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ABSTRACT

This paper presents how to use common random number (CRN)
simulation to evaluateMarkov chainMonte Carlo (MCMC) conver-
gence to stationarity. We provide an upper bound on the Wasser-
stein distance of a Markov chain to its stationary distribution
after N steps in terms of averages over CRN simulations. We
apply our bound to Gibbs samplers on a model related to James-
Stein estimators, a variance component model, and a Bayesian
linear regression model. Using our examples, we show that the
CRN-based simulation combined with a coalescing condition to
generate a total variation bound converges to zero much more
faster than the available drift andminorization bounds, while also
converging at the same rate as the one-shot coupling bound.
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1. Introduction

Markov chainMonte Carlo (MCMC) algorithms are o�en used to simulate from
a stationary distribution of interest (see e.g.[20]). One of the primary questions
when using these Markov chains is, a�er howmany iterations is the distribution
of theMarkov chain sufficiently close to the stationary distribution of interest, i.e.
when should actual sampling begin[25]. The number of iterations it takes for the
distribution of the Markov chain to be sufficiently close to stationarity is called
the burn-in period. Various informal methods are available for estimating the
burn-in period, such as effective sample size estimation, theGelman-Rubin diag-
nostic, and visual checks using traceplots or autocorrelation graphs[17,27,43,52].
While thesemethods “can detect problemswith anMCMCsimulation, [. . .] they
cannot prove that the simulation is generating a representative sample”[39].

Convergence analysis studies the distance of a Markov chain to stationarity
and is traditionally measured in terms of total variation distance (e.g.[46,57]),
though more recently the Wasserstein distance has been considered[21,30,37,42].
However, finding upper bounds on either distance can be quite difficult to
establish[20,25,39], and if an upper bound is known, it is usually based on
complicated problem-specific calculations[30,41,54,55]. This motivates the desire
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to instead estimate convergence bounds from actual simulations of the Markov
chain combined with less complicated calculations, which we consider here via
common random number (CRN) simulation.

CRN simulation occurs when we initiate two copies of the chain with dif-
ferent values, but use the same sequence of random variables to simulate a
specific random function representation of the chain (see Section 2 for a for-
mal definition). This simulation method is also sometimes referred to as syn-
chronous coupling[4,10,29] and falls under the general framework of “auxiliary
simulation"[12], i.e. using extra preliminary Markov chain runs to estimate the
convergence time needed in the final run. EstimatingMarkov chain convergence
rates using CRN simulation was first proposed in[32] to find estimates of mixing
times in total variation distance. Further, one of the first Wasserstein bounds
generated on a Markov chain model used CRN in its construction[21]. More
recently,[7] showed how CRN simulation could be used for estimating an upper
bound on the Wasserstein distance (their Proposition 3.1), and provided useful
applications of the CRNmethod to high-dimensional and tall data (their Section
4). CRN simulation to estimate convergence rates has been used on a wide
range of applications including Langevin algorithms[18], stochastic gradient
descent[35], stochastic differential equations (SDE)[4], and Hamiltonian Monte
Carlo[8,23].

The use of CRN to generate tight bounds on the Wasserstein and total varia-
tion distance is promising. In this paper we show that for the Gibbs sampler for
a model related to James-Stein estimators and the variance component model,
CRN bounds perform significantly better than dri� and minorization (DnM)
bounds (see Figures 2 and 5 and commentary in Numerical Example 5.1 for
more details). Under certain conditions,[4] and[22] show that CRN is the optimal
coupling of the Wasserstein distance between simulated solutions of SDEs
and two random variables in the L2 metric, respectively.[16] shows that CRN
simulation on the independent Metropolis-Hastings algorithm is the maximal
coupling of the total variation distance.[10] shows that the distance between two
reflected Brownianmotion processes simulated using CRN converge to 0 almost
surely.

In Theorem 3.2, using CRN simulation, we provide an estimated upper bound
between the Wasserstein distance of a Markov chain and the corresponding
stationary distribution when only the unnormalized density of the station-
ary distribution is known. Furthermore the 95% confidence intervals of our
estimates in the real data examples are fairly narrow. See Lemma 3.3 and its
implementation in the Figures 1, 4, 5 and 6 and Tables 5 and 7 for more details.

This paper is organized as follows. In Section 2, we present definitions and
notation. In Section 3, we establish convergence bounds of a Markov chain to
its corresponding stationary distribution using CRN simulation when the initial
distribution is not in stationarity. In Section 4, we apply Theorem 3.2 to a Gibbs
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Figure 1. The upper bound on the Wasserstein distance for the Gibbs sampler model related
to James-Stein estimators. The estimate uses the mean of 1000 simulations and initial value
(Eθ0, µ0, A0) = (100)q+2. The vertical axis is log scaled. r = 1.

sampler for a model related to the James-Stein estimator and compare the CRN
bound to a DnM and one-shot coupling bound in Real Data Example 4.1. In
Section 5 we apply Theorem 3.2 to a Gibbs sampler for a variance component
model and compare the CRN bound to a DnM bound in Numerical Example
5.1 and another DnM bound in Real Data Example 5.1. In Section 6 we apply
Theorem 3.2 to a Gibbs sampler for a Bayesian linear regression model.

For all of the cases where we compare the CRN bound, which is measured
in Wasserstein distance, to the DnM and one-shot coupling bound, which are
measured in total variation distance, we must state a coalescing condition. The
coalescing condition bounds the total variation distance with respect to the
Wasserstein distance and is a part of a one-shot coupling bound[54]. Further,
since the one-shot coupling bound uses a contraction condition, which is
established using CRN, we expect the empirical CRN simulation bound and
the theoretical one-shot coupling bound to approach zero at the same rate (see
Figure 2 as an example).

For each numerical example, we also provide the Gelman-Rubin diagnostic
and traceplots for comparison (see Section 8.1). The Gelman-Rubin statistic
assesses convergence by comparing within-chain and between-chain variability
across chains initialized from dispersed starting points. It is not immediately
clear under what conditions the Gelman-Rubin statistic will produce a more
conservative cutoff than the CRN bound. In three of the four numerical and
real-data examples, the Gelman–Rubin statistic suggests an earlier cutoff than
the CRN-based criterion. Also, since the initial distributionsmay vary (Gelman-
Rubin statistic requires an overdispersed initial distribution), we are cautious in
comparing the twomethods. Trace plots provide a visual diagnostic for assessing
convergence by illustrating whether chains initialized at different starting values
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Figure 2. Comparison of an upper bound on the total variation distance on the Gibbs sampler for
a model related to James-Stein estimators (Real Data Example 4.1) using a CRN simulated bound, a
DnM bound and a one-shot coupling bound. The CRN estimate uses the mean of 1000 simulations.
For all of the bounds, (Eθ0, µ0, A0) = (100)q+2.

have converged to the same stationary distribution. The traceplots in our exam-
ples use the same initial distributions as our numerical examples. In all of the
numerical and real-data examples, the traceplots indicate mixture sooner than
the Gelman-Rubin statistic and the CRN bound.

The code used to generate all of the tables and calculations can be found at
github.com/sixter/CommonRandomNumber/.

2. Background and notation

2.1. Metrics on distributions

Let (X , d) be a Polish metric space and F the associated Borel σ -algebra. The
Lp− Wasserstein distance between distributions π and ν on (X ,F) is defined
as Wd,p(π, ν) = infX∼π,Y∼ν E[d(X, Y )p]1/p. The Wasserstein space Pp(X ) is
the set of Borel probabilitymeasures on themetric space (X , d) such that for any
µ ∈ Pp(X ),

∫

X
d(x0, x)pµ(dx) < ∞ for some x0 ∈ X . Total variation distance

is defined as ||π − ν||T V = infX∼π,Y∼ν P(X 6= Y ) = supA∈F |π(A) − ν(A)|.
The total variation distance can be written as a special case of the Wasserstein
distance, ||π − ν||T V = WdI ,1(π, ν) where dI (X, Y ) = IX 6=Y . If X ⊂ R

q , q ∈
N, define the norm over a vector as ||x||p = (

∑q
i=1 |xi |p)1/p where p ∈ [1,∞).

Define the p-norm over a function φ : X → R as ‖φ‖p =
(∫

X
φ(x)pdx

)
1
p .

If X ⊥⊥ Y , then X and Y are independent. If π ≪ ν, then π is absolutely
continuous with respect to ν.

2.2. CRN andMarkov chains

Define a Markov chain {Xn}n≥1 in X such that Xn = kθn(Xn−1), where
{θn}n≥1 are i.i.d. random variables on some measurable space 2 and random

http://github.com/sixter/CommonRandomNumber/
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measurable mappings kθn : X 7→ X . The set of random functions kθ1, kθ2, . . .

is called an iterated function system. Any time-homogeneous Markov chain
can be represented as an iterated function system[62]. We can also write Xn =
kθn(kθn−1(kθn−2 . . . kθ1(x0))) = k2n(x0)where2n = (θ1, . . . , θn) and θi ⊥⊥ θj ,
i 6= j . CRN simulation in this context occurs when we simulate two Markov
chains {Xn}n≥1 and {Yn}n≥1 with different initial values x0 6= y0, but with the
same transition functions. That is, θn are the same inXn = kθn(Xn−1) and Yn =
kθn(Yn−1), n ≥ 1. In different notation, the2n is the same inXn = k2n(x0) and
Yn = k2n(y0). See Algorithm 1 for more details. The stationary distribution of
Xn is defined as L(X∞) = π .

2.3. Distribution functions

IG(α, β) represents the inverse gamma distribution with density function

fIG(x | α, β) = βα

Ŵ(α)
x−α−1e−β/x .N(µ, σ 2) represents the normal distribution

with density function fN (x | µ, σ 2) = 1√
2πσ 2

e
− (x−µ)2

2σ2 . For a distribution ν, the

density function is denoted as fν .

3. EstimatingMarkov chain convergence rates using CRN simulation

We propose bounding the Lp− Wasserstein distance between the nth iteration
of a Markov chain {Xn}n≥1 and the corresponding stationary distribution π

through CRN simulation. Our main result is Theorem 3.2. Using CRN simu-
lation as a convergence diagnostic tool was first discussed in[32] for bounding
total variation distance.

We first provide a method for bounding the Wasserstein distance between
L(Xn) and the corresponding stationary distribution π , Wd,p(L(Xn), π) by
proposing an auxiliary random variable Y0 ∼ ν. That is Wd,p(L(Xn), π) is
bounded above by the product of the ‘distance’ between π andL(Y0) (Ks(π, ν),
s > 1) and E[d(Xn, Yn)].

Theorem 3.1. Let {Xn}n≥1 and {Yn}n≥1 be two copies of a Markov chain with

stationary distribution π and initial distributions L(Y0) = ν, L(X0) = µ where

X0 ⊥⊥ Y0. Assume π ≪ ν. Then for r ≥ p ≥ 1 and s > 1, the following holds

where Ks(π, ν) = EY0∼ν

[

(

fπ (Y0)
fν(Y0)

)
s

s−1

]
s−1
s

Wd,p(L(Xn), π) ≤ Ks(π, ν)1/rE
[

d(Xn, Yn)
rs
]

1
rs (1)
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See Section 8.2 for a proof.

