � M < � M � 1 < : : : < � 1 < � 0 = 1, referred to as the inverse

temperature schedule or inverse temperature ladder. The coldest replica� � 0 is de�ned to be the

original distribution of interest � , whereas the hottest replica� � n is a transformation of the dis-

tribution � that can be fully explored using standard MCMC approaches. Nonetheless, depending

on the structure of the distribution, tempering can be performed in di�erent ways. For example,

in a Bayesian problems, it is common practice to temper only the likelihood component, so the

sequence of tempered replicas interpolates prior and posterior. Many other schemes are possible;

see [Geyer and Thompson, 1995], [Paquet et al., 2009], [Cameron and Pettitt, 2014],[Surjanovic

et al., 2023], for alternative constructions of tempered replicas.

The PT algorithm runs a Markov chain on the augmented state spaceX M +1 with the invariant

distribution

� M (x 0 ; x 1 ; : : : ; x M ) / � � 0 (x 0 )� � 1 (x 1 ) � � � � � M (x M ):

The Markov chain targeting � M alternates between two Markovian moves: within-temperature

moves and swap moves. During the within-temperature moves, eachx i is updated U times, where

x i is the state from the i -th chain targeting � � i . Performing multiple within-temperature moves

between each temperature swap proposal, that is,U > 1, may improve e�ciency; [Roberths and

Rosenthal, 2026] argues thatO(
p

d) such moves are optimal in some contexts, whered is the

dimension of the state spaceX . For the swap moves, there are two main schemes: stochastic

even-odd (SEO) swaps and deterministic even-odd (DEO) swaps. In the SEO scheme, referred

to as reversible PT, a pair of inverse temperatures� k and � k+1 is chosen uniformly from all the

possible pairs of adjacent inverse temperatures, and the swap proposal is constructed by swapping
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the corresponding chain statesx i , x i +1 ,

(x 1; : : : ; x k+1 ; x k ; : : : ; x M ):

and the swap move is accepted with probability

Ak = 1 ^
� � k +1 (x k )� � k (x k+1 )
� � k (x k )� � k +1 (x k+1 )

:

The DEO scheme, introduced by [Okabe et al., 2001] and referred to as non-reversible PT, di�ers

from uniform selection of adjacent inverse-temperature pairs. Instead, it deterministically alter-

nates between even and odd swap moves after within-temperature steps. See [Syed et al., 2022]

for further details.

Tracking the exchange of chain states during swap moves serves as a metric for assessing

the performance of the PT algorithm. The completion of round trips, that is, information from

the coldest replica reaching the hottest replica and returning back to the coldest, indicates how

e�ectively the information is being passed on. See �gure 2 for an illustration of the occurrence

of a round trip, when using M = 3. For reversible PT, minimizing the expected round-trip time,

this is, the number of iterations it takes on average to complete a round trip, has been shown to

be equivalent to optimizing swap acceptance rates under some regularity conditions [Nadler and

Hansmann, 2007].

t = 0 t = 1 t = 2 t = 3 t = 4 t = 5 t = 6 t = 7 t = 8 t = 9 t = 10 t = 11

(Hottest) � M

(Coldest) � 0

Figure 2: Illustration of a round trip occurrence at time t = 10

Methods for setting the inverse temperature schedule

The number of round trips strongly depends on the choice of inverse temperature levels� 0; : : : ; � M .

Several methods have been proposed in the literature for constructing the temperature schedule.

A common approach is a geometric schedule [Kofke, 2002], consisting of a geometric progression

between the coldest (� 0) and hottest ( � M ) inverse temperatures. In this case, the inverse temper-

atures are de�ned as� m = � 0Rm , where R = ( � M =� 0)1=M .

Other approaches aim to achieve a uniform swap acceptance rate across tempered replicas.

[Predescu et al., 2004] showed that a geometric schedule aligns with a uniform swap acceptance

rate when the heat capacity is constant across replicas. [Nadler and Hansmann, 2007] demonstrated

that constant swap acceptance rates are part of the optimal solution when maximizing 
ow current

under certain regularity conditions. Similarly, [Atchad�e et al., 2011], [Roberts and Rosenthal, 2014],

showed that, under strong regularity conditions on the target distribution, the optimal constant
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swap acceptance rate between adjacent inverse temperatures isA � = 0 :234. Consistently, [Kone

and Kofke, 2005] and [Lingenheil et al., 2009] obtained the same optimal rate when optimizing the

di�usion of a tempered replica along the inverse temperature schedule.

Other methods focus on constructing an inverse temperature schedule that concentrates around

simulation bottlenecks. [Katzgraber et al., 2006] proposed optimizing the current 
ow by iden-

tifying bottlenecks through measurements of local di�usivity of tempered replicas and placing

temperature values more densely in those regions. Inverse-linear schedules have also been used

in practice. In this approach, inverse temperatures are de�ned as� m = � 0 + ( � M � � 0)(m=M ).

[Rozada et al., 2019] showed that this strategy performs well for sparse spin-glass problems.

Genuine multimodality

The invariance to relabeling the states from the likelihood in HMMs induces a system of equivalence

classesP on the parameter space �. Two elements � 1 ; � 2 of � result in belonging to the same

equivalence class if there exists a permutation of the hidden state labels such that, after reordering

the elements according to that permutation, they are equal. Formally,

� 1 � � 2 () 9 � 2 Perm(S) such that � 1 = � (� 2 );

where Perm(S) denotes the set of all possible permutations ofS items. Assigning exchangeable

priors to the initial state distribution, the rows of the transition probability matrix, and the

state-dependent parameters extends the relabeling invariance of the likelihood to the posterior

distribution [Fr•uhwirth-Schnatter, 2001]. Consequently, the posterior distribution p(� j y) of an

N -state HMM will, at least theoretically, exhibit N ! symmetric modes, where a mode is de�ned as

a local maximum in p(� j y). Gr•un and Leisch [2009] de�nes p(� j y) to be genuinely multimodal if

9 � 1 ; � 2 2 M such that � 1 6= � (� 2 ) 8 Perm(S);

with M the set of modes ofp(� j y). Let �̂ = ident(�) � � be the subset of parametrizations

containing only one permutation from each equivalence class, and letM̂ � M denote the subset

of modes located in�̂. To conduct robust inference, it is crucial to account for the case jM̂j > 1,

indicating there is more than one genuine mode. When multiple genuine modes are present in the

posterior parameter space, their exploration via the PT algorithm, or any other MCMC method,

must respect the corresponding mode weights, i.e. the probability mass associated with each

mode. If modeh 2 M̂ is well separated from the others such that it is located in a subset̂� h � �̂

containing only mode h and no other genuine mode, then the weightwh can be approximated by

estimating Pp( �j y ) (� 2 �̂ h ). Speci�cally, given K samples from the coldest chain, with the �rst