Remark 1. If we take K1(π, ν) = lims↓1 EY0∼ν

[

(

fπ (Y0)
fν(Y0)

)
s

s−1

]
s−1
s

, then from

Theorem 3.1 we get that K1(π, ν) = ess supx∈X fπ (x)/fν(x) and

Wd,p(L(Xn), π) ≤ K1(π, ν)1/rE
[

d(Xn, Yn)
r
]1/r

The case of s ↓ 1 can be proven using the rejection sampler or the separation
distance (see the proof of this special case in Section 8.3.1). The use of rejection
sampling to generate an upper bound on the expected distance between a
proposal density function ν and a stationary density function π was motivated
by[32], which used rejection sampling to generate similar upper bounds in total
variation distance. This case is used in Lemmas 4.1 and 6.2

Remark 2. Applying dI (X, Y ) = IX 6=Y to Remark 1, and setting p = r =
1, the total variation distance between a Markov chain and the corresponding
stationary distribution is bounded above as follows,

||L(Xn) − π ||T V ≤ K1(π, ν)P (Xn 6= Yn) (2)

And so, for stopping time τ = min{n : d(Xn, Yn) = 0}, ||L(Xn) − π ||T V ≤
K1(π, ν)P (τ > n).

The following are additional observations regarding Ks(π, ν).

1. Ks(π, ν) is related to the f -divergence between the initialized and target
distribution. The f -divergence suffers from the curse of dimensionality[36,53]

and so Ks(π, ν) may become very large as dimension increases.
2. In many cases, the normalizing constant for fπ is unknown. That is, we only

know of a function g(x) such that 1
L
g(x) = fπ (x) where L is unknown. For

cases like this, we note that for all x ∈ X and any B ⊂ X ,

fπ (x) = g(x)
∫

X
g(x)dx

≤ g(x)
∫

B
g(x)dx

(3)

This upper bound on fπ is used to upper bound K in all of the examples,
which we calculate analytically.

3. The quantity Ks(π, ν) can also be estimated using importance sampling,

since
(

fπ (Y0)
fν(Y0)

)
s

s−1
typically becomes large on low-probability events under

ν. As K2(π, ν) increases, the more computationally expensive it will be to
calculate[2].

Next we define Algorithm 1, which generates an estimate of E[d(Xn, Yn)
rs]

using CRN simulation.
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Algorithm 1 An estimate using CRN of E[d(XN , YN )rs] ≈
1
M

∑M
i=1 d(xN,i, yN,i)

rs

Combining Algorithm 1 with Theorem 3.1, we can simulate an upper bound
on the Wasserstein distance between the law of a Markov chain at iteration N ,
L(XN ), and the corresponding stationary distribution, π , as follows.

Theorem 3.2. Let {Xn}n≥1 and {Yn}n≥1 be two copies of a Markov chain with

stationary distribution π , initial distributions L(Y0) = ν, L(X0) = µ (X0 ⊥⊥
Y0) and simulated according to Algorithm 1. Assume π ≪ ν. Then for r ≥ p ≥
1 and s ≥ 1, the following holds almost surely for N ≥ 1, where Ks(π, ν) =

E

[

(

fπ (Y0)
fν(Y0)

)
s

s−1

]
s−1
s

and L(XN ),L(YN ) ∈ Prs(X ).

Wd,p(L(XN ), π) ≤ Ks(π, ν)1/r

(

lim
M→∞

1

M

M
∑

i=1

d(XN,i, YN,i)
rs

)

1
rs

(4)

Proof. Since L(XN ),L(YN ) ∈ Prs(X ), E[d(XN , YN )rs] < ∞ and so

by the strong law of large numbers, limM→∞ 1
M

∑M
i=1 d(XN,i, YN,i)

rs a.s.=
E[d(XN , YN )rs]. By Theorem 3.1, Wd,p(L(XN ), π) ≤ Ks(π, ν)1/r

E[d(XN , YN )rs] 1
rs

a.s.= Ks(π, ν)1/r
(

limM→∞ 1
M

∑M
i=1 d(XN,i, YN,i)

rs
)

1
rs

To optimize this bound we can choose ν that is close to π . If Ks(π, ν) is very
large (which may happen in high dimension), we can choose an r ≥ p such
that Ks(π, ν)1/r is a reasonable value. However, choosing a larger r increases

the value of E[d(Xn, Yn)
rs] 1

rs , resulting in a tradeoff between the two effects.
Nevertheless, when the CRN simulation produces expected values close to those
of an optimal coupling, the distance d(XN , YN ) is o�en small, and the resulting
CRN-based bound may still perform well empirically even in high-dimensional
settings with large r.

Next we state the confidence interval on our bound. We use this confidence
interval in Figures 1, 4, 5 and 6 and Table 5.
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Lemma 3.3. The 1−α confidence interval on theWasserstein upper bound, based

on a simulation estimate of E[d(XN , YN )rs] 1
rs is given by,

[

Ks(π, ν)
1
r

(

m − zα/2σm/
√

M
)

1
rs

, Ks(π, ν)
1
r

(

m + zα/2σm/
√

M
)

1
rs

]

Where m = 1
M

∑M
i=1 d(XN,i, YN,i)

rs , σ 2
m is the sample variance of m and

L(XN ),L(YN ) ∈ P2rs(X ).

Proof. SinceL(XN ),L(YN ) ∈ P2rs(X ), the variances are finite andwe can apply

the Central Limit Theorem. That is, P
(

m − zα/2σm√
M

≤ E[d(Xn, Yn)
rs] ≤ m+

zα/2σm√
M

)

≈ 1 − α. And so, P(Ks(π, ν)
1
r

(

m − zα/2σm√
M

)
1
rs ≤ Ks(π, ν)

1
r

E[d(Xn, Yn)
rs] 1

rs ≤ Ks(π, ν)
1
r

(

m + zα/2σm√
M

)
1
rs

) ≈ 1 − α.

Note that since we are applying the Central Limit Theorem, this is an asymp-
totic confidence interval with respect to M → ∞.

The approach of Biswas and Mackey[7]

Algorithm 1 closely resembles Algorithm 1 of[7]. Biswas and Mackey show
in[7] how CRN simulation can be used to estimate the CUB estimator, which is
defined as follows for a given p ∈ [1, ∞),

CUBM,N,T =
(

1

M(T − N)

M
∑

i=1

T
∑

n=N+1

d(Xn,i, Yn,i)
p

)1/p

(5)

By Corollary 3.2 of[7], under certain regularity conditions, the CUB estimator
bounds the Wasserstein distance between the sample means,

Wd,p

(

L

(

1

(T − N)

T
∑

n=N+1

Xn,i

)

,L

(

1

(T − N)

T
∑

n=N+1

Yn,i

))

≤ lim
M→∞

CUBM,N,T

If we set N, T − N → ∞ we obtain a bound on the stationary distributions,

Wd,p(L(X∞),L(Y∞)) ≤ lim
M,N→∞,T −N→∞

CUBM,N,T

In[7], the CUB estimator eventually bounds theWasserstein distance between
the corresponding stationary distributions, but does not tell us precisely when
it will happen or by how much. That is, if the starting points of the two Markov
chains are close in distance but are far from stationarity, the results from[7]would
conclude, for some fixed iteration N , that the distance between the two chains
is close (true), but it would be incorrect to state that the distance to stationarity
is close. In comparison, Theorem 3.2 measures distance to stationarity for any
initial distribution on X0 and iteration N ∈ N.
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The approach of Johnson[32]

The motivation of Theorem 3.2 comes from[32], which provides a bound in
total variation distance between aMarkov chain and its corresponding stationary
distribution using CRN simulation. The following is a simplification of the
results with altered notation to match this paper. For complete details, refer
to[32]. For a discussion on when CRN is applicable within the setting of[32],
see[13].

Let τ be a ‘stopping’ time, τ = min{n : d(Xn, Yn) ≤ ǫ}. Theorem 2 of[32]

states that the total variation between twoMarkov chains {Xn}n≥1, {Yn}n≥1 both
with initial distribution ν and stationary distribution π is as follows,

||π − L(Xn)||T V ≤ 2K1(π, ν)P (τ ≥ n) + O(ǫ)

The notation O(ǫ) means that for some fixed ǫ0 > 0, there exists an M ∈ N

such that for any ǫ ∈ (0, ǫ0), ||π − L(Xn)||T V ≤ 2P(τ≥n)
1−r(π,ν)

+ Mǫ.

In[32], K1(π, ν) = 1
1−r(π,ν)

where r(π, ν) is the rejection rate in a rejection
sampler with stationary distribution π and proposal distribution ν (See Defi-
nition 8.2). By Equation 8.2, 1

1−r(π,ν)
= ess supz

fπ (z)
fν(z)

. Thus, both Theorem

3.2 (with s1 = 1, s2 = ∞) and Theorem 2 of[32] require calculating upper
bounds on r(π, ν). However, Theorem 3.2 estimates an exact upper bound on
the Wasserstein distance while Theorem 2 of[32] estimates an upper bound on
the total variation distance with an unknown component that converges to 0 as
ǫ → 0.

Applying total variation distance to the bound generated by Theorem 3.2 and
taking ǫ = 0, we get a similar result to[32], ||π − L(Xn)||T V ≤ K1(π, ν)P (τ ≥
n). See Remark 2 for more details. In our simulations, exact simulation of
d(Xn, Yn) = 0 was not realistically attainable, however. This is why[32] intro-
duces the error ǫ. This points to CRN simulation being a better fit for bounding
Wasserstein distance compared to total variation distance.

4. Gibbs sampler for a model related to James-Stein estimators

Consider aGibbs sampler for amodel related to the James-Stein estimator, which
we will apply Theorem 3.2 to simulate convergence bounds on the Wasserstein
distance. The James-Stein estimator is similar to a variance component model
(Example 5.1), but each θi has only one observation, Yi . Its significance in the
frequentist statistics literature comes from Stein’s paradox, which proves that

for θi the estimator,

(

1 − I−2
∑I

j=1 Y 2
j

)

+
Yi , has smaller risk than the intuitive

estimator, Yi , when I ≥ 3[60]. Here, we look at the same model setup, but
through a Bayesian statistics lense. See[50] for more details on this example.
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Algorithm 2 The Gibbs sampler algorithm for a model related to James-Stein
estimators.

Example 4.1 (A model related to James-Stein estimators). Suppose that we have
the following observed data Y ∈ R

q where

Yi |θi ∼ N(θi, V )

for known V > 0 and unknown θi ∼ N(µ, A) (θi ‘s are i.i.d.), where µ has a flat
prior and A ∼ IG(α, β).

The joint posterior density function of Eθ, µ, A | Y is proportional to the
following equation,

g(Eθ, µ,A | Y ) = fIG(A | α, β) ×
q
∏

i=1

fN (Yi | θi, V ) ×
q
∏

i=1

fN (θi | µ,A) (6)

The Gibbs sampler for a model related to James-Stein estimators.
Algorithm 2 shows how to apply a Gibbs sampler on this example.

We will bound the Wasserstein distance between a Markov chain and its
corresponding stationary distribution using Lemma 4.1.

Lemma 4.1. Let {Xn}n≥1 = (Eθn, µn, An)n≥1 and {X′
n}n≥1 = (Eθ ′

n, µ
′
n, A

′
n)n≥1 be

two copies of the Markov chain initialized with Eθ ′
0 ∼ Nq( EY , V Iq), A′

0 ∼ IG(α +
(q − 1)/2, β), µ′

0 ∼ N(θ̄ ′
0, A

′
0), and X0 ⊥⊥ X′

0. Fix p ∈ (1,∞] and let π be

the corresponding stationary distribution. Then for r ≥ p

Wd,p(L(Xn), π) ≤
(

Ŵ(α + (q − 1)/2)(2π)1/2

βα+(q−1)/2

1

L
E[d(Xn, X

′
n)

r ]
)1/r

WhereL =
∫

B
A−α−1e−β/A

(A+V )q/2 e

1
2

∑q
i=1

[

(
Yi
V

+ µ
A

)2

1
V

+ 1
A

− Y2
i
V

−µ2

A

]

d(µ, A) andB ⊂ R×R+
is a bounded set.

The proof is in section 8.4.

4.1. Real Data Example 4.1

We apply our results to the batting averages (Y ) for 18 (q = 18) major league
baseball players in 1970[9,28]. We want to find the estimated upper bound on
the Wasserstein and total variation distance for a Gibbs sampler applied to the
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James-Stein estimator using the baseball data.We set the priors toα = 0.01, β =
2 and V = V ar(Y ) = 0.00485. The initial value of our Markov chains are
independently drawn; X0 = (Eθ0, µ0, A0) = (100)q+2 and X′

0 is distributed
according to Lemma 4.1. Using Lemma 4.1, K1(π, ν) = 5.9535 and

W||·||1,1(L(Xn), π) ≤ 5.9535E[||Xn − X′
n||1]

holds almost surely.
Using the CRN technique, we simulated ||Xn − X′

n||1 one thousand times
(M = 1000) over 20 iterations (N = 20). At iteration 1, 1

1000

∑1000
i=1 ||X1,i −

X′
1,i ||1 = 1994.712. By iteration 9, 1

1000

∑1000
i=1 ||X9,i −X′

9,i ||1 = 0.00012. Figure
1 graphs the upper bound of the Wasserstein distance between L(Xn) and π on
a log scale.

At iteration 9, the bound on theWasserstein distance first hits below 0.01 and
W||·||1,1(L(X9), π) ≤ 0.00073.

Beforewe bound theMarkov chain and the corresponding stationary distribu-
tion in total variation we introduce Theorem 4.8 of[54], which provides an upper
bound in total variation based on the expected differences between the Markov
chains through the constantKT V . This theoremwill also be used to generate the
one-shot coupling bound.

Proposition 4.2 (Theorem 4.8 of[54]). For two copies of a Gibbs sampler on

a model related to the James-Stein estimators with flat priors on µ and A, the

following holds for q ≥ 3,

‖L(Xn) − L(X′
n)‖T V ≤ KT V E[|A0 − A′

0|]
(

1

q

)n−1

(7)

where KT V = (S/2)
q−1
2

Ŵ(
q−1
2 )

(

S
q+1

)− q−3
2

e− q+1
2 and S = ∑q

i=1(Yi − Ȳ )2.

Using Proposition 4.2, we getKT V = 0.0047. Therefore by Lemma4.11 of[54],

‖L(Xn) − π‖T V ≤ 0.0282E[||Xn − X′
n||1]

So, by iteration 6, ‖L(X6) − π‖T V ≤ 0.00866.
We compare our bound to Proposition 4.2 and Theorem 4 of[50], which use

one-shot coupling and DnM arguments, respectively, to generate a theoretical
bound in total variation. The methodologies and assumptions are outlined in
Table 1.

Note the minor variations in the examples, Proposition 4.2 assumes that the
prior on A is flat. In Theorem 4 of[50], the prior on A ∼ IG(−1, 2) with the
intent of generating a flat distribution. In our real data example we set the prior
toA ∼ IG(0.01, 2), which could approximate a flat distribution.Wewill assume
the minor variations are comparable.

Table 2 and Figure 2 compare the bounds on total variation distance using
three different methods: CRN, DnM, and one-shot coupling. The one-shot
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Table 1. Theoretical bounds that are benchmarked against the CRN simulated bound.

Method Common random number Drift and minorization One shot coupling

Source Lemma 4.1 Theorem 4 of[50] Proposition 4.2 and Proposition

6 of[42]

Prior A ∼ IG(0.01, 2) and

fµ ∝ 1

A ∼ IG(−1, 2) and

fµ ∝ 1

fA ∝ 1 and fµ ∝ 1

Bound ‖L(Xn) − π‖T V ≤
0.0282E[|Xn − X′

n|]
whereXn, X′

n are

simulated using CRN.

‖L(Xn) − π‖T V ≤
0.967n + (0.935)n×
(

1.17 +∑q
i=1(θi − Ȳ )2

)

‖L(Xn) − π‖T V ≤
0.0282
17 E[|A0 − A1|]

(

1
18

)n

All bounds have initial valueX0 = (Eθ0, µ0, A0) = (100)q+2 . f denotes the density function.

Table 2. Comparison of total variation bounds to stationarity for methods outlined in Table 1 of the
Gibbs sampler for a model related to James-Stein estimators.

Iteration CRN DnM One-Shot Coupling

1 56.2430 167,409.95 58.6595

2 336.0368 156,528.33 3.2589

3 20.0791 146,354.02 0.1811

4 1.4003 136,841.04 0.0101

5 0.0898 127,946.40 0.0005

6 0.0087 119,629.91 3.1049e-05

7 0.0007 111,853.99 1.7247e-06

8 6.0301e-05 104,583.51 9.5814e-08

9 3.4421e-06 97,785.60 5.3230e-09

10 2.6439e-07 91,429.56 2.9572e-10

. . . . . . . . . . . .

249 1.6957e-307 0.0099 2.7286e-310

The values for each method that first reach less than 0.01 are in bold.

coupling bound indicates total variation distance of less than 0.01 by iteration 5.
The DnM bound indicates total variation distance of less than 0.01 by iteration
249. Thus, the one-shot coupling bounds performs the best closely followed by
the CRN bound and significantly better than the DnM bound.

The bound generated from CRN simulation and one-shot coupling are
expected to be very similar since to generate the geometric convergence rate of
the one-shot coupling bound (the 1/18 in Table 1) we use CRN (see[29,54,55,62]).
This is confirmed by Figure 2 where the CRN bound and the one-shot bound
are approximately parallel.

Finally, we compare our convergence rates with informal methods in Figure
7. The Gelman-Rubin statistic is evaluated for each parameter. By iteration 5,
the Gelman-Rubin statistic for all of the parameters graphed is less than 1.05.
The traceplot paints a similar picture suggesting that all parameters have con-
verged by iteration 6. Thus, the CRN bound indicating total variation distance
convergence by iteration 6, is tight.
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Figure 3. Schema of the variance component model where θi ∼ N(µ, V ), Yij ∼ N(θi,W). The

parametersW,V,µ are unknown. θi |µ,V ⊥⊥ θj |µ,V and Yi1,j1 |Eθ,W ⊥⊥ Yi2,j2 |Eθ,W .

5. Gibbs sampler for a variance component model

Consider a Gibbs sampler on the variance component model (see[49]), which
we will apply Theorem 3.2 to simulate convergence bounds on the Wasserstein
distance. Convergence rate bounds on the total variation metric for the variance
component model have already been discussed in Theorems 1 of[12,33,49].

Example 5.1 (Variance component model a.k.a. random effects model a.k.a.
hierarchical model). Suppose that we have a population that has overall mean
µ, which consists of I groups of mean θi ∼ N(µ, V ) and where each group
has Ji observations with distribution Yij ∼ N(θi, W). Conditional on Eθ andW ,
the Yij ‘s are independent. Conditional onµ andV , the θi ‘s are independent. The
parametersµ, Eθ, V ,W are unknown. See Figure 3 for a graphical representation.

Propose the following priors on the unknown parameters where
a1, b1, a2, b2, b3 > 0.

V ∼ IG(a1, b1)W ∼ IG(a2, b2)µ ∼ N(a3, b3) (8)

The unnormalized posterior distribution of (Eθ, V , W,µ) is written as follows,

g(Eθ, v,w,µ)

= fIG(V | a1, b1)fIG(W | a2, b2)fN (µ | a3, b3)

(

I
∏

i=1

fN (θi | µ, V )

)





I
∏

i=1

Ji
∏

j=1

fN (Yij | θi, W)





We would like to sample from the normalized posterior distribution.
The Gibbs sampler for the variance component model.
Algorithm 3 shows how to apply a Gibbs sampler on this example.

Suppose that we have the following proposal density,

fν(Eθ, V ,W, µ) = fIG(V | 2a1 + 1, 2b1 − 1)fIG(W | 2a2 + 1, 2b2)

fN (µ | a3, b3)

I
∏

i=1

fN

(

θi | Ȳi,
W

2Ji

)

(9)



14 S. SIXTA ET AL.

Algorithm 3 A Gibbs sampler algorithm for the variance component model

The following lemma bounds the Wasserstein distance between the variance
componentmodel Gibbs sampler and the stationary distribution using the above
proposal distribution.

Lemma 5.1. Let Xn = (Eθn, Vn,Wn, µn) and X′
n = (Eθ ′

n, V
′
n,W

′
n, µ

′
n) be two

copies of the variance component Gibbs sampler initialized with X′
0 ∼ ν where

fν is defined in Equation 9 and X0 ⊥⊥ X′
0. Fix p ∈ [1,∞) and let π be the

corresponding stationary distribution. Then for r ≥ p, b1 > 1/2,

Wd,p(L(Xn), π) ≤ K2(π, ν)1/rE[d(Xn, X
′
n)

2r ] 1
2r (10)

Where

• K2(π, ν) = 1
L
C1C

1/2
2

• L =
∫

B
(b∗

1)
−a∗

1 e
− (µ−a3)2

2b3
(

b∗
2

)−(a∗
2 ) d(Eθ, µ) where B ⊂ R

I+1

• C1 = Ŵ(a1)

Ŵ(a∗
1 )b

a1
1

Ŵ(a2)

Ŵ(a∗
2 )b

a2
2

(2π)
∑I

i=1 Ji/2+(I+1)/2b
1/2
3

• C2 = b
2a1
1

Ŵ(a1)2
Ŵ(2a1+1)

(2b1−1)2a1+1
b
2a2
2

Ŵ(a2)2
Ŵ(2a2+1)
(2b2)2a2+1

Ŵ(I/2−1)

(
∏I

i=1 Ji)
1/22I+∑I

i=1 Ji πT +I/2

Ŵ(T −1)
ST −1

• a∗
1 = a1 + I/2 and b∗

1 = b1 +
∑I

i=1(θi−µ)2

2

• a∗
2 = a2 +∑I

i=1 Ji/2 and b∗
2 = b2 +∑I

i=1

∑Ji

j=1
(Yij−θi)

2

2

• S = ∑I
i=1(

∑Ji

j=1 Y 2
ij − Ji(Ȳi)

2) and T = ∑I
i=1 Ji − I/2

The proof is in Section 8.5

Note that in Lemma 5.1 the value ofK2(π, ν) still has an integral, which must
be bounded from below, L =

∫

B
g(Eθ, v,w, µ)d(Eθ, V ,W, µ). To address this,

we use the adaptIntegrate function in R.
For this variance component model, upper bounds in total variation distance

have been established. In Real Data Example 5.1, we compare our bounds in
Wasserstein distance to the total variation bounds generated in[33].

[49] also provides an upper bound on the total variation distance between
the variance component Gibbs sampler model and its corresponding stationary
distribution (See Theorem 1 of[49]). However the constants required to obtain
an explicit upper bound are difficult to calculate (see Remark 6 of[49]). An upper
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Table 3. Summary of simulated data used in[33] (see their Table 1) and in Numerical Example 5.1.