B samples discarded as burn-in, the running weight estimate ^wh;K for mode h at iteration K is

computed using the samples� ( B ) ; � ( B +1) ; : : : ; � ( K ) ,

ŵh;K =
1

N � B + 1

NX

i = B

1f � ( i ) 2 �̂ h g(� ( i ) ):

In the case that the subset�̂ h can be de�ned by thresholds for only one of its dimensions, this is,

�̂ h = f � = ( � 1; : : : ; � V ) : L < � s < U g, then ŵh;K can be simply computed by
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ŵh;K =
1

N � B + 1

NX

i = B

1f L<� ( i )
s <U g(� ( i )

s ):

3 Methodology

In this section, we introduce novel prior speci�cations for the unconstrained parameters arising from

the transformation of the transition probabilities in Equation 2, which induce equal weighting

on the simplex of the transition probability rows. We also propose a prior formulation for the

coe�cients associated with incorporating a categorical covariate into the transition probabilities

that similarly ensures equal weighting on the simplex. We then detail the implementation of

the PT algorithm for HMMs, including the tempering of the replicas, the construction of the

inverse temperature schedulef � 0; � 1; : : : ; � M g, and practical considerations for implementing the

PT algorithm.

3.1 Bayesian framework for HMMs

A full speci�cation for HMMs in a Bayesian framework requires assigning prior distributions for

all parameters in the likelihood function given in Equation 1. Setting prior distributions for the

parameters of the state-dependent distributions depends on the forms off (�). A common practice

when specifying weakly informative priors is to use exchangeable priors on the state-dependent

distribution parameters across all hidden states; see [Fr•uhwirth-Schnatter, 2001] for a detailed

discussion. For the initial state distribution vector � , a common choice of non-informative prior is

a Dirichlet distribution with parameter vector 1N . Similarly, for the entries of a time-homogeneous

� , each row is given prior 
 i � � Dirichlet (1N ), for i = f 1; : : : ; N g. However, this prior cannot be

used directly when the transition probabilities are reparameterized into unconstrained components,

such as when incorporating covariates in Equation 2, and it is not straightforward how priors for

� ( ij )
0 ; � ( ij )

1 a�ect the behavior of 
 i � .

For the individual components of the vector � ( ij )
0 a normal distribution can be used,N

�
� � ( ij )

0
; � � ( ij )

0

�
.

However, specifying� � ( ij )
0

and � � ( ij )
0

to re
ect non-informative or weakly informative priors on the

scale of the unconstrained parameters can induce highly skewed, informative distributions for
 i �

a priori. See �gure 3 for a visualization of the joint distribution corresponding to two elements of

the i -th row 
 i � = ( 
 i 1; : : : ; 
 iN ) induced by normal priors when N = 3.

We introduce a prior distribution for the unconstrained baseline components� ( ij )
0 that induces

a Dirichlet( 1N ) distribution on 
 i � . Assume the following:

� � ( ij )
0 j � ii � Gumbel(� ii ; 1);

� � ii � Gumbel(0; 1);

where � ii is a latent variable for the i -th row 
 i � . This leads to (
 i 1; : : : ; 
 iN ) � Dirichlet( 1N ), for

i = 1 ; : : : ; N . For the complete derivation of the proposed prior distributions and how they induce

a Dirichlet distribution, see Appendix A.1.

A similar approach can be used to induce a non-informative distribution on the transition prob-

ability rows for the coe�cients resulting from incorporating a categorical covariate in the transition

probability matrix, as shown in Equation 2. In particular, when the covariate is categorical, the

formulation in Equation 2, originally introduced for a continuous covariate, is modi�ed with the
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(a) � ( ij )
0 � N (0; � = 0 :5) (b) � ( ij )

0 � N (0; � = 1)

(c) � ( ij )
0 � N (0; � = 3) (d) ( 
 i 1 ; 
 i 2 ; 
 i 3) � Dir( 1N )

Figure 3: Joint distribution of ( 
 i 2; 
 i 3) induced by di�erent choices of priors for the working
parameters � ( ij )

0 .
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inclusion of auxiliary variables to avoid model non-identi�ability. In this case, being c0; : : : ; cL the

possible categories ofzt , the linear formulation becomes

� ij (zt ) = � ( ij )
0 +

LX

l =1

� ( ij )
1l ; 1f zt = cl g; for i 6= j; (4)

To construct a prior for the coe�cient related to the covariate that induces uniform weights to

the transition probability rows, we leverage the prior setting de�ned for the baseline components.

Speci�cally, given the construction of the baseline components� ( ij )
0 with the auxiliary variables

� ii , the following prior assumption induces equal weights for the transition probability rows for any

outocome ofzt :

� � ( ij )
1l j � ( ij )

0 ; � ii � Gumbel(� ( ij )
0 + � ii ; 1):

Additionally, we assume the � ( ij )
1l coe�cients to be independent conditional on � ( ij )

0 ; � ii . The

dependence on the auxiliary variables� ii guarantees identi�ability, and from the prior formulation

it follows that ( 
 i 1(zt ); : : : ; 
 iN (zt )) � Dirichlet( 1N ) for any outcome ofzt , which can be interpreted

as no additional information is introduced about whether the treatment or latent variable a�ects

the entries of the transition probability matrix compared to the baseline. For the detailed derivation

of this prior setting, see Appendix A.1.