I = 5, J = 10,
∑5

i=1

∑10
j=1(yij − ȳi)

2 = 32.990.

Cell 1 2 3 4 5

Ȳi −0.80247 −1.0014 −0.69090 −1.1413 −1.0125

Table 4. Hyperparameters used in Numerical Example 5.1 and Table 1 of[33]. Ȳ =
1

IJ

∑I
i=1

∑J
j=1 Yij .

Hyperparameter a1 b1 a2 b2 a3 b3

From[33] and this paper 2.5 1 1 1 Ȳ 1

bound in total variation distance for this example is also established in[12].
Discussions of convergence diagnostics on total variation distance for variations
of this example can be found in[1,24,31,47,56].

Upper bounds inWasserstein distance of the variance componentmodel have
also already been discussed.[42] analyzes the variance component model when
the prior on µ is µ ∝ 1 instead of µ ∼ N(a3, b3). In particular Proposition 25
of[42] states that if limI→∞ J 2/(I 3+δ) = ∞ for some δ > 0 and the model is
properly specified (condition (E2) in[42]), then the geometric rate of convergence
for this model goes to 0. Proposition 24 of[42] also bounds the total variation
distance in terms of the Wasserstein distance. Discussions of convergence rates
for the variance component model in Wasserstein distance are also presented
in[15,61].

5.1. Numerical Example 5.1

We are going to compare our convergence bounds to the bounds from[33]. The
data for this example is simulated in[33] and summarized inTable 3.[33] generates
an upper bound on the total variation distance between a Markov chain and
its corresponding stationary distribution using a DnM bound stated in[48] (see
Theorem 12 of[48] and Theorem 3.1 of[33]). The hyperparameters for the DnM
bound are defined in Table 4.

Applying Lemma 5.1, K2(π, ν) = 48.7818 and the following holds for r = 1,

W||·||1,1(L(Xn), π) ≤ 48.7818E
[

(||Xn − X′
n||1)2

]
1
2

The initial value of X0 = (Eθ0, V0,W0, µ0) is V0 ∼ IG(a1, b1), W0 ∼
IG(a2, b2) and (Eθ0, µ0) = the initial value defined in[33], Remark 4.1 of[33].
The initial value of X′

0 satisfies Equation 9.
We simulated (||Xn − X′

n||1)2 1000 times (M = 1000) using CRN. Figure
4 graphs the estimated upper bound on the Wasserstein distance between
the Markov chain and its corresponding stationary distribution while Table 5
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Figure 4. AWasserstein distance upper bound on theGibbs sampler for a variance componentmodel
(Numerical Example 5.1) usingCRN. Theestimateuses themeanof 1000 simulationswith initial values
ofµ0, Eθ0 satisfying the initial values defined in[33] (see their Remark 4.1). The vertical axis is a log scale.

Table 5. Wasserstein bound estimates and confidence intervals for the variance component model,
Numerical Example 5.1.

n 1
1000

∑1000
m=1(||Xn,m − X′

n,m||1)2 99% lower C.I. Estimated bound 99% upper C.I.

1 397506.3 0 3075.601 55941.57

2 6.0002 112.7212 119.4924 125.8998

3 0.1835 17.3169 20.8980 23.9495

4 0.0076 3.2230 4.2734 5.1123

5 0.0004 0.7855 0.9132 1.0251

6 2.4539e-05 0.1837 0.2417 0.2881

7 1.4015e-06 0.0441 0.0578 0.0687

8 1.0485e-07 0.0114 0.0158 0.0192

9 5.4138e-09 0.0027 0.0036 0.0043

provides the bound estimates and the 99% confidence intervals using Lemma
3.3.

TheCRNbound indicatesWasserstein distance of less than 0.0099 by iteration
9 (W||·||1,1(L(X9), π) ≤ 0.00359). The bound for[33] indicates total variation
distance of less than 0.00999 by iteration 3415 (||L(X3415) − π ||T V ≤ 0.00999)
(See Table 2 of[33]). Note that the CRN bound is measured in Wasserstein
distance while the bound in[33] is measured in total variation distance. The
large disparity between the DnM and the CRN bound is consistent with the
conclusions of[40] that say that the convergence rate bounds based on single-step
DnM tend to be overly conservative.

Finally we compare our convergence rates with informal methods. The trace-
plot (Figure 8) suggests that convergence of µ, V , and W is nearly immediate.
The Gelman-Rubin statistic is evaluated at different iterations in Table 8. By
iteration 10, the Gelman-Rubin statistic is close to or less than 1.05 for V, W ,
and µ.
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Table 6. Hyperparameters used in Real Data Example 5.1 and[12] (see their Section 4).

Hyperparameter a1 b1 a2 b2 a3 b3

From[12] 0.5 1 1 0 0 1012

This paper 0.5 1 1 1 0 1012

The hyperparameters follow the same notation as in Equation 8.

5.2. Real Data Example 5.1

We are given the yield of dyestuff from 6 batches of 5 yield measurements in
grams (i.e. I = 6 and J = 5). This data was published in Davies[14]. The data
can be structured as a variance component model where θi represents the mean
yield for batch i.

We are going to compare our Wasserstein bound to the total variation bound
from[12] generates an upper bound on the total variation distance between a
Markov chain and its corresponding stationary distribution using a modified
version of the popular DnM condition stated in[48] (see Theorem 12 of[48] and
Proposition 1 of[12]) and estimates the requiredDnMparameters (3, λ, ǫ) using
simulation. The hyperparameters for the DnM bound are defined in Table 6.

In our comparison, we will first generate an upper bound on the Wasserstein
distance between the Markov chain and the corresponding stationary distribu-
tion. Next, we will generate an upper bound on the total variation distance based
on the Wasserstein distance using Proposition 24 of[42].

Proposition 24 of[42] will be used to bound the total variation distance given
theWasserstein distance. Note that in[42], the prior onµ ∼ 1 is flat. Since in this
example µ ∼ N(0, 1012), we assume that they are the same.

Proposition 5.2 (Proposition 24 of[42]). Let Xn be a variance component Gibbs

sampler generated according to the priors of V ∼ IG(a1, b1),W ∼ IG(a2, b2),

andµ ∝ 1. Assume that I ≥ 2. Then for eachn ≥ 1 andX0 = ( Eθ0, V0, W0, µ0) ∈
R

I × R+ × R+ × R,

||L(Xn) − π ||T V ≤ KT V W||·||1,1(L(Xn−1), π) (11)

where KT V = (c1 + c2)J
3/2I and

• c1 = 2
I

(

I
2 + a1

)

(

1 +
√

2
b1

1
I

+ 1
2b1I 2

)I/2+a1−1 (√
2
b1

+ 1
b1I

)

• c2 = 2
IJ 3/2

(

IJ
2 + a2

)

(

1 + 2√
b2IJ

+ 1
b2I 2J 2

)IJ/2+a2−1 (

2
√

J
b2

+ 2
b2

√
J I

)

We bound the whole chain in Proposition 5.2 ( Eθn, Vn,Wn, µn) rather than
the marginal chain ( Eθn, µn) as presented in Proposition 24 of[42] due to de-
initialization properties[45]. See Section 5.1 of[42] for more details.

Applying R simulation to Lemma 5.1, we calculate K2(π, ν) = 0.00198. The
following holds,

W||·||1,1(L(Xn), π) ≤ 0.00198E
[

(||Xn − X′
n||1)2

]
1
2
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Figure 5. Comparison of total variation distance upper bounds on the Gibbs sampler for a variance
componentmodel (Real Data Example 5.1) using CRN simulation and aDnMbound. The CRNestimate
uses the mean of 500 simulations. The initial values ofX0 satisfy Equation 9 in

[12].

Table 7. Total variationbound estimates and confidence intervals for the variance componentmodel,
Real Data Example 5.1.

n 1
500

∑500
m=1(||Xn,m − X′

n,m||1)2 99% lower C.I. CRN 99% upper C.I. DnM

10 3.1983e + 11 0 686202.5 1210249 1.7888

50 574231.3 413.0225 919.4749 1232.997 1.7821

100 61787.44 0 301.6105 483.7103 1.7737

250 10979.74 0 127.1430 231.2048 1.7490

461 9.0992e-06 0 0.0037 0.0067 1.7149

Comparison of the estimated total variation bound using CRNwith the total variation bound generated from[12] , which

was calculated using DnM.

Applying Proposition 5.2, KT V = 611.4339 and so,

||L(Xn) − π ||T V ≤ 1.21338E
[

(||Xn − X′
n||1)2

]
1
2

The initial value of X0 is Eθ0 = the initial values defined in Equation 9 of[12],
V0 ∼ IG(a1, b1), W0 ∼ IG(a2, b2) and µ0 = Ȳ . The initial value of X′

0 is
distributed according to Equation 9.

We simulated Xn and X′
n 500 times (M = 500) using CRN. Figure 5 graphs

the estimated upper bound on the total variation distance between the Markov
chain and its corresponding stationary distribution. Table 7 provides the total
variation bound estimates and the 99% confidence intervals using Lemma 3.3.

The CRNbound indicates total variation distance of less than 0.01 by iteration
461 (||L(X461) − π ||T V ≤ 0.0037). The DnM bound indicates total variation
distance of less than 0.01 by iteration 98, 750 (||L(X98,750) − π ||T V ≤ 0.0072).
The two bounds are compared in Figure 5 and Table 7. The large disparity
between the DnM and the CRN bound is consistent with the conclusions of[40]

that say that the convergence rate bounds based on single-step DnM tend to be
overly conservative. See Figure 5 for a graphical comparison between the two
bounds.
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Table 8. Gelman-Rubin statistic at various iterations for Numerical Example 5.1.

Iteration V W µ

10 1.064556 1.046249 1.062693

20 1.026606 1.021977 1.034042

30 1.017409 1.013104 1.021825

40 1.013610 1.011070 1.014756

50 1.010736 1.008834 1.011396

60 1.009296 1.007351 1.010150

The range ofµ is -2 to 0.

Table 9. Gelman-Rubin statistic at various iterations for Real Data Example 5.1.

n V W µ θ1

50 1.186270 2.052273 2.984139 2.792903

100 1.095662 1.591515 1.597947 1.587649

150 1.083923 1.454056 1.241374 1.215334

200 1.062822 1.208700 1.086050 1.097018

250 1.054723 1.074812 1.038007 1.056482

The range of V is (0.5, 3.5), W is 1000, 20000, and µ, θ1 is (1400, 1600). Note that because the range of initial values

to calculate the Gelman-Rubin statistic is larger than the initial values in our bound, the convergence rates cannot be

blindly compared. Rather, the Gelman-Rubin statistic indicates that the chains move relatively slowly.

Finally, we compare our convergence rates with informal methods. The trace-
plot (Figure 9) suggests that convergence of µ, V , and W to stationarity occurs
a�er the first few iterations (the variance of µ seems to slightly increase with
n, however). The Gelman-Rubin statistic is evaluated at different iterations in
Table 9. By iteration 250, the Gelman-Rubin statistic is close to or less than 1.05
for V,W , µ, and θ1.

6. Gibbs sampler for a Bayesian linear regressionmodel

Consider a Gibbs sampler for the Bayesian linear regression model with semi-
conjugate priors (see Chapter 5 of[43]) for which we will apply Theorem 3.2 to
simulate convergence bounds on the Wasserstein distance. For this particular
example, we can also provide an upper bound on the total variation distance
given the Wasserstein distance using similar calculations as[54].