3.2 Parallel tempering for hidden Markov models

Direct application of the general PT algorithm for Bayesian inference of HMMs can lead to compu-

tational di�culties when tempering the prior distributions for the working parameters � ( ij )
0 ; � ( ij )

1

associated with the transition probabilities. For the normal priors and Gumbel priors introduced

in Section 3.1 for � ( ij )
0 , tempering shifts probability mass in the induced distribution of the transi-

tion probabilities 
 ij toward transition probability matrices with diagonal entries close to one. In

other words, it favors con�gurations near the identity matrix, which can produce near non-ergodic

transition structures. This may lead to nearly non-identi�ability, which makes the model very

di�cult to identify. Figure 4 illustrates how the probability mass of the induced distribution in the

transition probabilities concentrate in certain regions when tempering the priors for the working

parameters � ( ij )
0 . Moreover, when these regions have non-negligible probability mass in hotter

tempered replicas, the high-density regions of the tempered replicas may not overlap, inducing

broken ergodicity [Stein and Newman, 1995] and rendering the swap acceptance rate unreliable as

a metric for the PT algorithm performance. To address this issue, power posteriors can be used as

tempered replicas instead of power-tempered versions of� . Namely, if the distribution of interest

� (x ) has the form

� (x jy ) / p(y j x )p(x ); (5)

wherep(y j x ) is the likelihood, y are the observations, and andp(x ) is the joint prior distribution,

the power-posteriors are constructed by tempering the likelihood component only [Brooks et al.,

2011]:

� � (x jy ) / [p(y j x )] � p(x ): (6)

See Algorithm 1 for the implementation of the reversible PT algorithm when using power-posterior

as tempered replicas. For the computation of the power-posteriors for HMMs, see Appendix A.4.
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(a) � = 0 :667 (b) � = 0 :5 (c) � = 0 :25

Figure 4: Induced joint distribution of ( 
 i 2; 
 i 3) when the prior distribution of working parameters
� ij are tempered at di�erent inverse temperature levels when number of hidden states isN = 3.

For the within-temperature steps, we use the component-wise Metropolis{Hastings (CWMH)

algorithm. The CWMH algorithm is a variant of Metropolis{Hastings that updates one sub-block of

parameters at a time. The dimension of the parameter space in HMMs grows quickly as additional

model features are incorporated or as the number of hidden states increases, making the CWHMH

algorithm ideal for the within-temperature move steps. See Appendix A.3 for the implementation

of the CWMH algorithm for HMMs.

For the inverse temperature schedule, the inverse temperatures are selected to achieve a swap

acceptance rate of 0.234 between adjacent inverse temperatures, as discussed in Section 2.2. The

hottest replica � � M for the application of the PT algorithm to HMMs is proposed to be a power

posterior with � M > 0. Speci�cally, since we require� M to be small enough for the corresponding

hottest tempered replica to be unimodal, or at least easily sampled using standard MCMC routines,

the choice of� M was based on candidate hottest replicas that satisfy one of these conditions. To

identify an appropriate hottest inverse temperature value, we ran standard MCMC routines to

explore the joint posterior distribution of the corresponding power posterior for each candidate. We

selected� M such that the resulting high-density regions of the marginal densities were su�ciently

close, sometimes becoming e�ectively unimodal, allowing for consistent and frequent transitions

between them.

Practical considerations when setting up PT

A proper scaling of the proposal distribution q� m (� j x m ) for the chains targeting the tempered

replicas � � m plays a crutial role. There is a vast literature on how to choose an appropriate scaling

for di�erent scenarios and proposal schemes; see, for example, [Brooks et al., 2011], Chapter 4.

Although the swap acceptance rates are, in principle, not directly a�ected by poor mixing of the

Markov chains targeting the tempered replicas, and thus the inverse temperature schedule can be

constructed independently of the tuning ofq� m (� j x m ), inadequate within-temperature mixing can

substantially increase the number of iterations required to explore each tempered replica e�ectively.

This has a direct impact on the running weight estimates, leading to higher computational costs

for accurately estimating the weight of each mode.

The choice of the hottest inverse temperature� M is another important factor. The smaller its

value, the more likely � � M can be explored succesfully via standard MCMC routines, particularly

when considering power posteriors of� . If the joint prior distribution accounts for the potential
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Algorithm 1 PT(observations
�

y ( w )
1: Tw

�

w
, latent process

�
z(w )

1:Tw

�

w
, covariate indicator c, inverse

temperature schedule� 0:M , initialising chain values X 0 =
�
x (0)

m

�
, number of iterations H )

Require: A within-temperature proposal mechanism for each tempered replicaqm (x m ; �).

1: for h = 1 ; : : : ; H do
2: for m = 0 ; : : : M do
3: Update: x ( h )

m � qm (x ( h � 1)
m ; �). . Within-temperature moves

4: end for
5: X h  f x ( h )

0 ; : : : ; x ( h )
M g

6: k � Uf 0; : : : ; M � 1g . Choose uniformly a pairs of adjacent inverse temperatures

Compute tempered replicas . For de�nition of LogPowerPosterior( �), see Appendix A.4

7: `k  LogPowerPosterior
��

y ( w )
1: Tw

�

w
;
�

z(w )
1:Tw

�

w
; x ( h )

k ; c; � k

�

8: `k+1  LogPowerPosterior
��

y ( w )
1: Tw

�

w
;
�

z(w )
1:Tw

�

w
; x ( h )

k +1 ; c; � k+1

�

9: ^̀
k  LogPowerPosterior

��
y ( w )

1: Tw

�

w
;
�

z(w )
1:Tw

�

w
; x ( h )

k +1 ; c; � k

�

10: ^̀
k+1  LogPowerPosterior

��
y ( w )

1: Tw

�

w
;
�

z(w )
1:Tw

�

w
; x ( h )

k ; c; � k+1

�

11: ak  min
�

0; ( ~̀
i + ~̀

j ) � (` i + ` j )
�

. Metropolis ratio to accept/reject swap proposal

12: U � Unif(0 ; 1)
13: if log(U) < a k then
14: X h = f x ( h )

0 ; : : : ; x ( h )
k +1 ; x ( h )

k ; : : : ; x ( h )
M g . Swap chain states if swap accepted

15: end if
16: end for

17: return f X 0 ; X 1 ; : : : ; X H g.

within-correlation present in the observed process, a natural candidate for the hottest inverse

temperature is � N = 0. This choice can simplify the selection of the hottest inverse temperature,

as it corresponds to using the joint prior distribution as the hottest replica. However, when this is

not the case in the context of HMMs, setting � M = 0 will likely lead to negligible swap acceptance

rates between� M and any reasonable choice of� M � 1.