Example 6.1 (Bayesian linear regression model). Suppose that we have the
following observed data Y ∈ R

k and X ∈ R
k×q where

Y |β, σ 2 ∼ Nk(Xβ, σ 2Ik)

for unknown parameters β ∈ R
q, σ 2 ∈ R+. Suppose that we apply the prior

distributions on the unknown parameters,

β ∼ Nq(β0, 6β)σ 2 ∼ IG

(

υ0

2
,
υ0c

2
0

2

)

.
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The joint posterior density function of β, σ 2|Y,X is proportional to the
following equation,

g(β, σ 2) = 1

(σ 2)(k+υ0)/2+1
(12)

exp

(

− 1

2σ 2
(Y − Xβ)T (Y − Xβ) − 1

2
(β − β0)

T 6−1
β (β − β0) − υ0c

2
0

2σ 2

)

.

(13)

The Gibbs sampler on the Bayesian linear regression model is based on the
conditional posterior distributions of βn, σ

2
n and is defined as follows initialized

at β0, σ
2
0 :

(1) βn|σ 2
n−1, Y, X ∼ Nq(β̃σ 2

n−1
, Vβ,σ 2

n−1
)

(2) σ 2
n |βn, Y, X ∼ IG

(

k+υ0
2 , 1

2

[

υ0c
2
0 + (Y − Xβn)

T (Y − Xβn)
]

)

where

Vβ,σ 2
n−1

=
(

1

σ 2
n−1

XT X + 6−1
β

)−1

, β̃σ 2
n−1

= Vβ,σ 2
n−1

(

1

σ 2
n−1

XT Y + 6−1
β β0

)

.

Replacing βn = β̃σ 2
n−1

+ V
1/2
β,σ 2

n−1
Zn, where Zn ∼ Nq(0, Iq) into the equation

for σ 2
n and with IGn ∼ IG(k+υ0

2 , 1), we get that

σ 2
n |σ 2

n−1, Y, X =

















υ0c
2
0

2
+

(Xβ̃σ 2
n−1

− Y + XV
1/2
β,σ 2

n−1
Zn)

T

(Xβ̃σ 2
n−1

− Y + XV
1/2
β,σ 2

n−1
Zn)

2

















IGn (14)

where (Zn, IGn)n are independent for all n.
Although theMarkov chainmay be high-dimensional inβn, special properties

of this Gibbs sampler allow us to upper bound the total variation distance
between the law of two joint Markov chains, L(σ 2

n , βn) and L(σ 2
∞, β∞) = π , in

terms of the L1 distance between σ 2
n and σ 2

∞ only.

Lemma 6.1. The total variation distance between L(βn, σ
2
n ) and the correspond-

ing stationary distribution, π , can be bounded by the expected distance as follows,

∥

∥L(βn, σ
2
n ) − π

∥

∥

TV ≤ (k + υ0)
2

2υ0c20
E[|σ 2

n−1 − σ 2
∞|]

The proof is in Section 8.6.
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Lemma 6.1 shows that total variation distance can ignore the difference
between βn and β ′

n. TheWasserstein distance, on the other hand, must take into
account the distances between both βn, β

′
n and σ 2

n , σ 2′
n as shown below.

Lemma 6.2. Let (βn, σ
2
n )n≥1 and (β ′

n, σ
′2
n )n≥1 be two copies of the Markov chain

with σ
′2
0 ∼ IG(α′, β ′) and β ′

0 ∼ Nq(β0, 6β) where α′ = (k + υ0)/2 − 2
and β ′ = υ0c

2
0/2. Fix p ∈ [1, ∞) and let π be the corresponding stationary

distribution. Then for r > p

Wd,p(L(βn, σ
2
n ), π) ≤ K1(π, ν)1/rE[d((βn, σ

2
n ), (β ′

n, σ
′2
n ))r ]1/r

Where K1(π, ν) = C
L

• C = 16Ŵ((k+υ0)/2−2)(2π)q/2 det(6β )1/2

Ŵ((k+υ0)/2)((Y−Xβ̂)T (Y−Xβ̂))2(υ0c20/2)
(k+υ0)/2−2

e2

• L =
∫

B
e
− 1
2 (β−β0)T 6

−1
β

(β−β0)

(υ0c
2
0/2+(Y−Xβ)T (Y−Xβ)/2)(k+υ0)/2d(β) and B ⊂ R

q ×R+ is a bounded

set.

The proof is in Section 8.6

Convergence diagnostics for variations of the Bayesian linear regression
Gibbs sampler can be found in[5,6,19,26,44,54,58]. However, we could not find
any explicit bounds on this version of the Gibbs sampler for a Bayesian lin-
ear regression (i.e. the bounds were applied to more simpler examples or the
analysis did not provide an explicit bound). Using example 6.1 notation, the
papers[44,54,58] assume that 6β = σ 26 where 6 is known. That is, the
variance of Y and the variance of β are proportionally the same. Putting
the results of[54] and[44] together, it is shown that the geometric convergence
rate that is generated when using one-shot coupling is the actual geometric
convergence rate (see Theorem 3.1 of[44] compared with Theorem 4.4 of[54]).
The actual geometric convergence rate is calculated using the spectral gap
in[44]. The papers ([5,26]) assume that the error of Y |β, σ 2 are non-Gaussian
(to take into account outliers) and provide sufficient conditions for geometric
ergodicity with respect to k (dimension of Y ) and q (dimension of β).[19]

tells us that the Bayesian regression Gibbs sampler with semi-conjugate priors
is geometrically ergodic regardless of the size of k compared to q . Finally,[6]

generates upper bounds in total variation between two copies of a linear regres-
sion Gibbs sampler model. The model in[6] adds slightly more complexity to
example 6.1 by taking 6β as random. Similar to our results, the chains converge
quickly.

Using Lemma 6.2 we show how an upper bound on the convergence
rate in Wasserstein distance can be simulated in Real Data Example 6.1.
We further provide an estimate of the upper bound in total variation using
Lemma 6.1.
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Figure 6. Total variation distance upper bound on the Gibbs sampler for a linear regression model
(RealData Example6.1) usingCRN. Theestimateuses themeanof 10000 simulationswith initial values
σ 2
0 = 100 and β0 ∼ N(0, Iq). The vertical axis is log-scaled and r = 5.

6.1. Real Data Example 6.1

Suppose that we are interested in evaluating the carbohydrate consumption (Y)
by age, relative weight, and protein consumption (X) for twenty male insulin-
dependent diabetics. For more information on this example, see Section 6.3.1
of[17].

We want to find the estimated upper bound on the Wasserstein and total
variation distance to stationarity for a Bayesian linear regression Gibbs sampler.
In this case, there are 20 observed values and 4 parameters (k = 20, q = 4).
We set the priors to β0 = E0, 6β = I4, υ0 = 6, c20 = 140. The initial values

of our Markov chains are σ 2
0 = 100, β0 ∼ N4(0, I4), σ

′2
0 ∼ IG(11, 420) and

β ′
0 ∼ N4(0, I4). We can apply Lemma 6.2 as follows, whereK1(π, ν) = 1025971

and r = 5.

W||·||1,1(L(σ 2
n , βn), π) ≤ 15.93E[||(σ 2

n , βn) − (σ 2′
n , βn)||51]1/5

holds almost surely.

By Lemma 6.1 the total variation distance is bounded above by (k+υ0)
2

2υ0c20
=

0.40238 times the expected distance between σ 2
n and σ 2

∞ and so,

||L(σ 2
n , βn) − π ||T V ≤ 6.41E

[

||(σ 2
n , βn) − (σ 2′

n , βn)||51
]1/5

Using CRN simulation, we simulated ||(σ 2
n , βn) − (σ 2′

n , βn)||1 ten thousand
times (M = 10000) over 100 iterations (N = 100). Figure 6 graphs the upper
bound on the total variation distance.

By iteration 58, the total variation distance first hits below 0.01, ||L(σ 2
58, β58)−

π ||T V ≤ 0.0016. In comparison, the Gelman-Rubin statistic first hits below 1.05
at iteration 49 (see Figure 10) and the traceplot suggests convergence a�er the
first few iterations (see Figure 11).
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Figure 7. Gelman-Rubin statistic and traceplot for Real Data Example 4.1.

Figure 8. Traceplot forµ, V , andW for Numerical Example 5.1.

Proof of Theorem 3.1. Let Xn, Yn be two copies of the Markov chain such that
Xn = k2n(X0) and Yn = k2′

n
(Y0) (see Section 2 for more details on the

notation). If X∞ ∼ π , then k2′
n
(X∞) ∼ π .
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Figure 9. Traceplot forµ, V , andW for Real Data Example 5.1.

Figure 10. Gelman-Rubin statistic of σ 2
n .

Figure 11. Traceplot of 10 simulations of σ 2
n where σ 2

0 = 100.

First we show that E[d(Xn, X∞)r ] = E
[

d(Xn, Yn)
r dπ(Y0)
dν(Y0)

]

where

dπ(Y0)/dν(Y0) = fπ (Y0)/fν(Y0) and dπ/dν is the Radon-Nikodym derivative.

E[d(Xn, X∞)r ] (15)

= E[E[d(k2n(X0), k2′
n
(X∞))r | X0,2n,2

′
n]] (16)
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= E

[∫

X

d(k2n(X0), k2′
n
(y))rdπ(y)

]

(17)

= E

[∫

X

d(k2n(X0), k2′
n
(y))r

dπ(y)

dν(y)
dν(y)

]

(18)

= E

[

E

[

d(k2n(X0), k2′
n
(Y0))

r dπ(Y0)

dν(Y0)

∣

∣ X0, 2n, 2
′
n

]]

(19)

= E

[

d(Xn, Yn)
r dπ(Y0)

dν(Y0)

]

(20)

By Holder’s inequality, for s > 1 and Ks(π, ν) = E

[

(

dπ(Y0)
dν(Y0)

)
s

s−1

]
s−1
s

.

E[d(Xn, X∞)r ] = E

[

d(Xn, Yn)
r dπ(Y0)

dν(Y0)

]

≤ Ks(π, ν)E
[

d(Xn, Yn)
rs
]
1
s

(21)

Thus, the Lr-Wasserstein distance is bounded above as follows,

Wd,r(L(Xn), π) ≤ E[d(Xn, X∞)r ] 1r ≤ Ks(π, ν)
1
r E
[

d(Xn, Yn)
rs
]

1
rs (22)

Finally by Remark 6.6 of[59], for p ≤ r , Wd,p(L(Xn), π) ≤ Wd,r(L(Xn), π)

and so, by Equation 22,

Wd,p(L(Xn), π) ≤ Wd,r(L(Xn), π) ≤ Ks(π, ν)
1
r E
[

d(Xn, Yn)
rs
]

1
rs

7. Alternative proof of Theorem 3.1 when s= 1

First we define essential supremum and infimum.
Let f : X → R be a function and λ be the Lebesgue measure. The essential

supremum is the smallest value a ∈ R such that λ(x | f (x) < a) = 1. More
formally, ess supx f (x) = infa∈R{a | λ(x | f (x) > a) = 0}. The essential
infimum is likewise the largest value a ∈ R such that λ(x | f (x) > a) = 1. Or,
ess infx f (x) = supa∈R{a | λ(x | f (x) < a) = 0} [38].

7.1. Rejection rate and separation distance

We will define rejection sampling and separation distance and show how they
are related.

Definition 8.1 (Rejection sampling). Suppose that we have a target distribution
π , which we want to sample from, but is difficult to do, and we have a proposal
distribution ν that is easier to sample from. Suppose also that for the correspond-
ing density functions fπ (x) and fν(x), fν(x) = 0 =⇒ fπ (x) = 0, where
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x ∈ X and that K1(π, ν) = ess supx∈X fπ (x)/fν(x). To generate a random
variable X∞,L(X∞) = π we do the following,

(1) Sample X ∼ ν and U ∼ Unif (0, 1) independently.
(2) If U ≤ 1

K1(π,ν)
fπ (X)
fν(X)

then accept X as a draw from π . Otherwise reject X

and restart from step 1.

Definition 8.2 (Rejection sampler rejection rate). For the rejection sampler algo-
rithm defined above, denote the event A = {X is accepted as a draw from π}.
The rejection rate is r(π, ν) = 1 − P(A) = 1 − 1/K1(π, ν) where K1(π, ν) =
ess supx∈X fπ (x)/fν(x).

Proof. See Section 11.2.2 of[51].

We further define the separation distance on the continuous state space X
as follows. Separation distance was first defined in[3] for discrete state spaces.
We use the definition of separation distance defined in[11] where the density
functions are known.

Definition 8.3 (Separation distance (Remark 5 of[11])). Let ν and π be two
probability distributions defined on the same measurable space (X ,F) with
densities fν and fπ such that for x ∈ X , fπ (x) = 0 =⇒ fν(x) = 0. The

separation distance is s(π, ν) = ess supx

(

1 − fν(x)
fπ (x)

)

.

It turns out that the separation distance and the rejection rate of the rejection
sampler are the same.

Lemma 8.1. Let ν and π be two distributions defined on the same measurable

space (X ,F). If fν is the proposal density and fπ is the target density in a rejection

sampler, then the rejection rate equals the separation distance,

s(π, ν) = r(π, ν)

Proof.

s(π, ν) = ess sup
x∈X

(

1 − fν(x)

fπ (x)

)

= 1 − ess inf
x∈X

fν(x)

fπ (x)

= 1 − 1

ess supx∈X
fπ (x)
fν(x)

= 1 − 1

K1(π, ν)
= r(π, ν)

Alternative proof of Theorem 3.1 for when s1 = 1, s2 = ∞. In this
proof, we use rejection sampling, which is similar to the proof method
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presented in[32]. Let Xn, Yn be two copies of the Markov chain and A =
{Accept Y0 as a draw from π}. Recall fromDefinition 8.2 that 1−1/K1(π, ν) =
r(π, ν) = 1 − P(A) and so P(A) = 1/K1(π, ν). Note that L(Y0|A) = π and
so, L(Yn|A) = π .

E[d(Xn, Yn)
p] = E[d(Xn, Yn)

p | A]P(A) + E[d(Xn, Yn)
p | Ac]P(Ac)

≥ E[d(Xn, X∞)p]P(A)

≥ E[d(Xn, X∞)p] 1

K1(π, ν)

Thus,

Wd,p(L(Xn), π) ≤ E[d(Xn, X∞)p] ≤ K1(π, ν)E[d(Xn, Yn)
p]

Further note that by combining Definition 8.2 and Lemma 8.1 we can write
K as follows

K1(π, ν) = 1

1 − s(π, ν)
= 1

1 − r(π, ν)

7.2. Proofof lemmarelated to theGibbs sampler foravariancecomponentmodel

Proof of Lemma 5.1. First note that the unnormalized joint density function of
(Eθ, V , W,µ) is written as follows (fπ (Eθ, V , W, µ) = 1

L
g(Eθ, V , W,µ) where L

is unknown),

g(Eθ, V , W,µ) =
(

b
a1
1

Ŵ(a1)
e−b1/V V −a1−1

)(

b
a2
2

Ŵ(a2)
e−b2/WW−a2−1

)

(

1√
2πb3

e
− (µ−a3)2

2b3

)

(

I
∏

i=1

1√
2πV

e− (θi−µ)2

2V

)





I
∏

i=1

Ji
∏

j=1

1√
2πW

e− (Yij −θi )
2

2W





= fIG(V | a1, b1)fIG(W | a2, b2)fN (µ | a3, b3)

(

I
∏

i=1

fN (θi |µ, V )

)





I
∏

i=1

Ji
∏

j=1

fN (Yij |θi, W)





For the variance component model, we will use Theorem 3.1 and set s =
2 (so, s

s−1 = 2). Denote L as a lower bound on
∫

RI ×R+×R+×R
g(Eθ, V ,W, µ)

d(Eθ, V , W,µ). We want to find

Ks(π, ν) =





∫

RI+1×R
2
+

(

fπ (Eθ, V , W,µ)

fν(Eθ, V ,W, µ)

)2

fν(Eθ, V , W,µ)d(Eθ, V , W, µ)





1/2
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=





∫

RI+1×R
2
+

(

1

L

g(Eθ, V ,W, µ)

fν(Eθ, V ,W, µ)

)2

fν(Eθ, V ,W, µ)d(Eθ, V ,W, µ)





1/2

= 1

L

(

∫

RI+1×R
2
+

g(Eθ, V , W, µ)2

fν(Eθ, V , W,µ)
d(Eθ, V , W,µ)

)1/2

Step 1: Find an upper bound on
∫

RI+1×R
2
+

g(Eθ,V ,W,µ)2

fν(Eθ,V ,W,µ)
d(Eθ, V , W,µ)

To find an upper bound on the integral of the ratio, note the following ratios,

fIG(V | a1, b1)
2

fIG(V | 2a1 + 1, 2b1 − 1)
=

(

b
a1
1

Ŵ(a1)
e−b1/V V −a1−1

)2

(2b1−1)2a1+1

Ŵ(2a1+1) e−(2b1−1)/V V −(2a1+1)−1

=
b
2a1
1

Ŵ(a1)2
e−2b1/V V −2a1−2

(2b1−1)2a1+1

Ŵ(2a1+1) e−(2b1−1)/V V −2a1−2

= b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1
e−1/V

fIG(W | a2, b2)
2

fIG(W | 2a2 + 1, 2b2)
=

(

b
a2
2

Ŵ(a2)
e−b2/WW−a2−1

)2

(2b2)2a2+1

Ŵ(2a2+1) e−2b2/WW−2a2−1−1

=
b
2a2
2

Ŵ(a2)2
e−2b2/WW−2a2−2

(2b2)2a2+1

Ŵ(2a2+1) e−2b2/WW−2a2−2

= b
2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1

∏I
i=1

∏Ji

j=1 fN (Yij | θi, W)2

∏I
i=1 fN (θi | Ȳi,

W
2Ji

)
=
∏I

i=1

∏Ji

j=1
1

2πW
e− 2(Yij −θi )

2

2W

∏I
i=1

1
√

2π W
2Ji

e− 2Ji (Ȳi−θi )
2

2W

=
∏I

i=1
1

(2πW)Ji
e−

∑Ji
j=1(Yij −θi )

2

W

∏I
i=1

1√
πW/Ji

e− Ji (Ȳi−θi )
2

W

=
I
∏

i=1

1
(2πW)Ji

e−
∑Ji

j=1 Y2
ij

−2Yij θi+θ2
i

W

1
(πW/Ji)

1/2 e
− Ji (Ȳi )

2−2Ji Ȳi θi+Ji θ
2
i

W
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=
I
∏

i=1

1

(Ji)1/22Ji (πW)Ji−1/2
e

Ji (Ȳi )
2−∑Ji

j=1 Y2
ij

W

= 1

(
∏I

i=1 Ji)1/22
∑I

i=1 Ji (πW)
∑I

i=1 Ji−I/2
e

∑I
i=1(Ji (Ȳi )

2−∑Ji
j=1 Y2

ij
)

W

= 1

(
∏I

i=1 Ji)1/22
∑I

i=1 Ji (πW)T
e

−S
W

where S = ∑I
i=1(

∑Ji

j=1 Y 2
ij − Ji(Ȳi)

2) and T = ∑I
i=1 Ji − I/2.

We evaluate the following integral, which will be used evaluating the integral

of g(Eθ,V ,W,µ)2

fν(Eθ,V ,W,µ)

∫

RI

I
∏

i=1

fN (θi | µ,V )2dEθ =
I
∏

i=1

∫

R

(

1√
2πV

e− (θi−µ)2

2V

)2

dθi

= 1

(2πV )I

I
∏

i=1

∫

R

e− (θi−µ)2

V dθi

= 1

(2πV )I

I
∏

i=1

∫

R

e
− (θi−µ)2

2(V/2) dθi

= 1

(2πV )I

I
∏

i=1

√

2π(V/2)

= 1

(2πV )I
(πV )I/2

= 1

2I (πV )I/2

Next, we put all of the ratios together.
We first integrate with respect to Eθ .
∫

RI+1×R
2
+

g(Eθ, V , W, µ)2

fν(Eθ, V , W,µ)
d(Eθ, V , W,µ)

=
∫

RI+1×R
2
+

(fIG(V | a1, b1)fIG(W | a2, b2)fN (µ | a3, b3)
(

∏I
i=1 fN (θi | µ, V )

))2

fIG(V | 2a1 + 1, 2b1 − 1)fIG(W | 2a2 + 1, 2b2)fN (µ | a3, b3)
∏I

i=1

∏Ji

j=1 fN (Yij | θi, W)2

∏I
i=1 fN (θi | Ȳi,W/2Ji)

d(Eθ, V , W,µ)

=
∫

RI+1×R
2
+

b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1
e−1/V b

2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1
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fN (µ | a3, b3)

I
∏

i=1

fN (θi | µ, V )2

1

(
∏I

i=1 Ji)1/22
∑I

i=1 Ji (πW)T
e

−S
W d(Eθ, V , W,µ)

= b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1

b
2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1

∫

R1×R
2
+

(

∫

RI

I
∏

i=1

fN (θi | µ, V )2dEθ
)

e−1/V fN (µ | a3, b3)

1

(
∏I

i=1 Ji)1/22
∑I

i=1 Ji (πW)T
e

−S
W d(V , W,µ)

Next we integrate with respect to V,W, µ

= b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1

b
2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1
∫

R1×R
2
+

1

2I (πV )I/2
e−1/V fN (µ | a3, b3)

1

(
∏I

i=1 Ji)1/22
∑I

i=1 Ji (πW)T
e

−S
W d(V ,W, µ)

= b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1

b
2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1

1

(
∏I

i=1 Ji)1/22I+∑I
i=1 JiπT +I/2

∫

R1×R
2
+

1

V I/2
e−1/V fN (µ | a3, b3)

1

W T
e

−S
W d(V , W,µ)

= b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1

b
2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1

1

(
∏I

i=1 Ji)1/22I+∑I
i=1 JiπT +I/2

Ŵ(I/2 − 1)
Ŵ(T − 1)

ST −1

To summarize, we get,

C2 =
∫

RI+1×R
2
+

g(Eθ, V ,W, µ)2

fν(Eθ, V ,W, µ)
d(Eθ, v,w,µ)

= b
2a1
1

Ŵ(a1)2

Ŵ(2a1 + 1)

(2b1 − 1)2a1+1

b
2a2
2

Ŵ(a2)2

Ŵ(2a2 + 1)

(2b2)2a2+1

Ŵ(I/2 − 1)