Additionally, the smaller � M , the more intermediate inverse temperatures between� 0 and � M

may be required to preserve a uniform swap acceptance rate. [Nadler and Hansmann, 2007] showed

that, under regularity conditions and for a large number of inverse temperatures, the exchange of

information between replicas through swap proposals exhibits behaviour analogous to a simple

random walk. In that scenario, the expected number of accepted swaps required to complete a

single round trip is of order O(M 2) [Diaconis et al., 2000] asM goes to in�nity. Furthermore, [Syed

et al., 2022] showed that, under the DEO scheme, this reduces toO(M ). Nonetheless, aiming for

large M is not optimal. [Roberts and Rosenthal, 2025] showed that, under strong assumptions

and in the limit as the dimension d ! 1 of the state spaceX , the maximum e�ciency of the

non-reversible PT algorithm is approximately 42% higher than that of the reversible PT algorithm.

Selecting a hottest replica� � M for which there remains a substantial gap between high-density

regions can also signi�cantly increase the computational cost of estimating the weights of each mode

using running weight estimates. We suggest the use of analytical results together with exploratory

Markov chain routines targeting candidate � � M to examine the geometry of the distribution before

�nalizing the choice of the hottest replica.
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4 Application to ecological time series

We use the implementation guidelines developed in Section 3.1 to implement the reversible PT

algorithm and analyze blue whale dive data using HMMs. The dataset was previously analyzed

within an HMM framework in [DeRuiter et al., 2017] to quantify the impact of sound stimuli on blue

whale behaviour. Inference was conducted using maximum likelihood estimation, and multiple local

maxima were reported during the model �tting procedure, making this a suitable setting to test

and compare our approach. We propose two Bayesian HMMs to analyse the blue whale dive data:

a baseline 5-dimensional 3-state HMM with a time-homogeneous transition probability matrix,

and an extension that incorporates sound stimuli during dives as a covariate in the transition

probability matrix.

4.1 Bayesian HMMs for blue whale movements

Animal-borne tags were deployed to track the movements of 37 blue whales, and the collected

information was processed into multiple data streams. See Supplement 2 from DeRuiter et al.

[2017] for a full description of the data collection and data processing steps. While the blue whales

were tracked, they were also exposed to sound stimuli, including mid-frequency military sonars and

pseudo-random noise in the same frequency range in order to understand how the stimuli a�ects

their movements, and thus behaviors.

Five data streams from the full dataset were considered for analysis: the number of lunges,

dive duration, post-dive surface duration, maximum depth, and step length (in the horizontal

dimension). For construction of the state-dependent distributions, we assume contemporaneous

conditional independence; see [Zucchini et al., 2017] for explicit assumption formulation. Consistent

with the model applied in DeRuiter et al. [2017], continuous, non-negative data streams were

modeled with a Gamma distribution, parameterized in terms of the mean and standard deviation,

while data streams with positive integer outcomes were modeled with a Poisson distribution:

Number of lunges: yt 1 j st � Poisson(� st );

Dive duration: yt 2 j st � Gamma(� 2st ; � 2st );

Surface duration: yt 3 j st � Gamma(� 3st ; � 3st ); st = 1 ; 2; 3:

Maximum depth: yt 4 j st � Gamma(� 4st ; � 4st );

Step length: yt 5 j st � Gamma(� 5st ; � 5st );

(7)

For the baseline 3-state HMM, a time-homogeneous process for� was assumed.The reparametriza-

tion from Equation 2 was used for the transition probabilities, and the working parameters� ij were

estimated instead of the transition probabilities on their original scale. Weakly informative priors

were chosen for the state-dependent distribution parameters; see Appendix A.5 for the explicit

formulations. For the initial state distribution vector � it was assumed to follow a Dirichlet(1N ) as

prior. For the working parameters � ( ij )
0 , the priors were speci�ed as introduced in Section 3.1. In

total, the baseline 3-state HMM required estimating 36 parameters, plus 3 latent variables related

to the prior of � ( ij )
0 .

For the extended baseline model, the exogenous variable indicating the presence of sound stimuli

to which whales were exposed during tracking was incorporated as a covariate in the transition

probabilities via a multinomial logit transformation, as formulated in equation 2. This extension
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breaks the time-homogeneity assumption of the hidden process, resulting in a non-homogeneous

HMM [Zucchini et al., 2017]. The speci�cations for the state-dependent distributions remained

the same as in the baseline model, and the same priors formulated in the Appendix A.5 were used.

Since the variable indicating the presence of sound stimuli is binary, we retain the notation from

Equation 2 in Section 2.1 throughout this section, without introducing auxiliary variables as in

Equation 4 in Section 3.1. The priors for the covariate coe�cients � ( ij )
1 introduced in Section 3.1

were adopted for these parameters. In total, the extended 3-state HMM required estimation of 42

parameters, plus 3 latent variables related to the prior on the working parameters.

4.2 Parallel tempering algorithm

The inverse-temperature schedules for implementing the PT algorithm for the two proposed Bayesian

HMMs were tuned to achieve a uniform swap acceptance rate across tempered replicas, as intro-

duced in Section 2.2. Speci�cally, the schedules were tuned to achieve a swap acceptance rate

between adjacent temperatures of 0.23. Initially, the Robbins{Monro algorithm [Robbins and

Monro, 1951] was used to estimate the next hottest inverse temperature, targeting a swap accep-

tance rate of 0.234. However, this approach proved unstable due to the introduction of sensitive

tuning parameters. As a result, the schedule was constructed by adding one inverse temperature at

a time. Once the current set achieved the desired swap acceptance rate between adjacent inverse

temperatures, the process continued until reaching an adequate hottest temperature. For each

proposed new hottest inverse temperature, the PT algorithm was run for 50,000 iterations using

the extended schedule, and the swap acceptance rate between the proposed and current hottest

temperatures was monitored to determine whether the candidate should be closer to or farther from

the current value. The new hottest inverse temperature was selected once this rate was su�ciently

close to 0.234, speci�cally between 0.22 and 0.24.

For the within-temperature move steps, a single update was performed between swap proposals,

that is U = 1. Additionally, the component-wise Metropolis-Hastings algorithm was used to

marginally explore the parameter space of the tempered replicas. The proposal distributions for

each implementation were tuned to achieve a step size that induced a proposal acceptance rate

between 0.2 and 0.4 for each sub-block of the full parameter vector.

The parallel tempering algorithm was implemented in C++ via the Rcpp R package, which

provides R functions as well as C++ classes that enable seamless integration of R and C++

[Eddelbuettel and Francois, 2011]. Additionally, parallel computing was incorporated via the

RcppParallel R package, reducing computational cost per algorithm implementation by a factor

of 10. The PT algorithm was implemented on the Digital Research Alliance of Canada (DRAC)

servers by submitting jobs in batches of 400,000 iterations for each PT algorithm implementation.

For both models, 10 PT algorithm implementations were carried out, each aiming for 2,000,000

iterations, and all PT algorithm implementations per model were initialized using random starting

values. Once all batches were completed, the states from the coldest chain were extracted from all

PT algorithm implementations and merged in a post-sampling process.

For both models, the �rst 1,000,000 iterations from the coldest chain of each PT algorithm

implementation were discarded as burn-in, and the remaining 1,000,000 iterations were retained

as samples. After removing burn-in, a visual inspection of the marginal posterior distributions

revealed label switching in all 10 coldest chains for both models. A further visual inspection of the

marginal posterior distributions based on samples from the coldest chain was conducted to identify
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parameters with well-separated high-density regions that could be used to correct label switching

via arti�cial ordering constraints. We found that the estimated mean maximum depth � 4n for each

hidden state n exhibited clearly separated high-density regions. Based on this, the label switching

present in the posterior samples was corrected by reordering the hidden state labels according to

an ordering constraint on the state-dependent distribution parameters associated with maximum

dive depth for all coldest chains in both models, speci�cally on the estimated mean maximum

depth for each hidden state:

� 41 < � 42 < � 43: (8)

For both the baseline 3-state HMM and its extension, multiple high-density regions were iden-

ti�ed after correcting for label switching, indicating genuine multimodality. For each model, sum-

mary statistics for the marginal posterior distributions, such as the posterior median and 95%

credible intervals, were computed mode-wise. That is, for each mode, the summary statistics were

calculated using only samples from that mode, without incorporating parameter estimates from

other high-density regions. We relied on the auxiliary variablesŵh;K , introduced in Section 2.2,

which are used to estimate the weight of a given modeh, to �lter for samples corresponding to

each speci�c mode.

Baseline 3-state HMM

For the baseline model, a 12-temperature inverse schedule was constructed with the hottest tem-

perature set to � M = 0 :019. See Table 1 for the complete 12-temperature schedule. The job

wall-clock time of each 400,000-iterations batch per PT algorithm implementation ranged between

5{15 hours, and with the job submission queue wait times, the full number of iterations concluded

in four days.

� 0 � 1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 10 � 11

1 0.667 0.444 0.298 0.2 0.139 0.096 0.068 0.05 0.039 0.027 0.019

Table 1: 12-inverse temperature schedule selected for the baseline 3-state HMM

Consistent swap acceptance rates across all runs, along with traceplot of the information from

the coldest replica moving accross the tempered replcas were indicative of a succesful implemen-

tation of the algorithm. Additionally, a standard deviation of 4.77 in the total number of round

trips across the di�erent PT algorithm implementations suggests that the PT algorithm performed

consistently across all runs. See table 2 for details. To see how the information from the coldest

tempered replica moved across all the di�erent tempered replicas for all PT algorithm imple-

mentations, see plot, included in Appendix A.2. Additionally, R̂ and e�ective sample sizes were

computed for the estimated parameters using samples from the coldest chain, after correcting for

label switching in the post-sampling process via the ordering constraint de�ned in Equation 8; for

these metrics, see Appendix A.8.

PT implementation ID 1 2 3 4 5 6 7 8 9 10
Total round trips 90 90 78 80 87 90 89 89 92 91

Table 2: Total number of round trips per PT algorithm implementation corresponding to the
baseline 3-state HMM

After correcting for label switching across all chains, two high-density regions, denoted as
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modeA and B , were identi�ed in the coldest chain states. Running weight estimates were used for

the estimation of the mode weight associated to the high-density regionB . The running weight

estimates for modeB , ŵB;K , were computed using the estimated values of� 43, which corresponds

to the mean paramater for the state-depedent distribution associated with the maximum depth

per dive for hidden state n = 3. Table 3 shows the running weight estimates for modeB across

all PT algorithm implementations and Figure 5 illustrates their convergence. The average of these

estimates is 0.181 with a standard deviation of 0.01976.

Figure 5: Running weight estimatesŵB;K of modeB accross all 10 PT algorithm implementations

PT implementation ID 1 2 3 4 5 6 7 8 9 10
ŵB;K 0.187 0.172 0.170 0.174 0.158 0.180 0.218 0.212 0.182 0.162

Table 3: Running weight estimatesŵB;K of modeB

The chain states from the coldest chain corresponding to the PT algorithm implementation with

ID 1 were extracted for the computation of the marginal posterior distributions, as well as the 66%

and 95% credible intervals. Figure 6 illustrates the estimated marginal posterior distribution of

the state-dependent distribution parameters associated with the number of lunges and the entries

of the transition probability matrix.

3-state HMM with sound stimuli covariate

The temperature schedule used to implement the parallel tempering algorithm for this extension

resulted in a 13-temperature inverse schedule, with the hottest temperature set to� M = 0 :015.

See Table 4 for the complete 13-temperature schedule. The job wall-clock time of each 400,000-

iterations batch per PT algorithm implementation took about 8{20 hours, and with the job sub-

mission queue wait times, the full number of iterations concluded in six days.

� 0 � 1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 10 � 11 � 12

1 0.690 0.476 0.328 0.227 0.156 0.110 0.078 0.057 0.043 0.031 0.022 0.015

Table 4: 13� inverse temperature schedule selected for the extended baseline 3-state HMM

Consistent swap acceptance rates across runs, along with traceplots showing the movement of

information from the coldest replica accross the tempered replicas, indicated a successful imple-

mentation of the PT algorithm. Additionally, a standard deviation of 6.51 in the total number of
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a)

b)

c)

d)

Figure 6: Histograms of the marginal posterior distributions estimated from the coldest chain.
Row a) corresponds to the rate parameter� n associated with the number of lunges data stream
for each hidden staten, while rows b)|d) correspond to the transition probabilities 
 ij . The color
indicates the mode to which the high-density region correspond. The lines below the histograms are
the mode-wise 95% credible interval. The dot in the line indicates the posterior median, whereas
the thicker line inside the 95% credible interval indicates the mode-wise 66% credible interval.
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round trips across the di�erent PT algorithm implementations suggests that the PT algorithm per-

formed consistently across all runs. Details are provided in Table 5. Plots showing how information

from the coldest replica moved across all tempered replicas for all PT algorithm implementations

are included in Appendix A.2. Additionally, R̂ and e�ective sample sizes were computed for the

estimated parameters using samples from the coldest chain, after correcting for label switching in

the post-sampling process via the ordering constraint de�ned in Equation 8; for these metrics, see

Appendix A.8.