(
∏I

i=1 Ji)1/22I+∑I
i=1 JiπT +I/2

Ŵ(T − 1)

ST −1

Step 2: Find a lower bound on
∫

RI ×R+×R+×R
g(Eθ, v, w,µ)d(Eθ, v,w, µ)
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To find a lower bound over the integral we estimate the above integral over a
closed set B ⊂ R

I × R+ × R+ × R.

g(Eθ, V ,W, µ) =
(

b
a1
1

Ŵ(a1)
e−b1/V V −a1−1

)(

b
a2
2

Ŵ(a2)
e−b2/WW−a2−1

)

(

1√
2πb3

e
− (µ−a3)2

2b3

)

(

I
∏

i=1

1√
2πV

e− (θi−µ)2

2V

)





I
∏

i=1

Ji
∏

j=1

1√
2πW

e− (Yij −θi )
2

2W





=
(

b
a1
1

Ŵ(a1)
e−b1/V V −a1−1

)(

b
a2
2

Ŵ(a2)
e−b2/WW−a2−1

)

(

1√
2πb3

e
− (µ−a3)2

2b3

)(

1

(2πV )I/2
e−

∑I
i=1(θi−µ)2

2V

)





1

(2π)
∑I

i=1 Ji/2W
∑I

i=1 Ji/2
e
−
(

∑I
i=1

∑Ji
j=1

(Yij −θi )
2

2

)

/W





=





b
a1
1

Ŵ(a1)(2π)I/2
e
−
(

b1+
∑I

i=1(θi−µ)2

2

)

/V
V −(a1+I/2)−1





(

1√
2πb3

e
− (µ−a3)2

2b3

)





b
a2
2

Ŵ(a2)(2π)
∑I

i=1 Ji/2
W−(a2+

∑I
i=1 Ji/2)−1e

−
(

b2+
∑I

i=1
∑Ji

j=1

(Yij −θi )
2

2

)

/W





Define

a∗
1 = a1 + I/2 b∗

1 = b1 +
∑I

i=1(θi − µ)2

2

a∗
2 = a2 +

I
∑

i=1

Ji/2 b∗
2 = b2 +

I
∑

i=1

Ji
∑

j=1

(Yij − θi)
2

2

Taking the integral of g with respect to V and W , we get,
∫

RI ×R+×R+×R

g(Eθ, v, w,µ)d(Eθ, v, w,µ)

=
∫

RI ×R+×R+×R

(

b
a1
1

Ŵ(a1)(2π)I/2
e−b∗

1/V V −a∗
1−1

)(

1√
2πb3

e
− (µ−a3)2

2b3

)

(

b
a2
2

Ŵ(a2)(2π)
∑I

i=1 Ji/2
W−a∗

2−1e−b∗
2/W

)

d(Eθ, v,w, µ)

=
∫

RI+1

(

Ŵ(a∗
1 )b

a1
1

Ŵ(a1)(2π)I/2

(

b∗
1

)−a∗
1

)(

1√
2πb3

e
− (µ−a3)2

2b3

)

(

Ŵ(a∗
2 )b

a2
2

Ŵ(a2)(2π)
∑I

i=1 Ji/2

(

b∗
2

)−a∗
2

)

d(Eθ, µ)
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The integral can then be defined as follows,
∫

RI ×R+×R+×R

g(Eθ, v, w,µ)d(Eθ, v, w,µ)

= Ŵ(a∗
1 )b

a1
1

Ŵ(a1)

Ŵ(a∗
2 )b

a2
2

Ŵ(a2)

1

(2π)
∑I

i=1 Ji/2+(I+1)/2b
1/2
3

∫

RI+1
(b∗

1)
−a∗

1 e
− (µ−a3)2

2b3
(

b∗
2

)−(a∗
2 ) d(Eθ, µ)

= C−1
1

∫

RI+1
(b∗

1)
−a∗

1 e
− (µ−a3)2

2b3
(

b∗
2

)−(a∗
2 ) d(Eθ, µ)

Where C−1
1 = Ŵ(a∗

1 )b
a1
1

Ŵ(a1)

Ŵ(a∗
2 )b

a2
2

Ŵ(a2)
1

(2π)
∑I

i=1 Ji/2+(I+1)/2
b
1/2
3

Combining step 1 and step 2, we get,

1
∫

B
g(Eθ, V , W,µ)d(Eθ, V , W, µ)

(

∫

RI+1×R
2
+

g(Eθ, V , W, µ)2

fν(Eθ, V ,W, µ)
d(Eθ, v,w, µ)

)1/2

= 1

L
C1C

1/2
2

Where L =
∫

RI+1(b
∗
1)

−a∗
1 e

− (µ−a3)2

2b3
(

b∗
2

)−(a∗
2 ) d(Eθ, µ)

C1 = Ŵ(a1)

Ŵ(a∗
1 )b

a1
1

Ŵ(a2)

Ŵ(a∗
2 )b

a2
2

(2π)
∑I

i=1 Ji/2+(I+1)/2b
1/2
3

C2 = b
2a1
1

Ŵ(a1)2
Ŵ(2a1+1)

(2b1−1)2a1+1
b
2a2
2

Ŵ(a2)2
Ŵ(2a2+1)
(2b2)2a2+1

Ŵ(I/2−1)

(
∏I

i=1 Ji)
1/22I+∑I

i=1 Ji πT +I/2

Ŵ(T −1)
ST −1

7.3. Proof of lemma related to the Gibbs sampler for a James-Stein estimator

Proof of Lemma 4.1. First note that the density function of ν is as follows,

fν(Eθ, µ,A)

=
(

q
∏

i=1

1√
2πV

e−(Yi−θi)
2/(2V )

)(

βα+(q−1)/2

Ŵ(α + (q − 1)/2)
A−α−(q−1)/2−1e−β/A

)

(

1√
2πA

e−(µ−θ̄ )/(2A)

)

Next, we want to calculate the supremum of the ratios where the function g is
defined as in Equation 6.

sup
(Eθ,µ,A)∈Rq+1×R+

g(Eθ, µ, A)

fν(Eθ, µ, A)

= sup
(Eθ,µ,A)∈Rq+1×R+

(

∏q
i=1

1√
2πA

e−(θi−µ)2/(2A)
)

βα

Ŵ(α)
A−α−1e−β/A

(

1√
2πA

e−(µ−θ̄ )2/(2A)
)

βα+(q−1)/2

Ŵ(α+(q−1)/2)A
−α−q/2+1/2−1e−β/A
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= Ŵ(α + (q − 1)/2)

Ŵ(α)

1

(2πβ)(q−1)/2
sup

(Eθ,µ,A)∈Rq+1×R+

e[(θ̄−µ)2−∑q
i=1(θi−µ)2]/(2A)

= Ŵ(α + (q − 1)/2)

Ŵ(α)(2πβ)(q−1)/2

The last equality follows since (θ̄−µ)2 ≤ ∑q
i=1(θi−µ)2 by Jensen’s inequality.

Next we partially calculate
∫

Rq+1×R+ g(Eθ, µ,A | Y )d(Eθ, µ,A).

∫

Rq+1×R+
g(Eθ, µ,A | Y )d(Eθ, µ,A)

=
∫

Rq+1×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2πV )q/2(2πA)q/2

×
(

q
∏

i=1

e−(θi−Yi)
2/(2V )−(θi−µ)2/(2A)

)

d(Eθ, µ,A)

=
∫

Rq+1×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2π)q(AV )q/2

×
(

q
∏

i=1

e−0.5[(θ2i −2θiYi+Y 2
i )/V +(θ2i −2θiµ+µ2)/A]

)

d(Eθ, µ,A)

=
∫

Rq+1×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2π)q(AV )q/2

×





q
∏

i=1

e
−0.5

[

θ2i

( 1
V

+ 1
A

)

−2θi

(

Yi
V

+ µ
A

)

+
(

Y2
i
V

+µ2

A

)]



 d(Eθ, µ,A)

=
∫

Rq+1×R+

βα

Ŵ(α)
A−α−1e−β/A e

− 1
2

∑q
i=1

(

Y2
i
V

+µ2

A

)

(2π)q(AV )q/2

×







q
∏

i=1

e
−0.5( 1

V
+ 1

A
)

[

θ2i −2θi

Yi
V

+ µ
A

1
V

+ 1
A

]





d(Eθ, µ,A)

=
∫

R×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2π)q(AV )q/2
e
− 1

2

∑q
i=1

(

Y2
i
V

+µ2

A

)

× e

1
2

∑q
i=1

(

Yi
V

+ µ
A

)2

1
V

+ 1
A

(

2π
1

( 1
V

+ 1
A
)

)q/2

d(µ, A)

=
∫

R×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2π)q(AV )q/2
e
− 1

2

∑q
i=1

(

Y2
i
V

+µ2

A

)



34 S. SIXTA ET AL.

× e

1
2

∑q
i=1

(

Yi
V

+ µ
A

)2

1
V

+ 1
A

(

2π
AV

A + V

)q/2

d(µ, A)

=
∫

R×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2π)q/2(A + V )q/2

× e
− 1

2

∑q
i=1

(

Y2
i
V

+µ2

A

)

e

1
2

∑q
i=1

(
Yi
V

+ µ
A

)2

1
V

+ 1
A d(µ,A)

=
∫

R×R+

βα

Ŵ(α)
A−α−1e−β/A 1

(2π)q/2(A + V )q/2

× e

1
2

∑q
i=1







(

Yi
V

+ µ
A

)2

1
V

+ 1
A

− Y2
i
V

−µ2

A







d(µ,A)

Thus we get that

1
∫

Rq+1×R+ g(Eθ, µ,A | Y )
d(Eθ, µ, A)

= Ŵ(α)(2π)q/2

βα

1

∫

R×R+
A−α−1e−β/A

(A+V )q/2 e

1
2

∑q
i=1







(

Yi
V

+ µ
A

)2

1
V

+ 1
A

− Y2
i
V

−µ2

A







d(µ,A)

So

K1(π, ν) = 1
∫

B
g(Eθ, µ,A)d(Eθ, µ, A)

sup
(Eθ,µ,A)∈Rq+1×R+

g(Eθ, µ, A)

fν(Eθ, µ,A)

≤ Ŵ(α)(2π)q/2

βα

1

∫

R×R+
A−α−1e−β/A

(A+V )q/2 e

1
2

∑q
i=1







(

Yi
V

+ µ
A

)2

1
V

+ 1
A

− Y2
i
V

−µ2

A







d(µ,A)

Ŵ(α + (q − 1)/2)

Ŵ(α)(2πβ)(q−1)/2

= Ŵ(α + (q − 1)/2)(2π)1/2

βα+(q−1)/2

1

∫

R×R+
A−α−1e−β/A

(A+V )q/2 e

1
2

∑q
i=1







(

Yi
V

+ µ
A

)2

1
V

+ 1
A

− Y2
i
V

−µ2

A







d(µ,A)
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LetL =
∫

R×R+
A−α−1e−β/A

(A+V )q/2 e

1
2

∑q
i=1







(

Yi
V

+ µ
A

)2

1
V

+ 1
A

− Y2
i
V

−µ2

A







d(µ,A). Then by Equa-

tion 3 coupled with Remark 1, for r ≥ p

Wd,p(L(Xn), π) ≤
(

Ŵ(α + (q − 1)/2)(2π)1/2

βα+(q−1)/2

1

L
E[d(Xn, Yn)

r ]
)1/r

7.4. Proof of lemmas related to the Gibbs sampler of a Bayesian linear

regressionmodel

Proof of Lemma 6.1. It follows from the de-initializing property of the Markov
chain [45, Example 3] that

∥

∥

∥
L(βn+1, σ

2
n+1) − L(β ′

n+1, σ
′2
n+1)

∥

∥

∥

TV
≤
∥

∥

∥
L(σ 2

n ) − L(σ
′2
n )

∥

∥

∥

TV
.

Using CRN, let Gn = G′
n where Gn ∼ Gamma(α, 1) Zn ∼ N(0, Iq) are

independent and denote

Wn = υ0c
2
0

2
+

∥

∥

∥

∥

Xβ̃σ 2
n−1

− Y + XV
1/2
σ 2

n−1
Zn

∥

∥

∥

∥

2

2

W ′
n = υ0c

2
0

2
+

∥

∥

∥

∥

Xβ̃
σ

′2
n−1

− Y + XV
1/2

σ
′2
n−1

Zn

∥

∥

∥

∥

2

2
,

so that σ 2
n |σ 2

n−1 = Wn
1

Gn
and σ

′2
n |σ ′2

n−1 = W ′
n

1
G′

n
. Denote 1 = W ′

n − Wn and

without loss of generality, assume W ′
n > Wn. Since Gn ∼ Gamma(α, 1) where

α = k+υ0
2 , let π1/Gn denote the density of 1/Gn and similarly denote the density

π(1+1/Wn)/Gn
for (1 + 1/Wn)/Gn. So we have

π1/Gn(x) ∝ x−α−1e−1/x

π(1+1/Wn)/Gn
(x) ∝ 1

1 + 1/Wn

(

x

1 + 1/Wn

)−α−1

e−(1+1/Wn)/x

∝ (1 + 1/Wn)
αx−α−1e−(1+1/Wn)/x .

Using the coupling characterization of total variation

||L(σ 2
n ) − L(σ

′2
n )||T V

≤ E
[

||L(Wn/Gn | Zn, σ
2
n−1, σ

′2
n−1) − L(W ′

n/Gn | Zn, σ
2
n−1, σ

′2
n−1)||T V

]

By Proposition 2.2 of [54]
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= E
[

||L(Wn/Gn |Zn, σ
2
n−1, σ

′2
n−1)−L((Wn+1)/Gn |Zn, σ

2
n−1, σ

′2
n−1)||T V

]

= E

[

||L
(

1

Gn

|Zn, σ
2
n−1, σ

′2
n−1

)

−L

((

1+ 1

Wn

)

1

Gn

|Zn, σ
2
n−1, σ

′2
n−1

)

||T V

]

By Proposition 2.1 of [54]

≤ E

[

E

[

sup
x>0

{

1 − π1/Gn(x)

π(1+1/Wn)/Gn
(x)

}

∣

∣ Zn, σ
2
n−1, σ

′2
n−1

]]

By Lemma 6.16 of of [34]

This implies that,

||L(σ 2
n ) − L(σ

′2
n )||T V ≤ E

[

sup
x>0

{

1 − x−α−1e−1/x

(1 + 1/Wn)αx−α−1e−(1+1/Wn)/x

}]

= E

[

sup
x>0

{

1 − e1/Wn/x

(1 + 1/Wn)α

}]

= E

[

1 − 1

(1 + 1/Wn)α

]

.

Define f (x) = 1
xα , f ′(x) = −α 1

xα+1 . By the mean value theorem, f (1 +
1/Wn) = f (1) − 1

Wn

α
ξα+1 , ξ ∈ (1, 1+ 1/Wn). So, f (1+ 1/Wn) ≥ 1− α 1

Wn
.

Now,

||L(σ 2
n ) − L(σ

′2
n )||T V

≤ E

[

f (1) − f (1 + 1

Wn

)

]

≤ E

[

1 − (1 − α
1

Wn

)

]

= E

[

α
1

Wn

]

≤ E

[

k + υ0

2
1

2

υ0c
2
0

]

since α = k + υ0

2
and Wn ≥ υ0c

2
0

2

= k + υ0

υ0c
2
0

E[|Wn − W ′
n|]

= k + υ0

υ0c
2
0

E[|Wn − W ′
n|]E[G−1

n ]E[G−1
n ]−1

= k + υ0

υ0c
2
0

E[|Wn/Gn − W ′
n/Gn|]E[G−1

n ]−1 by independence

≤ (k + υ0)
2

2υ0c20
E[|Wn/Gn − W ′

n/Gn|]

= (k + υ0)
2

2υ0c20
E[|σ 2

n − σ
′2
n |].
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Proof of Lemma 6.2. Define α′ = (k + υ)/2 − 2 and β ′ = υ0c
2
0/2. Note that

fν(β, σ 2) = β ′α′

Ŵ(α′)
1

(σ 2)α
′+1

e−β ′/σ 2 × (2π)−q/2

det(6β)−1/2e
− 1

2 (β−β0)
T 6−1

β (β−β0)

This implies that,

sup
(β,σ 2)∈R×R+

g(β, σ 2)

fν(β, σ 2)

=

1
(σ 2)(k+υ0)/2+1 exp

(

− 1
2σ 2 (Y − Xβ)T (Y − Xβ) − 1

2

(β − β0)
T 6−1

β (β − β0) − υ0c
2
0

2σ 2

)

β ′α′

Ŵ(α′)
1

(σ 2)(k+υ)/2−2+1 e
−υ0c

2
0/2σ

2
(2π)−q/2 det(6β)−1/2e

− 1
2 (β−β0)T 6−1

β (β−β0)

=
(σ 2)−2 exp

(

− 1
2σ 2 (Y − Xβ)T (Y − Xβ)

)

β ′α′

Ŵ(α′)(2π)−q/2 det(6β)−1/2

The numerator of the last equality is proportional to an inverse gammadensity
function with α∗ = 1 and β∗ = 1

2(Y − Xβ)T (Y − Xβ). Thus, the mode occurs

when σ 2∗ = β∗
α∗+1 = (Y−Xβ)T (Y−Xβ)

4 and so,

sup
(β,σ 2)∈R×R+

g(β, σ 2)

fν(β, σ 2)

≤ 16

((Y − Xβ)T (Y − Xβ))2

exp
(

− 4
2(Y−Xβ)T (Y−Xβ)

(Y − Xβ)T (Y − Xβ)
)

β ′α′

Ŵ(α′)(2π)−q/2 det(6β)−1/2

= 16

((Y − Xβ)T (Y − Xβ))2

Ŵ(α′)(2π)q/2 det(6β)1/2

β ′α′
e2

≤ 16

((Y − Xβ̂)T (Y − Xβ̂))2

Ŵ(α′)(2π)q/2 det(6β)1/2

β ′α′
e2

Where β̂ = (XT X)−1XT Y is the maximum likelihood estimator. Next we
find a lower bound on

∫

B
g(β, σ 2)d(β, σ 2)

∫

Rq×R+
g(β, σ 2)d(β, σ 2)

=
∫

Rq×R+

1

(σ 2)(k+υ0)/2+1

exp

(

− 1

2σ 2
(Y −Xβ)T (Y −Xβ)− 1

2
(β−β0)

T 6−1
β (β−β0)−

υ0c
2
0

2σ 2

)

d(β, σ 2)
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=
∫

Rq

(∫

R+

1

(σ 2)(k+υ0)/2+1
e−(υ0c

2
0/2+(Y−Xβ)T (Y−Xβ)/2)/σ 2

d(σ 2)

)

e
− 1

2 (β−β0)
T 6−1

β (β−β0)d(β)

=
∫

Rq

Ŵ((k + υ0)/2)

(υ0c
2
0/2 + (Y − Xβ)T (Y − Xβ)/2)(k+υ0)/2

e
− 1

2 (β−β0)
T 6−1

β (β−β0)d(β)

= Ŵ((k + υ0)/2)

∫

Rq

e
− 1

2 (β−β0)
T 6−1

β (β−β0)

(υ0c
2
0/2 + (Y − Xβ)T (Y − Xβ)/2)(k+υ0)/2

d(β)

≤ Ŵ((k + υ0)/2)

∫

B

e
− 1

2 (β−β0)
T 6−1

β (β−β0)

(υ0c
2
0/2 + (Y − Xβ)T (Y − Xβ)/2)(k+υ0)/2

d(β)

where B ⊂ R
q × R+ is a bounded set.

Thus we get that

K1(π, ν) = 1
∫

Rq×R+ g(β, σ 2)d(β, σ 2)
sup

(β,σ 2)∈R×R+

g(β, σ 2)

fν(β, σ 2)

≤ 1

Ŵ((k + υ0)/2)
∫

B
e
− 1
2 (β−β0)T 6

−1
β

(β−β0)

(υ0c
2
0/2+(Y−Xβ)T (Y−Xβ)/2)(k+υ0)/2d(β)

16Ŵ((k + υ0)/2 − 2)(2π)q/2 det(6β)1/2

((Y − Xβ̂)T (Y − Xβ̂))2
(

υ0c
2
0/2
)(k+υ0)/2−2

e2

= 1

∫

B
e
− 1
2 (β−β0)T 6

−1
β

(β−β0)

(υ0c
2
0/2+(Y−Xβ)T (Y−Xβ)/2)(k+υ0)/2d(β)

16Ŵ((k + υ0)/2 − 2)(2π)q/2 det(6β)1/2

Ŵ((k + υ0)/2)((Y − Xβ̂)T (Y − Xβ̂))2
(

υ0c
2
0/2
)(k+υ0)/2−2

e2

So by Equation 3 combined with Theorem 3.2, for r ≥ p

Wd,p(L(Xn), π) ≤
(

C

L
E[d(Xn, Yn)

r ]
)1/r

Where C = 16Ŵ((k+υ0)/2−2)(2π)q/2 det(6β)1/2

Ŵ((k+υ0)/2)((Y−Xβ̂)T (Y−Xβ̂))2(υ0c20/2)
(k+υ0)/2−2

e2

and L =
∫

B
e
− 1
2 (β−β0)T 6

−1
β

(β−β0)

(υ0c
2
0/2+(Y−Xβ)T (Y−Xβ)/2)(k+υ0)/2d(β)

Remark 3. For Real Data Example 6.1, we want to prove that E[||(βn, σ
2
n ) −

(β ′
n, σ

′2
n )||1] < ∞ for n ∈ N.

Since σ 2
0 = 100 and σ

′2
0 ∼ IG((k + υ0)/2, υ0c20/2), E[|σ 2

0 |] < ∞ and

E[|σ ′2
0 |] < ∞.

Suppose that E[|σ 2
n |] < ∞. By Equation 14, σ 2

n = kZn,IGn(σ
2
n−1), so

E[|σ 2
n |] = E[E[kZn,IGn(σ

2
n−1)|σ 2

n−1]] < ∞.
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Further, sinceβn ∼ Nq(β̃σ 2
n
, Vβ,σ 2

n
) andβ ′

n ∼ Nq(β̃σ
′2
n

, V
β,σ

′2
n

),E[|βn|] < ∞
and E[|β ′

n|] < ∞.

Thus, we have established that E[||(σ 2
n , βn)||1] < ∞ and E[||(σ ′2

n , β ′
n)||1] <

∞. By the triangle inequality, E[||(σ 2
n , βn) − (σ

′2
n , β ′

n)||1] < ∞.
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