PT implementation ID 1 2 3 4 5 6 7 8 9 10
Total round trips 75 53 60 70 57 60 60 66 63 67

Table 5: Total number of round trips per PT algorithm implementation corresponding to the
extended 3-state HMM with covariates in the transition probabilities

PT implementation ID 1 2 3 4 5 6 7 8 9 10
ŵ ~B;K 0.0037 0.0041 0.0041 0.0027 0.0048 0.0043 0.0035 0.0044 0.0034 0.0035

Table 6: Running weight estimatesŵ ~B;K for mode ~B

After correcting for label switching using the ordering constraints de�ned in equation 8, two

high-density regions, denoted as mode~A and ~B , were identi�ed in the coldest chain states. Running

weight estimates were used for the estimation of the mode weight associated to the high-density

region ~B . The running weight estimates for mode ~B , ŵ ~B;K , were computed using the estimated

values of � 43, which corresponds to the mean paramater for the state-depedent distribution as-

sociated with the maximum depth per dive for hidden state n = 3. Table 6 shows the running

weight estimates for mode ~B across all PT algorithm implementations and Figure 7 illustrates

their convergence. The average of these estimates is 0.00385 with a standard deviation of 0.00061.

Figure 7: Running weight estimates of mode~B accross all 10 PT algorithm implementations

Following the same procedure as for the baseline 3-state HMM, the chain states from the

coldest chain corresponding to the PT algorithm implementation with ID 1 were extracted for

the computation of the marginal posterior distributions. Figure 8 illustrates the same marginal

posterior distributions shown in Figure 6, but for the extended baseline 3-state HMM. Additionally,

Figure 9 shows the marginal posterior distribution of the transition probabilities when sound stimuli

is present.
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a)

b)

c)

d)

Figure 8: Histograms of the marginal posterior distributions estimated from the coldest chain. Row
a) corresponds to the rate parameter� n associated with the number of lunges data stream for each
hidden state n, while rows b)|d) correspond to the transition probabilities 
 ij . The color indicates
the mode to which the high-density region corresponds. The lines below the histograms are the
mode-wise 95% credible interval. The dot in the line indicates the posterior median, whereas the
thicker line inside the 95% credible interval indicates the mode-wise 66% credible interval.
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b)

c)

d)

Figure 9: Histograms of the marginal posterior distributions of the transition probabilities in the
presence of sound stimuli, estimated from the coldest chain related to the PT algorithm imple-
mentation with ID 1. The color indicates the mode to which the high-density region correspond.
The lines below the histograms are the mode-wise 95% credible interval. The dot in the line indi-
cates the posterior median, whereas the thicker line inside the 95% credible interval indicates the
mode-wise 66% credible interval.
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4.3 Results

For the baseline 3-state HMM, the 95% credible intervals of approximately two thirds of the

estimated marginal state-dependent distribution parameters do not overlap. The parameters for

which the 95% credible intervals overlap are� 22; � 23; � 31; � 31; � 32; � 32; � 33; � 41; � 41; � 52. For the

transition probabilities, the 95% credible intervals for 
 22 and 
 23 do not overlap, while those for


 11 overlap slightly. For the initial state probability estimates, all 95% credible intervals overlap.

See Table 7 for the posterior median parameter estimates and mode-wise 95% credible intervals for

these parameters. For the extended 3-state model with covariates, again approximately two thirds

of the 95% credible intervals for the state-dependent distribution parameters overlap across the

two high-density regions, and these correspond to the same parameters as in the baseline model

without covariates. For the entries of the transition probability matrix, when sound stimuli is

absent, the 95% credible intervals for
 22 and 
 23 do not overlap, and the same is true for
 31 and


 33. When sound stimuli is present, the credible intervals for
 33 across the two high-density regions

do not overlap. See Appendix A.6 for the posterior median parameter estimates and mode-wise

95% credible intervals for these parameters.

Table 7: Posterior median parameter estimates and 95% credible intervals (in parentheses) com-
puted mode-wise from samples of the PT algorithm implementation ID 1 for the baseline 3-state
HMM. Results are organized by state-dependent parameters, transition probabilities, initial state
distribution, and baseline working parameters corresponding to the reparameterization introduced
in Equation 2

State-dependent parameters

State n = 1 State n = 2 State n = 3
Variable Mode A Mode B Mode A Mode B Mode A Mode B

� n 0.653 (0.579,0.733) 0.428 (0.375,0.485) 0.037 (0.004,0.098) 2.817 (2.573,3.072) 3.405 (3.217,3.601) 2.92 (2.7,3.158)
� 2n 150 (142,159) 182 (171,193) 357 (324,395) 404 (385,421) 523 (510,536) 569 (553,585)
� 2n 89 (81,97) 131 (120,143) 224 (196,259) 120 (107,134) 124 (115,135) 124 (113,137)
� 3n 68 (63,75) 72 (66,78) 96 (90,102) 106 (101,111) 154 (147,162) 181 (172,191)
� 3n 66 (60,74) 67 (61,74) 37 (32,43) 38 (35,43) 70 (64,77) 69 (62,79)
� 4n 33 (30,35) 30 (28,33) 80 (69,93) 112 (108,116) 173 (167,179) 216 (209,222)
� 4n 24 (22,27) 22 (20,25) 73 (61,88) 26 (23,29) 60 (55,65) 41 (37,46)
� 5n 207 (190,224) 314 (291,339) 712 (666,763) 354 (315,396) 414 (383,448) 524 (475,580)
� 5n 151 (134,169) 268 (244,295) 288 (255,329) 235 (198,281) 293 (264,326) 380 (333,437)

Transition probabilities and initial state distribution

State n = 1 State n = 2 State n = 3
Variable Mode A Mode B Mode A Mode B Mode A Mode B


 1n 0.913 (0.883,0.939) 0.869 (0.838,0.896) 0.023 (0.01,0.044) 0.024 (0.011,0.042) 0.062 (0.041,0.089) 0.107 (0.082,0.135)

 2n 0.051 (0.019,0.099) 0.064 (0.035,0.102) 0.747 (0.671,0.816) 0.925 (0.883,0.956) 0.2 (0.137,0.273) 0.01 (0.001,0.031)

 3n 0.09 (0.06,0.126) 0.255 (0.2,0.317) 0.088 (0.058,0.124) 0.034 (0.013,0.067) 0.821 (0.778,0.86) 0.709 (0.646,0.767)
� n 0.179 (0.08,0.323) 0.271 (0.15,0.421) 0.17 (0.065,0.318) 0.224 (0.109,0.377) 0.641 (0.477,0.788) 0.495 (0.341,0.651)

Baseline working parameters

Variable Mode A Mode B

� 12 -3.664 (-4.555,-3.02) -3.593 (-4.368,-3.003)
� 13 -2.685 (-3.128,-2.304) -2.094 (-2.387,-1.827)
� 21 -2.683 (-3.694,-1.97) -2.667 (-3.293,-2.158)
� 23 -1.321 (-1.771,-0.912) -4.578 (-6.755,-3.366)
� 31 -2.213 (-2.64,-1.84) -1.021 (-1.339,-0.718)
� 32 -2.234 (-2.674,-1.854) -3.029 (-3.984,-2.327)
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4.4 Comparing uncertainty quanti�cation results in the presence of mul-

tiple modes

As mentioned in Section 4.1, the blue whale dive data were previously analyzed in DeRuiter et al.

[2017] with inference conducted using maximum likelihood estimation. To quantify uncertainty

around the point estimates, they constructed Wald-based intervals. In that study, seven data

streams were used for the observable process, whereas in our analysis we used �ve of the seven

data streams. Their baseline model was a 3-state HMM with the same assumptions as the baseline

model used in this paper. During model �tting, they reported the presence of multiple local

maxima.

The estimates of the state-dependent distribution parameters reported in [DeRuiter et al., 2017]

were generally captured within one of the two high-density regions identi�ed for the baseline 3-state

HMM �tted here, speci�cally for the mode with the highest estimated weight, mode A, with the

exception of �ve parameters: � 21, � 32, � 32, � 42, and � 51. For the entries of the transition probability

matrix, the credible intervals of the same mode as the state-dependent distribution parameters,

mode A, captured all of the estimates presented in [DeRuiter et al., 2017]. For reference, the

results from [DeRuiter et al., 2017] were reproduced following their procedure and can be found in

Appendix A.7. Because the number of data streams di�er between our baseline model and that of

[DeRuiter et al., 2017], di�erences in parameter estimates were expected to occur. However, the

uncertainty associated with the estimates from one of the two modes we found is not reported in

DeRuiter et al. [2017], leading to di�erent conclusions between their work and ours, namely, the

mode with the lowest estimated weight, modeB .

Comparing the results from DeRuiter et al. [2017] and our full Bayesian analysis highlights

the di�culties with quantifying uncertainty for our parameters in the presence of a multimodal

likelihood, and subsequently posterior distribution. In a frequentist framework, Chen [2023] high-

lights how di�erent con�dence intervals can be constructed depending on the choice of interval

estimation. However, a full Bayesian analysis is quite straightforward as we are only interested

in computing or sampling from the joint posterior distribution, irrespective of how many modes

it may have. To construct credible intervals from the joint posterior distribution, we can use the

estimated weights for each mode, together with the uncertainty within each mode.

For the blue whale movement data, we consider the average of the estimated weights across

all PT algorithm implementations, rather than relying on a single run. Speci�cally, we take the

estimated weight of mode A to be 0.819 and of modeB as 0.181. From here, we ensure to

construct credible intervals from the marginal distributions as a mixture of mode-speci�c credible

intervals that are weighted by either 0.819 if belonging to mode A or 0.181 if belonging to mode B.

Interpretation of these intervals in a Bayesian setting is also straightforward as making probabilistic

statements over disjoint intervals need not be di�erent than if only a single mode existed. The

intuitive construction of credible intervals per mode to account for uncertainty, together with

the estimation of mode weights to assign probabilities to each interval, highlights an advantage

of the Bayesian framework over frequentist approaches. In particular, it provides a natural way

to construct credible intervals within each high-density region, thereby accounting for the full

uncertainty in the parameter space, which can be directly interpreted since uncertainty is expressed

as a distribution.

These di�erences have important implications for inference. If posterior summaries are based

on a single mode, conclusions may di�er substantially. Using posterior means from modeA, an
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observation generated from hidden state 1 would be characterized by a mean number of lunges rate

of 0.653, a mean dive duration of 150 seconds, a mean post-dive surface duration of 68 seconds,

a mean maximum depth of 33 meters, and a mean step length of 207 meters. In contrast, using

modeB , the same hidden state would correspond to a mean number of lunges rate of 0.428, which

is an average decrease of 0.225 units compared to modeA, a mean dive duration of 182 seconds,

an average increase of 32 seconds, a mean post-dive surface duration of 72 seconds, an average

increase of 4 seconds, a mean maximum depth of 30 meters, an average decrease of 3 meters, and

a step length of 314 meters, which is an average increase of 107 meters compared to modeA.

Similar discrepancies arise for results in hidden state 2 and 3. In contrast, our Bayesian credible

intervals provide that state 1 is characterized by a bimodal distribution in which 0.819 percent

of our lunges are generated from a distribution with estimated mean 0.653 and 0.181 percent

from a distribution with estimated 0.428, with uncertainty intervals provided easily from the joint

posterior distribution.

5 Discussion

In this work, we provide implementation guidelines for applying the parallel tempering (PT) al-

gorithm to hidden Markov models (HMMs) within a Bayesian framework, with the goal of con-

ducting inference in the presence of genuine multimodality in the posterior distribution. For the

PT algorithm implementation, a temperature schedule targeting a 0.23 swap acceptance rate was

proposed; the tempered replicas were de�ned as power-posterior versions of the target distribu-

tions, and within-temperature moves for marginal exploration are proposed to be performed using

a component-wise Metropolis{Hastings algorithm. A new prior formulation was also introduced for

the working parameters � ( ij )
0 and the coe�cients � ( ij )

1l associated when incorporating a categorical

covariate into the transition probability matrix using Equation 2 in Section 2.1, inducing a uniform

distribution on the simplex corresponding to the rows of the transition probability matrix. The de-

veloped framework was applied to ecological time-series data consisting of blue whale dives from a

group of blue whales that were exposed to sound stimuli. For each dive, �ve variables summarizing

blue whale movement were recorded: number of lunges, dive duration, surface duration, maximum

depth, and step length. These data streams were modeled using a baseline 3-state HMM and an

extended version that incorporated the occurrence of sound stimuli in the entries of the transition

probability matrix. For both models, the PT algorithm was implemented following the guidelines

developed in Section 3, with 10 independent PT algorithm runs conducted for each model. Con-

sistent swap acceptance rates across runs, along with information from the coldest replica moving

back and forth to the hottest replica, provided evidence of a successful implementation. Label

switching correction was conducted in a post-sampling process for the coldest chains for all PT

algorithm implementations, revealing genuine multimodality in the joint posterior distribution.

Speci�cally, two high-density regions were identi�ed for both models. Consistent running weight

estimates across runs further indicated that the PT algorithm successfully explored both modes.

The prior distribution introduced in Section 3.1 can be extended to multiple exogenous categor-

ical covariates; however the number of parameters to estimate does not increase linearly. Instead, it

grows with the total number of combinations of outcomes across the multiple categorical covariates.

Speci�cally, if we have C categorical covariatesf Z (1)
t g; : : : ; f Z (C )

t g with corresponding number of

outcomesO1; : : : ; OC , then maintaining the provided Gumbel prior requires constructing a new

latent categorical covariate whose values correspond to all possible combinations of the outcomes.
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This results in
Q C

i =1 Oi outcomes for the new covariate, rather than
P C

i =1 Oi , which would be the

case when using popular prior assumption approaches for covariates.

The inverse temperature schedules were constructed to target a swap acceptance rate of 0.234

across all adjacent temperatures. While the optimal inverse temperature schedule conveys constant

swap acceptance rates, it has not been veri�ed theoretically that 0.234 is the correspond to the

value for the optimal solution in the case of hidden Markov models. Consequently, the optimal

swap acceptance rate for hidden Markov models remains an open research question.

Arti�cial identi�ability constraints, this is, ordering constraints, were used to correct for label

switching in a post-sampling process. Since the high-density regions were well separated, this

approach was suitable for our models. However, this situation is rare. [Jasra et al., 2005] high-

lights that �nding appropriate identi�ability constraints in multivariate problems is often nearly

impossible. There are cases in which the posterior distribution is genuinely multimodal, and no

identi�ability constraints can successfully isolate both major and minor modes (see, e.g., Gr•un and

Leisch [2009]). There is an extensive literature on relabelling methods for addressing label switch-

ing. Classical approaches include label-invariant loss functions Celeux et al. [2000], the pivotal

reordering algorithm Marin et al. [2005], Kullback{Leibler divergence{based algorithms Stephens

[2000], and the equivalence classes representatives (ECR) algorithm Papastamoulis and Iliopoulos

[2010]. More recent approaches are based on optimal transport Monteiller et al. [2019]. An exten-

sive review of arti�cial identi�ability constraints, relabelling algorithms, and label-invariant loss

functions is provided in Jasra et al. [2005]. Additionally, Papastamoulis [2016] compiles several of

these methods into the R package label.switching, which can be used to assess whether there are

di�erences compared to the arti�cial ordering constraints applied in this problem.

For the model with covariates, the weight of one of the two modes is very small, ranging

between 0.00268 and .00482 across all PT algorithm implementations. Nevertheless, we believe this

highlights a strength of the parallel tempering algorithm, which is its ability to capture uncertainty

across all high-density regions, even those with relatively small weights. The results for both

the baseline and extended model demonstrate that accounting for uncertainty associated with

either local or global modes can lead to substantially di�erent uncertainty quanti�cation, with

implications for inference.

Our results show that accounting for the uncertainty associated with multiple high-density re-

gions in the posterior parameter space, when present, can lead to substantially di�erent parameter

estimates when summarizing the posterior within each mode independently. Furthermore, since

uncertainty is represented as a distribution in a Bayesian framework, this allows us to account

for uncertainty across all high-density regions by assigning each mode a weight using the running

weight estimates introduced in Section 2.2. This highlights an advantage of the Bayesian approach

over frequentist methods, as we can construct credible intervals within each high-density region,

thereby accounting for the full uncertainty in the parameter space. This reinforces our belief that

genuine multimodality in the joint posterior distribution should be treated as an inferential chal-

lenge in addition to a computational one. Nonetheless, it is important to note that the uncertainty

captured by local maxima does not necessarily correspond to meaningful information for inference.

Model validation is essential to determine whether such multimodality arises as a computational

artefact or re
ects substantively relevant uncertainty. The development of diagnostic and vali-

dation methods for HMMs under genuine multimodality is a crucial next step and a potential

direction for future research.
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A Appendix

A.1 Derivation of priors for �
(ij)
0 and �

(ij)
1

The rationale for constructing the priors for the components �
(ij)
0 presented in Section 3.1 is as

follows. If we consider


ij =
� log(Uij)PN
k=1� log(Uik)

; j = 1; : : : ; N;

with Uij � U(0; 1), we have that (
i1; : : : ; 
iN ) follows a Dirichlet(1N ) distribution.Let �ij =

log(� log(Uij)). Then, we have

log

�

ij

ii

�
= �ij � �ii; i 6= j: (9)

From the reparametrization of the transition probabilities shown in Equation 2, we have that

�
(ij)
0 = �ij � �ii and ��ij � Gumbel(0; 1); i 6= j. Assuming �ii ? �ij , i 6= j, we have

��ij j �ii � Gumbel(�ii; 1);

��ii � Gumbel(0; 1);

which leads to (
i1; : : : ; 
iN ) � Dirichlet(1N ), for i = 1; : : : ; N . A consequence this prior seting

is that the marginal distribution of �
(ij)
0 is Logistic(0; 1), with marginal distributions of �

(ij)
0

correlated. The dependence on the latent component �ii guarantees identifiability, as this induces

a one-to-one transformation between the baseline components and the transition probabilities in

the original scale.

To construct a prior that induces equal weights over the simplex corresponding to the transition

probability rows when a categorical covariate zt is incorporated, we adapt the prior formulation

from Equation 2 to the categorical case described in Equation 4. Specifically, we leverage the prior

specification for �
(ij)
0 . Given the construction of priors for the parameters �

(ij)
0 , we define

�
(ij)
1l = �

(l)
ij � �ij ;

with ��(l)
ij � Gumbel(0; 1). This implies

�
(ij)
0 + �

(ij)
1 = �

(l)
ij � �ii � Logistic(0; 1);

�(�(ij)
0 + �

(ij)
1 ) j �ii � Gumbel(�ii; 1);

��(ij)
1 j �(ij)

0 ; �ii � Gumbel(�
(ij)
0 + �ii; 1):
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